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8✈✐❞❡♥& 1✉❡ ❧❡ ♠♦♥❞❡ ❢❛♥&❛2&✐1✉❡ ♣❡✉♣❧8 ❞❡ ❞✐♥♦2❛✉,❡2 1✉✬✐♠❛❣✐♥❛✐& ❏✉❧❡2 ❱❡,♥❡
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Première partie
L’anisotropie sismique dans la graine
terrestre
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❢❛✐8 D✉✬✉♥ ♠❛8A5✐❛✉ 1♦✐8 ❝♦♥1✐❞A5A ❛♥✐1♦85♦♣❡ ♦✉ ❤A8A5♦❣F♥❡ ❞A♣❡♥❞ 1♦✉✈❡♥8 ❞❡
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❢♦✐1 ❞❛♥1 ❧❛ ❧❡✈A❡ ❞❡ ❞A❣A♥A5❡1❝❡♥❝❡ ♦✉ ❞A❞♦✉❜❧❡♠❡♥8 ✭1♣❧✐88✐♥❣✮ ❞❡1 ♠♦❞❡1 ♣5♦✲
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1✐8A ❞❡ ♣♦✐♥81 ❝♦55❡1♣♦♥❞❛♥8 G ❞❡1 85❛❥❡❝8♦✐5❡1 ♣♦❧❛✐5❡1 ✭❡♥85❡ ✵ ❡8 ✸✵
◦
✮ ❡18 ♣❧✉1
♥❡88❡♠❡♥8 ♣❧✉1 ❢❛✐❜❧❡ D✉❡ ♣✉5 ❧❡1 85❛❥❡81 AD✉❛8♦5✐❛✉① ❡8 D✉❡ ❞❡ ♣❧✉1✱ ❝❡✉①✲❝✐ ❝♦5✲
5❡1♣♦♥❞❡♥8 ❜✐❡♥ 1♦✉✈❡♥8 ❛✉① ♠c♠❡1 ❝♦✉♣❧❡1 A♣✐❝❡♥85❡✲1A✐1♠♦♠F85❡✳ ▲✬♦❜1❡5✈❛8✐♦♥
❞❡ ❧✬❛♥✐1♦85♦♣✐❡ ❞❡ ❧❛ ❣5❛✐♥❡ 8❡55❡185❡ ❡18 ❞♦♥❝ ♣❛58✐❡❧❧❡ ❡8 ✐❧ ❢❛✉8 ❣❛5❞❡5 G ❧✬❡1♣5✐8
D✉❡ ❞❡1 ❜✐❛✐1 ♣❡✉✈❡♥8 1✬✐♥85♦❞✉✐5❡ ❧♦51 ❞❡ ❧❛ ❣A♥A5❛❧✐1❛8✐♦♥✳
✶✵
✶✳✷ ❯♥❡ ❣'❛✐♥❡ ❛♥✐*♦,'♦♣❡
❋✐❣✉$❡ ✶✳✹ ✕ ❘1*✐❞✉* ❞❡ ,❡♠♣* ❞❡ ,❡♠♣* ❞❡ ,'❛❥❡,* ❞✐✛1'❡♥,✐❡❧* PKPbc✲PKPdf
✭: ❣❛✉❝❤❡✮ ❡, PKPab✲PKPdf ✭: ❞'♦✐,❡✮ ✭❡①,'❛✐, ❞❡ ■'✈✐♥❣ ❛♥❞ ❉❡✉** ❬✷✵✶✶❪✮ ❡♥
❢♦♥❝,✐♦♥ ❞❡ ❧✬❛♥❣❧❡ G✉❡ ❢❛✐, ❧❡ '❛✐ *✐*♠✐G✉❡ ♣❛' '❛♣♣♦', : ❧✬❛①❡ ❞❡ '♦,❛,✐♦♥✳ ▲❡ ✜,
G✉❛❞'❛,✐G✉❡ ❛♣♣❧✐G✉1 *✉' ❧❡* '1*✐❞✉* ❞1❝'✐, ✉♥❡ ❛♥✐*♦,'♦♣✐❡ ❞❡ ❧✬♦'❞'❡ ❞❡ ✸✱✽✪✳
✶✳✷✳✷✳✷ ❯♥❡ ❛♥✐(♦*+♦♣✐❡ ❞.♣❡♥❞❛♥*❡ ❞❡ ❧❛ ♣+♦❢♦♥❞❡✉+
❉✬❛♣'N* ❧✬1,✉❞❡ ❞❡* '1*✐❞✉* *✐*♠✐G✉❡* ❞❡ ,❡♠♣* ❞❡ ,'❛❥❡,* ❞❡* ♦♥❞❡* PKPdf ✱ ✐❧
❡①✐*,❡ ✉♥❡ ❞1♣❡♥❞❛♥❝❡ : ❧❛ ♣'♦❢♦♥❞❡✉' ❞❡ ❧✬❛♥✐*♦,'♦♣✐❡ *✐*♠✐G✉❡✳ ▲❛ ❋✐❣✳ ✶✳✺ ,'❛❝❡
❧✬1✈♦❧✉,✐♦♥ ❞❡* ,❡♠♣* ❞❡ ,'❛❥❡, ❞❡* ♦♥❞❡* PKPdf ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧✬❛♥❣❧❡ : ❧✬❛①❡
❞❡ '♦,❛,✐♦♥ ❡, ❞❡ ❧❛ ♣'♦❢♦♥❞❡✉' ❞✉ ♣♦✐♥, ❞❡ '❡,♦✉'♥❡♠❡♥, ❞✉ '❛✐ ❬❙♦✉'✐❛✉✱ ✷✵✵✸❪✳
❖♥ ❝♦♥*,❛,❡ ✉♥❡ ❛✉❣♠❡♥,❛,✐♦♥ ♣'♦❣'❡**✐✈❡ ❞❡ ❧✬❛♠♣❧✐,✉❞❡ ❞❡ ❧✬❛♥✐*♦,'♦♣✐❡ ◆♦'❞✲
❙✉❞ ❛✈❡❝ ❧❛ ♣'♦❢♦♥❞❡✉' : ♣❛',✐' ❞✬✉♥❡ ❝♦✉❝❤❡ *✉♣❡'✜❝✐❡❧❧❡ G✉❛*✐♠❡♥, ✐*♦,'♦♣❡✳ ■❧
❋✐❣✉$❡ ✶✳✺ ✕ ❊✈♦❧✉,✐♦♥ ❞❡ ❧✬❛♠♣❧✐,✉❞❡ ❞❡ ❧✬❛♥✐*♦,'♦♣✐❡ ◆♦'❞✲❙✉❞ ♦❜*❡'✈1❡ ❡♥
❢♦♥❝,✐♦♥ ❞❡ ❧❛ ♣'♦❢♦♥❞❡✉' ❞❡ '❡,♦✉'♥❡♠❡♥, ❞✬✉♥ ❝❛,❛❧♦❣✉❡ ❞❡ '❛✐* *✐*♠✐G✉❡* ❞❡
,②♣❡ PKPdf ✭❡①,'❛✐, ❞❡ ❙♦✉'✐❛✉ ❬✷✵✵✸❪✮✳
✶✶
▲❆ ●❘❆■◆❊ ❙■❙▼❖▲❖●■◗❯❊
❡-. ❣0♥02❛❧❡♠❡♥. ❛❞♠✐- 8✉❡ ❧✬❛♥✐-♦.2♦♣✐❡ ♥✬❡①❝?❞❡ ♣❛- ✶✪ ❞❛♥- ❧❡- ♣2❡♠✐❡2- ✺✵ D
✶✺✵ ❦♠ ❡♥ ❞❡--♦✉- ❞❡ ❧✬■❈❇✳ ▲❡- ✺✵ ♣2❡♠✐❡2- ❦✐❧♦♠?.2❡- -❡2❛✐❡♥. ♠I♠❡ ❝♦♠♣❧?.❡✲
♠❡♥. ✐-♦.2♦♣❡- ❬❙❤❡❛2❡2✱ ✶✾✾✹✱ ❙♦♥❣ ❛♥❞ ❍❡❧♠❜❡2❣❡2✱ ✶✾✾✺✱ ❙♦♥❣ ❛♥❞ ❍❡❧♠❜❡2❣❡2✱
✶✾✾✽✱ ▼❝❙✇❡❡♥❡② ❡. ❛❧✳✱ ✶✾✾✼✱ ❈2❡❛❣❡2✱ ✷✵✵✵✱ ●❛2❝✐❛ ❛♥❞ ❙♦✉2✐❛✉✱ ✷✵✵✵❪✳ ❈❡..❡
❝♦✉❝❤❡ ❡①.❡2♥❡ ✭8✉❛-✐♠❡♥.✮ ✐-♦.2♦♣❡ ♣20-❡♥.❡ 0❣❛❧❡♠❡♥. ✉♥❡ ❢♦2.❡ ❞✐-♣❡2-✐♦♥ ❬❈❛❧✲
✈❡. ❛♥❞ ▼❛2❣❡2✐♥✱ ✷✵✵✽❪✳ ▲✬0.❡♥❞✉❡ ❞❡ ❧✬✐♥.❡2❢❛❝❡ ❡♥.2❡ ❝❡- ❞❡✉① ❡♥✈❡❧♦♣♣❡- ❡-.
❡♥❝♦2❡ ❝♦♥.2♦✈❡2-0❡✱ ❜✐❡♥ 8✉✬✐❧ ❡①✐-.❡ ❝❡2.❛✐♥- ❛2❣✉♠❡♥.- ❡♥ ❢❛✈❡✉2 ❞✬✉♥❡ ❞✐-❝♦♥✲
.✐♥✉✐.0 ❜2✉-8✉❡ ❬❙♦♥❣ ❛♥❞ ❍❡❧♠❜❡2❣❡2✱ ✶✾✾✽✱ ❖✉③♦✉♥✐- ❛♥❞ ❈2❡❛❣❡2✱ ✷✵✵✶✱ ❙♦♥❣
❛♥❞ ❳✉✱ ✷✵✵✷❪✳
■❧ ♥✬❡①✐-.❡ ♣❛- ❞❡ ❝♦♥-❡♥-✉- -✉2 ❧❛ ✈❛2✐❛.✐♦♥ ❞❡ ❧✬❛♥✐-♦.2♦♣✐❡ -✐-♠✐8✉❡ ❡♥ ❞❡--♦✉-
❞❡ ❝❡..❡ ❝♦✉❝❤❡ ❡①.❡2♥❡ 8✉❛-✐♠❡♥. ✐-♦.2♦♣❡✳ ^❛2♠✐ ❧❡- ♥♦♠❜2❡✉① ♠♦❞?❧❡- ♣2♦♣♦-0-
❬❱✐♥♥✐❦ ❡. ❛❧✳✱ ✶✾✾✹❪✱ ❧❡ ♠♦❞?❧❡ ❞❡ ❚2♦♠♣ ❬✶✾✾✺❪✱ ♦❜.❡♥✉ D ♣❛2.✐2 ❞❡- ♠♦❞❡- ♣2♦♣2❡-✱
-✉❣❣?2❡ ✉♥❡ ❛✉❣♠❡♥.❛.✐♦♥ ❞❡ ❧✬❛♥✐-♦.2♦♣✐❡ ✈❡2- ❧❡ ❝❡♥.2❡ ❞❡ ❧❛ ❣2❛✐♥❡✳ ❆ ❧✬✐♥✈❡2-❡✱
❧❡- 20-✉❧.❛.- ❞✬✐♥✈❡2-✐♦♥- -✐♠✉❧.❛♥0❡- -✉2 ❧❡- ♠♦❞❡- ♣2♦♣2❡- ❡. ❧❡- ♦♥❞❡- ❞❡ ✈♦❧✉♠❡
❞✬■-❤✐✐ ❡. ❛❧✳ ❬✷✵✵✷❪ ♣20-❡♥.❡♥. ♣❧✉.a. ✉♥❡ ❛♥✐-♦.2♦♣✐❡ ❝♦♥-.❛♥.❡ ✈♦✐2❡ ❞0❝2♦✐--❛♥.❡
❛✈❡❝ ❧❛ ♣2♦❢♦♥❞❡✉2✳
✶✳✷✳✷✳✸ ❯♥❡ '♦✉'✲❣,❛✐♥❡
■-❤✐✐ ❛♥❞ ❉③✐❡✇♦➠-❦✐ ❬✷✵✵✷❪ ♦♥. 20✈0❧0 ❧✬❡①✐-.❡♥❝❡ ❞✬✉♥❡ -♦✉-✲❣2❛✐♥❡✱ ❞❡ 2❛②♦♥
≈✸✵✵ ❦♠✱ ❞♦♥. ❧❡- ♣2♦♣2✐0.0- 0❧❛-.✐8✉❡- ❞✐✛?2❡♥. ❞❡ ❝❡❧❧❡- ❞❡- ❝♦✉❝❤❡- ♣❧✉- ❡①✲
.❡2♥❡-✳ ▲✬❛①❡ 2❛♣✐❞❡ ❞✬❛♥✐-♦.2♦♣✐❡ -❡2❛✐. ❛❧♦2- ♦2✐❡♥.0 D ✹✺
◦
❞❡ ❧✬❛①❡ ❞❡ 2♦.❛.✐♦♥✳ ▲❛
♣20-❡♥❝❡ ❞✬✉♥❡ -♦✉-✲❣2❛✐♥❡ ❛ 0.0 ❝♦♥✜2♠0❡ ♣❛2 ❧❛ -✉✐.❡ ♣❛2 ❧❡- 0.✉❞❡- ❞❡ ❇❡❣❤❡✐♥
❛♥❞ ❚2❛♠♣❡2. ❬✷✵✵✸❪ ❡. ❘♦♠❛♥♦✇✐❝③ ❛♥❞ ❉✉2❡❦ ❬✷✵✵✵❪✳ ❈❡♣❡♥❞❛♥.✱ ❞✬❛♣2?- ❇❡❣❤❡✐♥
❛♥❞ ❚2❛♠♣❡2. ❬✷✵✵✸❪✱ ❧✬❛①❡ ❞❡ 2♦.❛.✐♦♥ ❞❡ ❧❛ ❣2❛✐♥❡ -❡2❛✐. ❡♥ ❢❛✐. ❧❛ ❞✐2❡❝.✐♦♥
❧❡♥.❡ ❞✬❛♥✐-♦.2♦♣✐❡ ❞❛♥- ❧❛ -♦✉-✲❣2❛✐♥❡ ✭❞❡ ❞✐❛♠?.2❡ ≈✹✵✵ ❦♠✮✱ ❝♦♥.2❛✐2❡♠❡♥. D
❝❡ 8✉✬♦♥. .2♦✉✈0 ■-❤✐✐ ❛♥❞ ❉③✐❡✇♦➠-❦✐ ❬✷✵✵✷❪ ❡. ❝♦♥.2❛✐2❡♠❡♥. D ❧❛ ❞✐2❡❝.✐♦♥ 2❛♣✐❞❡
❞❡ ❧✬❛♥✐-♦.2♦♣✐❡ -✐-♠✐8✉❡ ♦❜-❡2✈0❡ -✉2 ❧❛ ❣2❛✐♥❡ ❣❧♦❜❛❧❡✳ ❊♥✜♥✱ ❙✉♥ ❛♥❞ ❙♦♥❣ ❬✷✵✵✽❪
♦♥. ❝♦♥-.2✉✐. ♣❛2 ✐♥✈❡2-✐♦♥ ❞✉ .❡♠♣- ❞❡ .2❛❥❡. ❞✬♦♥❞❡- ^❑■❑^ ✉♥ ♠♦❞?❧❡ .2✐❞✐✲
♠❡♥-✐♦♥♥❡❧ ❞❡ ❧❛ .❡①.✉2❡ ❞❡ ❧❛ ❣2❛✐♥❡ 8✉✐ ❢❛✈♦2✐-❡ ❝❡..❡ ❢♦✐-✲❝✐ ✉♥❡ -♦✉-✲❣2❛✐♥❡ ❞❡
2❛②♦♥ ≈✻✵✵ ❦♠✱ ♣20-❡♥.❛♥. ✉♥❡ ✈✐.❡--❡ ❞❡ ♣2♦♣❛❣❛.✐♦♥ ♠✐♥✐♠❛❧❡ D ✹✺◦ ❞❡ ❧✬❛①❡
❞❡ 2♦.❛.✐♦♥✱ ❡. ♠❛①✐♠❛❧❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡ 2♦.❛.✐♦♥ ❡. ❞❛♥- ❧❡ ♣❧❛♥ 08✉❛.♦2✐❛❧✳
❊♥ ❢❛✐.✱ ❈❛❧✈❡. ❡. ❛❧✳ ❬✷✵✵✻❪ ♦♥. ♠♦♥.20 8✉❡ ❞❡- ♠♦❞?❧❡- ❞❡ ❣2❛✐♥❡ ❝❛2❛❝.02✐-0-
♣❛2 ❧❛ ♣20-❡♥❝❡ ❞✬✉♥❡ -♦✉-✲❣2❛✐♥❡ ❞❡ 2❛②♦♥ ✹✺✵✲✺✺✵ ❦♠ ❡①♣❧✐8✉❡♥. ❛✉--✐ ❜✐❡♥ ❧❡-
❞♦♥♥0❡- -✐ ❧✬❛①❡ ♣♦❧❛✐2❡ ❡-. ❧❡♥. ♦✉ 2❛♣✐❞❡✳ ❆✐♥-✐✱ -✐ ❧❛ ♣20-❡♥❝❡ ❞✬✉♥❡ -♦✉-✲❣2❛✐♥❡
❡-. ❣0♥02❛❧❡♠❡♥. ❛❝❝❡♣.0❡✱ ✐❧ ♥✬❡①✐-.❡ ♣❛- ❞❡ ❝♦♥-❡♥-✉- 8✉❛♥❞ D -♦♥ ✈♦❧✉♠❡ ❡. -♦♥
❛♥✐-♦.2♦♣✐❡✳
✶✳✷✳✷✳✹ ❯♥❡ ❛♥✐'♦0,♦♣✐❡ ❤3♠✐'♣❤3,✐5✉❡ ❊'0✲❖✉❡'0
❚❛♥❛❦❛ ❛♥❞ ❍❛♠❛❣✉❝❤✐ ❬✶✾✾✼❪ ♦♥. ♣2♦♣♦-0 ❧✬❡①✐-.❡♥❝❡ ❞✬✉♥❡ ❝♦♠♣♦-❛♥.❡ ❤0♠✐-✲
♣❤02✐8✉❡ D ❧✬❛♥✐-♦.2♦♣✐❡ -✐-♠✐8✉❡ D ♣❛2.✐2 ❞❡ ❧✬❛♥❛❧②-❡ ❞❡ .❡♠♣- ❞❡ .2❛❥❡. ❞✐✛02❡♥✲
.✐❡❧- PKPbc✲PKPdf ✳ ❈❡- 20-✉❧.❛.- ♦♥. ♠♦♥.20 8✉❡ ❧❡- 2❛✐- .2❛✈❡2-❛♥. ❧❛ ❣2❛✐♥❡
♣❛2❛❧❧?❧❡♠❡♥. D ❧✬❛①❡ ❞❡ 2♦.❛.✐♦♥ ♥✬♦♥. ♣❛- ❧❛ ♠I♠❡ ✈✐.❡--❡ ❡♥ ❢♦♥❝.✐♦♥ ❞❡ ❧❛ ❧♦♥✲
❣✐.✉❞❡ ❞❡- ♣♦✐♥.- ❞✬❡♥.20❡ ❡. ❞❡ -♦2.✐❡✳ ❉❡♣✉✐-✱ ✉♥ ❝❡2.❛✐♥ ♥♦♠❜2❡ ❞✬❛✉.❡✉2- ♦♥.
❡✉① ❛✉--✐ ❞0.❡❝.0 ❝❡..❡ ❛♥✐-♦.2♦♣✐❡ ❤0♠✐-♣❤02✐8✉❡ D ♣❛2.✐2 ❞❡ ❧❡✉2 ♣2♦♣2❡ ❝❛.❛❧♦❣✉❡
❞❡ 2❛✐- ^❑^ -♦♥❞❛♥. ❧❛ ❣2❛✐♥❡ ❬❈2❡❛❣❡2✱ ✶✾✾✾✱ ◆✐✉ ❛♥❞ ❲❡♥✱ ✷✵✵✶✱ ◆✐✉ ❛♥❞ ❲❡♥✱
✶✷
✶✳✷ ❯♥❡ ❣'❛✐♥❡ ❛♥✐*♦,'♦♣❡
✷✵✵✷✱ ❈❛♦ ❛♥❞ ❘♦♠❛♥♦✇✐❝③✱ ✷✵✵✹✱ ❲❛*③❡❦ ❡, ❛❧✳✱ ✷✵✶✶✱ ■'✈✐♥❣ ❛♥❞ ❉❡✉**✱ ✷✵✶✶❪✳
❘@❝❡♠♠❡♥,✱ ❝✬❡*, B ♣❛',✐' ❞❡ ❧✬♦❜*❡'✈❛,✐♦♥ ❞❡* ♠♦❞❡* ♣'♦♣'❡* D✉❡ ❉❡✉** ❡, ❛❧✳
❬✷✵✶✵❪ ♦♥, ❞@♠♦♥,'@ B ♥♦✉✈❡❛✉ ❧✬❡①✐*,❡♥❝❡ ❞❡ ✈❛'✐❛,✐♦♥* '@❣✐♦♥❛❧❡* ❞❡ ❧✬❛♥✐*♦,'♦♣✐❡
❞❡ ❞❡❣'@ ✶ ✭✐✳❡✳ ❤@♠✐*♣❤@'✐D✉❡*✮✳
❉❡ ♠❛♥✐J'❡ ❣@♥@'❛❧❡✱ ♦♥ ❞@❝'✐, ❞❡✉① ❤@♠✐*♣❤J'❡*✱ ❖✉❡*, ❡, ❊*,✳ ❈♦M♥❝✐❞❡♠♠❡♥,
✭♦✉ ♣❛* ♠❛✐* ❧❛ '❛✐*♦♥ ❞❡♠❡✉'❡ ♦❜*❝✉'❡ B ❧✬❤❡✉'❡ ❛❝,✉❡❧❧❡✮✱ ❧✬❤@♠✐*♣❤J'❡ ❖✉❡*, ❞❡
❧❛ ❣'❛✐♥❡ ❡*, ♣❧✉* ♦✉ ♠♦✐♥* *✐,✉@ B ❧✬❛♣❧♦♠❜ ❞✉ ❝♦♥,✐♥❡♥, ❛♠@'✐❝❛✐♥✳ ▲✬❤@♠✐*♣❤J'❡
❊*, ❡*, *✐,✉@ *♦✉* ❧❛ ♣❧❛D✉❡ ❡✉'❛*✐❡♥♥❡✳ ❈♦♠♠❡ ❧❡* ❞❡'♥✐J'❡* @,✉❞❡* ✐♥❞✐D✉❡♥, D✉❡✱
❜✐❡♥ D✉✬✐❧ ❡①✐*,❡ ✉♥❡ *✉♣❡'✲'♦,❛,✐♦♥ ❞❡ ❧❛ ❣'❛✐♥❡✱ ❝❡❧❧❡✲❝✐ ❞❡♠❡✉'❡ ❢❛✐❜❧❡✱ ❞❡ ❧✬♦'❞'❡
❞❡ ✵ B ✵✱✸
◦
✴❛♥ ❬❙♦✉'✐❛✉✱ ✷✵✵✼❪✱ ❝❡❧❛ *✐❣♥✐✜❡'❛✐, D✉❡ ❧❛ ♣♦*✐,✐♦♥ ❞❡* ❤@♠✐*♣❤J'❡* ♣❛'
'❛♣♣♦', ❛✉① ❡♥✈❡❧♦♣♣❡* ,❡''❡*,'❡* ❡①,❡'♥❡* ❡*, *,❛❜❧❡ ❞❛♥* ❧❡ ,❡♠♣*✳
❊♥ ❋✐❣✳ ✶✳✻✱ ♥♦✉* ♣'@*❡♥,♦♥* ✉♥❡ ❞❡✉①✐J♠❡ ✜❣✉'❡ ❞✬■'✈✐♥❣ ❛♥❞ ❉❡✉** ❬✷✵✶✶❪ D✉✐
'❡♣'❡♥❞ ❧❡* ♠X♠❡* '@*✐❞✉* ❞❡ ,❡♠♣* ❞❡ ,'❛❥❡, ✭PKPbc✲PKPdf ❡♥ ✭❛✮✱ PKPab✲
PKPdf ❡♥ ✭❜✮✮ D✉❡ ❞❛♥* ❧❛ ❋✐❣✳ ✶✳✹ ♠❛✐* ❡♥ ❧❡* ❝♦❧♦'✐❛♥, ❞✐✛@'❡♠♠❡♥, ❡♥ ❢♦♥❝,✐♦♥
❞❡ ❧❡✉' ❧♦❝❛❧✐*❛,✐♦♥ ❣@♦❣'❛♣❤✐D✉❡✳ ❊♥ '♦✉❣❡✱ ♦♥ '❡,'♦✉✈❡ ❧❡* ,'❛❥❡❝,♦✐'❡* ❞❡ ❧✬❤@♠✐*✲
♣❤J'❡ ❖✉❡*,✱ ❡, ❡♥ ❜❧❡✉✱ ❝❡❧❧❡* ❞❡ ❧✬❤@♠✐*♣❤J'❡ ❊*,✳ ❖♥ '❡♠❛'D✉❡ ✉♥❡ ,'J* ❢♦',❡
❞✐*♣❛'✐,@ ❣@♦❣'❛♣❤✐D✉❡ ✿ D✉❡ ❝❡ *♦✐, ❡♥ ✭❛✮ ♦✉ ❡♥ ✭❜✮✱ ❧✬❤@♠✐*♣❤J'❡ ❖✉❡*, ❡*, ,'J*
❢♦',❡♠❡♥, ❛♥✐*♦,'♦♣❡ ❡, ❧✬❤@♠✐*♣❤J'❡ ❊*, ♣'❡*D✉❡ ✐*♦,'♦♣❡✳
❋✐❣✉$❡ ✶✳✻ ✕ ❘@*✐❞✉* ❞❡ ,❡♠♣* ❞❡ ,❡♠♣* ❞❡ ,'❛❥❡,* ❞✐✛@'❡♥,✐❡❧* PKPbc✲PKPdf
✭B ❣❛✉❝❤❡✮ ❡, PKPab✲PKPdf ✭B ❞'♦✐,❡✮ ✭❡①,'❛✐, ❞❡ ■'✈✐♥❣ ❛♥❞ ❉❡✉** ❬✷✵✶✶❪✮ ❡♥
❢♦♥❝,✐♦♥ ❞❡ ❧✬❛♥❣❧❡ D✉❡ ❢❛✐, ❧❡ '❛✐ *✐*♠✐D✉❡ ♣❛' '❛♣♣♦', B ❧✬❛①❡ ❞❡ '♦,❛,✐♦♥✳ ▲❡
♥✉❛❣❡ ❞❡ ♣♦✐♥,* ❞❡* '@*✐❞✉* ❞❡ ,❡♠♣* ❞❡ ,'❛❥❡, ❞✐✛@'❡♥,✐❡❧* PKPbc✲PKPdf ❡*,
❞✐✈✐*@ ❡♥ ❞❡✉① ❣'♦✉♣❡* ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧✬❤@♠✐*♣❤J'❡ ✿ ❡♥ '♦✉❣❡✱ ❧❡* ,'❛❥❡❝,♦✐'❡*
❞❡ '❛✐ ❞❛♥* ❧✬❤@♠✐*♣❤J'❡ ❖✉❡*,✱ ❡♥ ❜❧❡✉✱ ❝❡❧❧❡* ❞❡ ❧✬❤@♠✐*♣❤J'❡ ❊*,✳ ❖♥ ❛♣♣❧✐D✉❡
✉♥ ✜, D✉❛❞'❛,✐D✉❡ B ❝❤❛❝✉♥✳ ❍@♠✐*♣❤J'❡ ❖✉❡*, ✿ ❛♥✐*♦,'♦♣✐❡ ❞❡ ❧✬♦'❞'❡ ❞❡ ✹✱✽✪✳
❍@♠✐*♣❤J'❡ ❊*, ✿ ❛♥✐*♦,'♦♣✐❡ ❞❡ ❧✬♦'❞'❡ ❞❡ ✵✱✺✪✳
❇✐❡♥ D✉❡ ❞❡ ❢♦',❡* ❤@,@'♦❣@♥@✐,@* ♠❛♥,❡❧❧✐D✉❡* ❧♦❝❛❧✐*@❡* ❧❡ ❧♦♥❣ ❞❡ D✉❡❧D✉❡* ,'❛✲
❥❡❝,♦✐'❡* ❛♥♦'♠❛❧❡* ♣✉✐**❡♥, ❣@♥@'❡' ✉♥❡ ❝♦♠♣♦*❛♥,❡ ❤@♠✐*♣❤@'✐D✉❡ ❬■*❤✐✐ ❡, ❛❧✳✱
✷✵✵✷❪✱ ❝❡❧❛ ♥❡ *✉✣, ♣❛* B ❡①♣❧✐D✉❡' ❧✬❛♠♣❧✐,✉❞❡ ♦❜*❡'✈@❡ ❬❘♦♠❛♥♦✇✐❝③ ❡, ❛❧✳✱ ✷✵✵✸❪✳
✶✸
▲❆ ●❘❆■◆❊ ❙■❙▼❖▲❖●■◗❯❊
,♦✉/ ❡①♣❧✐5✉❡/ ❧❛ ❝♦♠♣♦9❛♥;❡ ❤=♠✐9♣❤=/✐5✉❡✱ ❚❛♥❛❦❛ ❛♥❞ ❍❛♠❛❣✉❝❤✐ ❬✶✾✾✼❪ ♦♥;
❞♦♥❝ ♣/♦♣♦9= ❧✬❡①✐9;❡♥❝❡ ❞✬✉♥❡ ❝♦✉❝❤❡ 9✉♣❡/✜❝✐❡❧❧❡ ✐9♦;/♦♣❡ ❞✬=♣❛✐99❡✉/ ✈❛/✐❛❜❧❡ /❡✲
❝♦✉✈/❛♥; ✉♥ ❝♦/♣9 ❞❡ ❣/❛✐♥❡ ❛♥✐9♦;/♦♣❡✳ ,♦✉/ ❈/❡❛❣❡/ ❬✷✵✵✵❪ ❡; ●❛/❝✐❛ ❛♥❞ ❙♦✉/✐❛✉
❬✷✵✵✵❪✱ 9♦♥ =♣❛✐99❡✉/ ❡9; ♠✐♥✐♠❛❧❡✱ ❞❡ ❧✬♦/❞/❡ ❞❡ ✶✵✵ ❦♠✱ ❞❛♥9 ❧✬❤=♠✐9♣❤R/❡ ❖✉❡9;
❡; ♠❛①✐♠❛❧❡ ❞❛♥9 ❧✬❤=♠✐9♣❤R/❡ ❊9;✱ ❛;;❡✐❣♥❛♥; ✹✵✵ ❦♠✳ ❆✐♥9✐✱ ❧✬❡①❝R9 ❞❡ ♠❛;=/✐❛✉
✐9♦;/♦♣❡ ❞❛♥9 ❧✬❤=♠✐9♣❤R/❡ ❊9; ❞✐♠✐♥✉❡/❛✐; ❧❛ ✈✐;❡99❡ ❞❡ ♣/♦♣❛❣❛;✐♦♥ ❞❡9 ♦♥❞❡9
9✐9♠✐5✉❡9 ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡ /♦;❛;✐♦♥✳ ❖♥ ♣❛/❧❡ ❞✬❤=♠✐9♣❤R/❡ ❧❡♥;✳ ❆ ❧✬✐♥✈❡/9❡✱ ❧✬=✲
♣❛✐99❡✉/ ✐9♦;/♦♣❡ =;❛♥; ♥❡;;❡♠❡♥; ♣❧✉9 ❢❛✐❜❧❡ ❞❛♥9 ❧✬❤=♠✐9♣❤R/❡ ❖✉❡9;✱ ❧❡9 ✈✐;❡99❡9
❞❡9 ♦♥❞❡9 9✐9♠✐5✉❡9 ♥❡ ;/❛✈❡/9❡♥; ♣/✐♥❝✐♣❛❧❡♠❡♥; 5✉❡ ❞✉ ♠❛;=/✐❛✉ ❛♥✐9♦;/♦♣❡ ❡;
9❡ ♣/♦♣❛❣❡♥; ❞♦♥❝ ♣❧✉9 /❛♣✐❞❡♠❡♥; ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡ /♦;❛;✐♦♥ 5✉✬U ❧✬❊9;✳
✶✳✷✳✷✳✺ ❯♥❡ ❛♥✐)♦+,♦♣✐❡ ❞✬❛++0♥✉❛+✐♦♥
▲❡9 ♥♦♠❜/❡✉① ;/❛✈❛✉① 9✉/ ❧✬❛;;=♥✉❛;✐♦♥ ❞❛♥9 ❧❛ ❣/❛✐♥❡ ♦♥; ♠♦♥;/= 5✉❡ ❧❛ ❢❛❝;❡✉/
❞✬❛;;=♥✉❛;✐♦♥ Q ❞❛♥9 ❧❡9 ❝♦✉❝❤❡9 ❡①;❡/♥❡9 ❞✉ ♥♦②❛✉ ✐♥;❡/♥❡ =;❛✐; ❢❛✐❜❧❡ ❬❉♦♦/♥❜♦9✱
✶✾✼✹✱ ✶✾✽✸✱ ❈♦/♠✐❡/✱ ✶✾✽✶✱ ◆✐❛③✐ ❛♥❞ ❏♦❤♥9♦♥✱ ✶✾✾✷✱ ❇❤❛;;❛❝❤❛/②②❛ ❡; ❛❧✳✱ ✶✾✾✸✱
❙♦✉/✐❛✉ ❡; ❛❧✳✱ ✶✾✾✼✱ ❚9❡♥❣ ❡; ❛❧✳✱ ✷✵✵✶✱ ❖/❡9❤✐♥ ❛♥❞ ❱✐♥♥✐❦✱ ✷✵✵✹❪✳ ▲❛ ♠♦❞=❧✐9❛✲
;✐♦♥ ❞❡9 ❢♦/♠❡9 ❞✬♦♥❞❡ ,❑, ♣♦✉/ ❞❡9 ❞✐9;❛♥❝❡9 ♣❧✉9 ♦✉ ♠♦✐♥9 ♦♣♣♦9=❡9 ♠♦♥;/❡
=❣❛❧❡♠❡♥; ✉♥❡ ❛✉❣♠❡♥;❛;✐♦♥ ❞❡ Q ❛✈❡❝ ❧❛ ♣/♦❢♦♥❞❡✉/ ❬▲✐ ❛♥❞ ❈♦/♠✐❡/✱ ✷✵✵✷❪✱ 5✉✐
9✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥❡ ❞✐♠✐♥✉;✐♦♥ ❞❡ ❧❛ ❞✐9♣❡/9✐♦♥ ❞❡9 ✈❛❧❡✉/9 ❞❡ Q ❡; ;/❛❞✉✐9❛♥; ✉♥❡
♣❧✉9 ❣/❛♥❞❡ ❤♦♠♦❣=♥=✐;=✳ ▲❛ /=❣✐♦♥ ❝❡♥;/❛❧❡ ❞❡ ❧❛ ❣/❛✐♥❡ ♣/=9❡♥;❛♥; ✉♥ ❢❛❝;❡✉/ ❞❡
5✉❛❧✐;= Q =❧❡✈=✱ ❝♦//❡9♣♦♥❞ U ♣❡✉ ♣/R9 U ❧❛ 9♦✉9✲❣/❛✐♥❡ ❞=❝/✐;❡ ♣❛/ ■9❤✐✐ ❡; ❛❧✳
❬✷✵✵✷❪ ❡; ❇❡❣❤❡✐♥ ❛♥❞ ❚/❛♠♣❡/; ❬✷✵✵✸❪✳ ❈❡❧❛ ♣❡✉; _;/❡ ❧✬✐♥❞✐❝❛;✐♦♥ ❞✬✉♥❡ ❢❛❜/✐5✉❡
❞✐✛=/❡♥;❡ ❛✉ ❝❡♥;/❡ ❬❈♦/♠✐❡/ ❛♥❞ ❙;/♦✉❥❦♦✈❛✱ ✷✵✵✺❪✱ ❝♦❤=/❡♥;❡ ❛✈❡❝ ❧❡9 ♦❜9❡/✈❛✲
;✐♦♥9 9❡❧♦♥ ❧❡95✉❡❧❧❡9 ❧❡9 ♣/♦♣/✐=;=9 =❧❛9;✐5✉❡9 ❞❡ ❧❛ 9♦✉9✲❣/❛✐♥❡ 9❡/❛✐❡♥; ❞✐✛=/❡♥;❡9
❞❡ ❝❡❧❧❡9 ❞❡9 ❡♥✈❡❧♦♣♣❡9 ❡①;❡/♥❡9 ❞❡ ❧❛ ❣/❛✐♥❡ ❬■9❤✐✐ ❡; ❛❧✳✱ ✷✵✵✷❪✳
❊♥ ♣❧✉9 ❞❡ ❝❡;;❡ ❞=♣❡♥❞❛♥❝❡ U ❧❛ ♣/♦❢♦♥❞❡✉/✱ ✐❧ ❛ =;= ❞=♠♦♥;/= 5✉✬✐❧ ❡①✐9;❛✐;
❞❡9 ✈❛/✐❛;✐♦♥9 /=❣✐♦♥❛❧❡9 U ❣/❛♥❞❡ =❝❤❡❧❧❡ ❞❡ ❧✬❛♥✐9♦;/♦♣✐❡ ❞✬❛;;=♥✉❛;✐♦♥ ❬❲❡♥ ❛♥❞
◆✐✉✱ ✷✵✵✷✱ ●❛/❝✐❛✱ ✷✵✵✷❪✳ ❖♥ ❝♦♥9;❛;❡ ✉♥❡ ❣=♦♠=;/✐❡ ❤=♠✐9♣❤=/✐5✉❡ 5✉✐ 9❡♠❜❧❡
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✶✳✼✮ ❬❚9❡♥❣ ❡; ❛❧✳✱ ✷✵✵✶✱ ❲❡♥ ❛♥❞ ◆✐✉✱ ✷✵✵✷✱ ❈❛♦ ❛♥❞ ❘♦♠❛♥♦✇✐❝③✱ ✷✵✵✹✱ ❨✉ ❛♥❞
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❊9; ✭♣/♦♣❛❣❛;✐♦♥ /❛♣✐❞❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡ /♦;❛;✐♦♥✮✳ ❆ ❧✬✐♥✈❡/9❡✱ ❞❛♥9 ❧✬❤=♠✐9✲
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❞✐9♣❡/9✐♦♥ ✭✐✳❡✳ 9❝❛;;❡/✐♥❣✮✱ U ❧✬♦/✐❣✐♥❡ ❞✬✉♥❡ ❛;;=♥✉❛;✐♦♥ 9✐9♠✐5✉❡✳ ❆✉99✐✱ ✐❧ ❡9;
♣♦99✐❜❧❡ 5✉❡ ❧❡9 ❞❡✉① ❤=♠✐9♣❤R/❡9 ❊9; ❡; ❖✉❡9; ♥❡ ♣/=9❡♥;❡♥; ♣❛9 ❧❛ ♠_♠❡ ;❡①✲
;✉/❡✳ ❈❡❧❛ ♥✬❡9; ♣♦99✐❜❧❡ 5✉❡ 9✐ ❧❛ ❞②♥❛♠✐5✉❡ ❞❡ ❧❛ ❣/❛✐♥❡ ❡9; ❜✐♣♦❧❛✐/❡✳ ❈❛❧✈❡;
❛♥❞ ▼❛/❣❡/✐♥ ❬✷✵✵✽❪ ♣/♦♣♦9❡♥; ✉♥ ❢♦/; 9❝❛;;❡/✐♥❣ ❞❡ ❧❛ ❝♦✉❝❤❡ ✐9♦;/♦♣❡ ❡①;❡/♥❡✳
▲❡9 ✈❛/✐❛;✐♦♥9 ❧❛;=/❛❧❡9 ❞✬=♣❛✐99❡✉/ ❞❡ ❝❡;;❡ ✉♥✐;= 9❡/❛✐❡♥; ❞♦♥❝ U ❧✬♦/✐❣✐♥❡ ❞❡ ❧❛
❞✐✛=/❡♥❝❡ ❞✬❛;;=♥✉❛;✐♦♥ ❝♦♥9;❛;=❡✳
❊♥ ♣❧✉9 ❞❡ ❧❛ ❞✐9♣❡/9✐♦♥ ❬▲✐ ❛♥❞ ❈♦/♠✐❡/✱ ✷✵✵✷❪✱ ❞✬❛✉;/❡9 ♠=❝❛♥✐9♠❡9 ♣❡✉✈❡♥;
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❛♣♣❡❧@❡2 ❝♦♥2;❛♥;❡2 @❧❛2;✐D✉❡2 ❬▼❛✐♥♣=✐❝❡✱ ✷✵✵✼❪✳ ❙♦♥ ;❡♥2❡✉= ✐♥✈❡=2❡✱ S✱ ❡2; D✉❛♥;
? ❧✉✐ ❛♣♣❡❧@ ❧❡ ;❡♥2❡✉= ❞❡2 ❝♦♠♣❧❛✐2❛♥❝❡2 ♦✉ ❞❡2 2♦✉♣❧❡22❡2✳ ❈❡;;❡ @❝=✐;✉=❡ ♣❡✉;
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❊♥ @❧❛2;✐❝✐;@ ❧✐♥@❛✐=❡✱ ❧❡ ;❡♥2❡✉= ❞❡2 ❝♦♥;=❛✐♥;❡2 σ ❡; ❝❡❧✉✐ ❞❡2 ❞@❢♦=♠❛;✐♦♥2 ε
2♦♥; =❡❧✐@2 ♣❛= ✉♥❡ =❡❧❛;✐♦♥ ❜✐❥❡❝;✐✈❡ D✉✐ 2✉✐; ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ❬▼❛✐♥♣=✐❝❡✱ ✷✵✵✼❪ ✿
σ = C.ε ✭✷✳✶✮
▲♦=2D✉✬♦♥ ❣@♥@=❛❧✐2❡ ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ❡♥ ;♦✉; ♣♦✐♥; = ❞✉ ♠❛;@=✐❛✉✱ ♦♥ ♦❜;✐❡♥; ✿
∀ r, σij(r) = Cijkl(r)εkl(r) ✭✷✳✷✮
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❊♥ ♣=❡♥❛♥; ❡♥ ❝♦♠♣;❡ ❧❛ 2②♠@;=✐❡ ❞❡2 ;❡♥2❡✉=2 ❞❡2 ❝♦♥;=❛✐♥;❡2 ❡; ❞❡2 ❞@❢♦=♠❛✲
;✐♦♥2✱ ❧❡ ♥♦♠❜=❡ ❞❡ ❝♦♥2;✐;✉❛♥;2 ✐♥❞@♣❡♥❞❛♥;2 ❞❡ C 2❡ =@❞✉✐; ❞✬❛❜♦=❞ ? 62 = 36 ✭❊D✳
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Cijkl = Cjikl, Cijkl = Cjilk ✭✷✳✸✮
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❝❡44❡ ❢♦✐8✲❝✐ :✉❡ ❝✬❡84 ❧❡ ❝❤❛♠♣ ❞❡ ❝♦♥4C❛✐♥4❡8 :✉✐ ❡84 ❝♦♥4✐♥✉ ❡♥ 4♦✉4 ♣♦✐♥4 ❬❘❡✉88✱
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)♦✉C ✉♥ ❝C✐84❛❧ ❞❡ 84C✉❝4✉C❡ ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝4❡✱ ♦♥ ❝❛❧❝✉❧❡ K ❡4 G ❞❡ ❧❛
♠❛♥✐MC❡ 8✉✐✈❛♥4❡ ✿
K =
Kr +Kv
2















Kv =
2(c11 + c12) + c33 + 4c13
9
Kr =
c33(c11 + c12)− 2c213
c11 + c12 + 2c33 − 4c13
G =
Gr +Gv
2















Gv =
c11 + c12 + 2c33 − 4c13 + 12c44 + 12c66
30
Gr = 2.5
(c33(c11 + c12)− 2c213)c44c66
3Kvc44c66 + c33(c11 + c12)− 2c213)(c44 + c66)
♦P K✱ ♠♦❞✉❧❡ ❞❡ ❝♦♠♣C❡88✐❜✐❧✐4R ❞❡ ❍✐❧❧✱ ❡84 ❧❛ ♠♦②❡♥♥❡ ❞❡ Kv ❡4 Kr✱ C❡8♣❡❝4✐✈❡✲
♠❡♥4 ❧❡8 ♠♦❞✉❧❡8 ❞❡ ❝♦♠♣C❡88✐❜✐❧✐4R ❞❡ ❱♦✐❣4 ✭❤②♣♦4❤M8❡ ❞❡ ❝❤❛♠♣ ❞❡ ❞R❢♦C♠❛4✐♦♥
❝♦♥84❛♥4✮ ❡4 ❞❡ ❘❡✉88 ✭❝❤❛♠♣ ❞❡ ❝♦♥4C❛✐♥4❡8 ❝♦♥84❛♥4✮✳ ❉❡ ♠X♠❡✱ Gv ❡4 Gr 8♦♥4
C❡8♣❡❝4✐✈❡♠❡♥4 ❧❡8 ♠♦❞✉❧❡8 ❞❡ ❝✐8❛✐❧❧❡♠❡♥4 ❞❡ ❱♦✐❣4 ❡4 ❞❡ ❘❡✉88✱ 4❛♥❞✐8 :✉❡ G ❡84
❝❡❧✉✐ ❞❡ ❍✐❧❧✳
)♦✉C ✉♥ ❝C✐84❛❧ ❞❡ 8②♠R4C✐❡ ❝✉❜✐:✉❡✱ ♦♥ ❛ ✿
K =
c11 + 2c12
3
✭✷✳✹✮
G =
Gr +Gv
2















Gv =
c11 − c12 + 3c44
5
Gr =
2.5(c11 − c12)c44
2c44 + 1.5(c11 − c12)
♦P K ❡84 ❧❡ ♠♦❞✉❧❡ ❞❡ ❝♦♠♣C❡88✐❜✐❧✐4R ❞❡ ❍✐❧❧✳ G ❡84 ❧❡ ♠♦❞✉❧❡ ❞❡ ❝✐8❛✐❧❧❡♠❡♥4 ❞❡
❍✐❧❧✱ 8♦✐4 ❧❛ ♠♦②❡♥♥❡ ❞❡ Gv ❡4 Gr :✉✐ 8♦♥4 ❝❡✉① ❞❡ ❱♦✐❣4 ❡4 ❞❡ ❘❡✉88✳ ▲✬❡①♣C❡88✐♦♥
❞❡ ❧❛ ✈✐4❡88❡ ♠♦②❡♥♥❡ ❞❡ ❍✐❧❧ ❞❡8 ♦♥❞❡8 P ❞❛♥8 ❧❡ ♠♦♥♦❝C✐84❛❧ ❡84 ❛❧♦C8 ❧❛ 8✉✐✈❛♥4❡ ✿
〈vp〉Hill =
√
K + 4G/3.
ρIC
✭✷✳✺✮
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(❧❛*)✐-✉❡* ❝✉❜✐-✉❡* ❞✉ ♠♦♥♦❝$✐*)❛❧✱ 6 ❡♥❝❛❞$❡$ ❧❡* ♣$♦♣$✐()(* ♠❛❝$♦*❝♦♣✐-✉❡* ❞✉
♣♦❧②❝$✐*)❛❧ ❞❛♥* ❧❡ ❝❛* ♦< ❧❛ ❞✐*)$✐❜✉)✐♦♥ ❞❡* ♦$✐❡♥)❛)✐♦♥* ❝$✐*)❛❧❧✐♥❡*✱ ♦✉ )❡①)✉$❡✱
❡*) ❝♦♥♥✉❡✳
✷✳✸✳✶ ❉%✜♥✐)✐♦♥ ❞❡ ❧❛ )❡①)✉1❡ ❞✉ ♣♦❧②❝1✐5)❛❧
▲❛ )❡①)✉$❡ ❡*) ❧❛ ❞✐*)$✐❜✉)✐♦♥ ❞❡* ♦$✐❡♥)❛)✐♦♥* ❝$✐*)❛❧❧♦❣$❛♣❤✐-✉❡* ❞❛♥* ✉♥ (❝❤❛♥✲
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❯♥ ♠♦❞❡ ❞❡ $❡♣$(*❡♥)❛)✐♦♥ ❞❡ ❧❛ )❡①)✉$❡ ❝♦♥*✐*)❡ 6 ❝❛❧❝✉❧❡$ ✉♥❡ ❢♦♥❝)✐♦♥ ❞❡ ❞✐*✲
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❙♦♥ ❡①♣$❡**✐♦♥ ❡*) ❧❛ *✉✐✈❛♥)❡ ✿
f(g) =
1
V
dV (g)
dg
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f(g′) =
1
V
∆V ′(g′)
∆g′
✭✷✳✼✮
✷✳✸✳✶✳✷ ❘❡♣/=.❡♥*❛*✐♦♥ ❞❡ ❧❛ *❡①*✉/❡ ♣❛/ ❧❡. ✜❣✉/❡. ❞❡ ♣@❧❡
▲♦$*-✉✬♦♥ ❝♦♥♥❛X) ❧✬❖❉❋ ❞✬✉♥ ♣♦❧②❝$✐*)❛❧✱ ♦♥ ♣❡✉) ❡♥ ❞(❞✉✐$❡ ❧❡* ✜❣✉$❡* ❞❡
♣Y❧❡✳ ■❧ *✬❛❣✐) ❞✬✉♥❡ $❡♣$(*❡♥)❛)✐♦♥ ❣$❛♣❤✐-✉❡ ❞❡* ❞✐*)$✐❜✉)✐♦♥* ❞❡* ♦$✐❡♥)❛)✐♦♥*
✸✶
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼■❈❘❖❙❈❖)■◗❯❊
❋✐❣✉$❡ ✷✳✼ ✕ ❉7✜♥✐;✐♦♥ ❞❡? ❛♥❣❧❡? ❞✬❊✉❧❡D ❡♥ ❝♦♥✈❡♥;✐♦♥ ❞❡ ❇✉♥❣❡ (ϕ1, φ, ϕ2)
❬❇✉♥❣❡✱ ✶✾✽✷❪ ❡; ❝❤❛♥❣❡♠❡♥; ❞❡ D❡♣QD❡ ❞❡♣✉✐? ❧❡ D❡♣QD❡ ♣D✐♥❝✐♣❛❧ ❞❡ ❧✬7❝❤❛♥;✐❧❧♦♥✱
RS (xs, ys, zs)✱ ❛✉ D❡♣QD❡ ❧♦❝❛❧ (xc, yc, zc) ✿ ❡♥ ✭❛✮ ✿ D♦;❛;✐♦♥ ❞❡ ϕ1 ❛✉;♦✉D ❞❡ ZS ❀
❡♥ ❜✱ D♦;❛;✐♦♥ ❞❡ φ ❛✉;♦✉D ❞❡ X ′ ❀ ❡♥ ✭❝✮✱ D♦;❛;✐♦♥ ❞❡ ϕ2 ❛✉;♦✉D ❞❡ Z ′′✳
❞❡? ♣❧❛♥? ❝D✐?;❛❧❧♦❣D❛♣❤✐W✉❡? ♣❛D D❛♣♣♦D; ❛✉ D❡♣QD❡ ♣D✐♥❝✐♣❛❧ ❞❡ ❧✬7❝❤❛♥;✐❧❧♦♥✳ )❛D
❝♦♥✈❡♥;✐♦♥✱ ♦♥ ❛❞♦♣;❡ ❧❛ ♥♦;❛;✐♦♥ ?✉✐✈❛♥;❡ ✿ ◆❉ D❡♣D7?❡♥;❡ ❧❛ ❞✐D❡❝;✐♦♥ ♥♦D♠❛❧❡ X
❧✬7❝❤❛♥;✐❧❧♦♥✱ ❧❡? ❞❡✉① ❛✉;D❡? ❞✐D❡❝;✐♦♥?✱ ♣❡D♣❡♥❞✐❝✉❧❛✐D❡? X ❧❛ ♣D❡♠✐QD❡✱ ?♦♥; ✐♥❝❧✉❡?
❞❛♥? ❧❡ ♣❧❛♥ ❞❡ ❧✬7❝❤❛♥;✐❧❧♦♥ ❡; ❛♣♣❡❧7❡? ❞✐D❡❝;✐♦♥ ;D❛♥?✈❡D?❛❧❡✱ ❚❉✱ ❡; ❞❡ ❧❛♠✐♥❛❣❡✱
❘❉✳ )♦✉D ✉♥ 7❝❤❛♥;✐❧❧♦♥ W✉✐ ♥❡ ♣♦??Q❞❡ ♣❛? ❞❡ ❞✐D❡❝;✐♦♥ ❞❡ ❧❛♠✐♥❛❣❡✱ ♦♥ ♣❛D❧❡D❛
?❡✉❧❡♠❡♥; ❞❡ ◆❉ ❡; ❞❡ ❞❡✉① ❞✐D❡❝;✐♦♥? ;D❛♥?✈❡D?❛❧❡?✱ ❚❉✳
❆ ;✐;D❡ ❞✬❡①❡♠♣❧❡✱ ♦♥ ❝♦♥?✐❞QD❡ ✉♥ ♣♦❧②❝D✐?;❛❧ ❞❡ ❢❡D ❞❡ ?;D✉❝;✉D❡ ❝✉❜✐W✉❡✳
❖♥ ❝❤♦✐?✐; ❡♥?✉✐;❡ ✉♥ ❝D✐?;❛❧ ❞❡ ❧✬7❝❤❛♥;✐❧❧♦♥✳ ❖♥ ❝♦♥?;D✉✐; ♠❛✐♥;❡♥❛♥; ❧❛ ✜❣✉D❡
❞❡ ♣\❧❡ ♣♦✉D ❧❛ ❞✐D❡❝;✐♦♥ ❝D✐?;❛❧❧♦❣D❛♣❤✐W✉❡ 〈100〉 ❛??♦❝✐7❡ X ❝❡ ❝D✐?;❛❧✳ ❊♥ ❋✐❣✳
✷✳✽✱ ♦♥ ♠♦♥;D❡ ❧❛ ❝♦♥?;D✉❝;✐♦♥ ❞❡ ❧❛ ✜❣✉D❡ ❞❡ ♣\❧❡✳ ▲❡? ✐♥;❡♥?✐;7? ❧❡? ♣❧✉? ❢♦D;❡?
❝♦DD❡?♣♦♥❞❡♥; ❛✉① D7❣✐♦♥? W✉✐ ❝♦♥;✐❡♥♥❡♥; ❧❡ ♣❧✉? ❞❡ D7✢❡①✐♦♥? ❛??♦❝✐7❡? X ✉♥ ♣❧❛♥
❝D✐?;❛❧❧♦❣D❛♣❤✐W✉❡ ❞♦♥♥7✳ ❖♥ D❡♣D7?❡♥;❡ ❝♦♠♠✉♥7♠❡♥; ❧❛ ❞✐D❡❝;✐♦♥ ♥♦D♠❛❧❡ ◆❉ ❞❡
❧✬7❝❤❛♥;✐❧❧♦♥ ✭ZS✮ ❛✉ ❝❡♥;D❡ ❞❡ ❧❛ ✜❣✉D❡ ❞❡ ♣\❧❡✳ ▲❡? ❞✐D❡❝;✐♦♥? ;D❛♥?✈❡D?❛❧❡?✱ ❚❉✱
?♦♥; ♣❡D♣❡♥❞✐❝✉❧❛✐D❡? X ❧❛ ♣D❡♠✐QD❡ ❡; ✐♥❝❧✉?❡? ❞❛♥? ❧❡ ♣❧❛♥ ❞❡ ❧✬7❝❤❛♥;✐❧❧♦♥✳ ▲❡?
D7✢❡①✐♦♥? ❞❡? ♣❧❛♥? (100) ?♦♥; D❡♣♦D;7❡? ?✉D ✉♥❡ ❞❡♠✐✲?♣❤QD❡ ✐♠❛❣✐♥❛✐D❡ ❝❡♥;D7❡
❛✉;♦✉D ❞❡ ❧❛ ❞✐D❡❝;✐♦♥ ♥♦D♠❛❧❡ X ❧✬7❝❤❛♥;✐❧❧♦♥✳ ❖♥ ;✐❡♥; ❝♦♠♣;❡ ❞❡? ❞✐D❡❝;✐♦♥?
7W✉✐✈❛❧❡♥;❡? ❡♥ ?②♠7;D✐❡ ❝✉❜✐W✉❡ W✉✐ ?♦♥; ❡❧❧❡? ❛✉??✐ D❡♣♦D;7❡? ?✉D ❧❛ ❞❡♠✐✲?♣❤QD❡✳
❖♥ ❡✛❡❝;✉❡ ✜♥❛❧❡♠❡♥; ✉♥❡ ♣D♦❥❡❝;✐♦♥ ?;7D7♦❣D❛♣❤✐W✉❡ ❞❡ ❝❡? D7✢❡①✐♦♥? ?✉D ❧❡ ♣❧❛♥
❞❡ ❧❛ ❢❡✉✐❧❧❡✳ ▲❛ ✜❣✉D❡ ❞❡ ♣\❧❡ D7?✉❧;❛♥;❡ ❡?; ♣D7?❡♥;7❡ ❡♥ ❋✐❣✳ ✷✳✾✳ ▲❛ ✜❣✉D❡ ❞❡
♣\❧❡ ♣❡D♠❡; ❞❡ D❡♥❞D❡ ❝♦♠♣;❡ ❞❡ ❧✬♦D✐❡♥;❛;✐♦♥ ❝D✐?;❛❧❧♦❣D❛♣❤✐W✉❡ ❞❡? ♣❧❛♥? ❧❛;7D❛✉①
❞❡ ❝❡ ❝D✐?;❛❧ ❝✉❜✐W✉❡✳ ❉❛♥? ❧❡ ❝❛? ❞✬✉♥ 7❝❤❛♥;✐❧❧♦♥ D7❡❧✱ ❧❡? D7✢❡①✐♦♥? ❞❡? ❛✉;D❡?
❝D✐?;❛❧❧✐;❡? ?♦♥; 7✈✐❞❡♠♠❡♥; D❡♣♦D;7❡? ?✉D ♠b♠❡ ❧❛ ✜❣✉D❡✳
✸✷
✷✳✸ #$♦♣$✐()(* (❧❛*)✐-✉❡* ❞✬✉♥ ♣♦❧②❝$✐*)❛❧
❋✐❣✉$❡ ✷✳✽ ✕ #♦*✐)✐♦♥♥❡♠❡♥) ❞❡* $(✢❡①✐♦♥* ❞✉ ♣❧❛♥ (001) *❡❧♦♥ ❧❛ ❞✐$❡❝)✐♦♥ 〈100〉
❡) *②♠()$✐-✉❡* *✉$ ✉♥❡ *♣❤;$❡ ✐♠❛❣✐♥❛✐$❡ ❡♥)♦✉$❛♥) ❧❡ ❝$✐*)❛❧ ❝✉❜✐-✉❡ ✭❋✐❣✉$❡ ❞❡
❆❧❧✉▼❡)❛❧✮✳ ▲❡ $❡♣;$❡ ❞✉ ❝$✐*)❛❧ ❡*) $❡♣❧❛❝( ❞❛♥* ❧❡ $❡♣;$❡ ❞❡ ❧✬(❝❤❛♥)✐❧❧♦♥ ❞❛♥* ❧❡
*❝❤(♠❛ ❞❡ ❞$♦✐)❡✳ ▲❡* ❞✐$❡❝)✐♦♥* )$❛♥*✈❡$*❛❧❡ ✭❚❉✮✱ ♥♦$♠❛❧❡ ✭◆❉✮ ❡) ❞❡ ❧❛♠✐♥❛❣❡
✭❘❉✮ *♦♥) ✐♥❞✐-✉(❡* ❞❛♥* ❧✬(❝❤❛♥)✐❧❧♦♥✳ ❊❧❧❡* ❝♦♥*)✐)✉❡♥) ❧❡ $❡♣;$❡ ❞❡ $(❢($❡♥❝❡ ❞❡*
✜❣✉$❡* ❞❡ ♣M❧❡✳ #♦✉$ ✉♥ (❝❤❛♥)✐❧❧♦♥ -✉✐ ♥❡ ♣♦**;❞❡ ♣❛* ❞❡ ❞✐$❡❝)✐♦♥ ❞❡ ❧❛♠✐♥❛❣❡✱
♦♥ ♣❛$❧❡$❛ ♥♦♥ ♣❛* ❞❡ ❘❉ ♠❛✐* ❞✬✉♥❡ ❞❡✉①✐;♠❡ ❚❉✳
❋✐❣✉$❡ ✷✳✾ ✕ ❋✐❣✉$❡ ❞❡ ♣M❧❡ ❛**♦❝✐(❡ ❛✉ ❝$✐*)❛❧ ❞❡ ❧❛ ❋✐❣✳ ✷✳✽ ✭❋✐❣✉$❡ ❞❡ ❆❧❧✉▼❡)❛❧✮✳
■❧ *✬❛❣✐) ❞❡* ♣$♦❥❡❝)✐♦♥* *✉$ ❧❡ ♣❧❛♥ (-✉❛)♦$✐❛❧ ❞❡* ✐♥)❡$*❡❝)✐♦♥* ❞❡* $(✢❡①✐♦♥* ❞❡*
♣❧❛♥* (100) ❡) *②♠()$✐-✉❡* *✉$ ❧❛ ✶✴✷ *♣❤;$❡ ✐♠❛❣✐♥❛✐$❡ *✉♣($✐❡✉$❡✱ ❝❡♥)$(❡ *✉$ ❧❡
❝$✐*)❛❧✱ ♣❛$ $❛♣♣♦$) ❛✉ ♣M❧❡ ❙✉❞ ❞❡ $(❢($❡♥❝❡✳
✷✳✸✳✷ ❉$%❡'♠✐♥❛%✐♦♥ ❞❡. ♣'♦♣'✐$%$. $❧❛.%✐1✉❡. ❞✉ ♣♦❧②❝'✐.%❛❧
♠♦②❡♥
✷✳✸✳✷✳✶ ❘♦&❛&✐♦♥ ❞✉ &❡♥-❡✉. /❧❛-&✐1✉❡ ❞✉ ♠♦♥♦❝.✐-&❛❧
❖♥ *✉♣♣♦*❡ ♠❛✐♥)❡♥❛♥) -✉❡ ❧✬❖❉❋ ❞✐*❝$;)❡ ❞✉ ♣♦❧②❝$✐*)❛❧ ❡*) ❝♦♥♥✉❡✳ ❖♥ ❢❛✐)
❧✬❤②♣♦)❤;*❡ -✉❡ ❧❡ ♠❛)($✐❛✉ ❡*) ❝♦♠♣♦*( ❞❡ ❣$❛✐♥* ❞❡ ♠U♠❡ ♥❛)✉$❡ ♠✐♥($❛❧♦❣✐-✉❡✳
❖♥ ♣❡✉) ❞♦♥❝ ✉)✐❧✐*❡$ ❧❡ ♠U♠❡ ♠♦❞;❧❡ (❧❛*)✐-✉❡ ❞❡ $(❢($❡♥❝❡ ♣♦✉$ ❧✬❡♥*❡♠❜❧❡ ❞❡*
❣$❛✐♥* ✭✐✳❡✳ ♦$✐❡♥)❛)✐♦♥* ❞✐*❝$;)❡* ❞❡ ❧✬❖❉❋✮✳ ❖♥ ✈❡✉) ♠❛✐♥)❡♥❛♥) ❝❛❧❝✉❧❡$ ❧❡ )❡♥*❡✉$
(❧❛*)✐-✉❡ ♠♦②❡♥ ♣♦✉$ ❝❤❛❝✉♥ ❞❡* ❣$❛✐♥*✳ ▲❛ )❤(♦$✐❡ ❞❡ ❧✬(❧❛*)✐❝✐)( ❧✐♥(❛✐$❡ ❞✐) -✉❡
✸✸
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼■❈❘❖❙❈❖)■◗❯❊
❧✬3♥❡6❣✐❡ 3❧❛:;✐<✉❡ ✐♥;❡6♥❡ ❞✬✉♥ ♠♦♥♦❝6✐:;❛❧ ♥❡ ❝❤❛♥❣❡ ♣❛: <✉❛♥❞ ♦♥ ❧✉✐ ❢❛✐; :✉❜✐6
✉♥❡ 6♦;❛;✐♦♥ :♦❧✐❞❡✳ )♦✉6 ❝❤❛❝✉♥❡ ❞❡: ♦6✐❡♥;❛;✐♦♥: ❞✐:❝6G;❡:✱ ♦♥ ❢❛✐; ❞♦♥❝ ✏;♦✉6♥❡6✑
❧❡ ;❡♥:❡✉6 3❧❛:;✐<✉❡ ❞❡ 63❢36❡♥❝❡ ♣♦✉6 ❧✬❡①♣6✐♠❡6 ❞❛♥: ❧❡ 6❡♣G6❡ ❧♦❝❛❧✳ ❖♥ ♣❡✉; 3✈❛❧✲
✉❡6 ❛✐♥:✐ ❧❡ ;❡♥:❡✉6 3❧❛:;✐<✉❡ ✉♥✐;❛✐6❡ ❧♦❝❛❧ <✉✐ 6❡♣63:❡♥;❡ ❧❡: ♣6♦♣6✐3;3: 3❧❛:;✐<✉❡:
❞✉ ❣6❛✐♥ ♣♦::3❞❛♥; ❝❡;;❡ ♦6✐❡♥;❛;✐♦♥✳
▲❡ ;❡♥:❡✉6 Cp ✉♥✐;❛✐6❡ ♣♦✉6 ❝❤❛<✉❡ ♦6✐❡♥;❛;✐♦♥ ❝6✐:;❛❧❧♦❣6❛♣❤✐<✉❡ ❞❡ ❧✬❖❉❋ ❡:;
♦❜;❡♥✉ ❞❡ ❧❛ ♠❛♥✐G6❡ :✉✐✈❛♥;❡ ✭❇✉♥❣❡ ❬✶✾✽✷❪✱ 6❡♣6✐:❡ ♣❛6 ▼❛✐♥♣6✐❝❡ ❬✷✵✵✼❪✮ ✿
Cppqrt(g
′) = Ωg
′
piΩ
g′
qjΩ
g′
rkΩ
i
tlC
0
ijkl ✭✷✳✽✮
♦\ ❧❡: Cppqrt(gi) :♦♥; ❧❡: ❝♦♥:;❛♥;❡: 3❧❛:;✐<✉❡: ♠♦②❡♥♥❡: ❞✉ ♣♦❧②❝6✐:;❛❧ ❞❛♥: ❧❛
❞✐6❡❝;✐♦♥ g′ ❡; :♦♥; 6❡❧✐3❡: ❛✉① C0ijkl ❞✉ ♠♦❞G❧❡ 3❧❛:;✐<✉❡ ♣❛6 ❧❛ ♠❛;6✐❝❡ ❞❡ 6♦✲
;❛;✐♦♥✱ ❛✉;6❡♠❡♥; ❛♣♣❡❧3❡ ♠❛;6✐❝❡ ❞✬♦6✐❡♥;❛;✐♦♥✳ Ωg
′
= Ω(φ1(g′),Φ(g′), φ2(g′))✱
φ1(g′),Φ(g′), φ2(g′) :♦♥; ❧❡: ❛♥❣❧❡: ❞✬❊✉❧❡6 ✭❋✐❣✳ ✷✳✼✮ ❛::♦❝✐3: ^ ❧✬♦6✐❡♥;❛;✐♦♥ ❞✐:✲
❝6G;❡ g′✳
❘❡♠❛$%✉❡ ✿
■❧ ❡①✐:;❡ ✉♥❡ ❛✉;6❡ ♣6♦❝3❞✉6❡ ♣♦✉6 ❝❛❧❝✉❧❡6 ❧❡: ❝♦♠♣♦:❛♥;❡: ❞✉ ;❡♥:❡✉6
✉♥✐;❛✐6❡ Cpijkl ❛♣6G: 6♦;❛;✐♦♥✳ ❊♥ ❡✛❡;✱ ♦♥ ♣❡✉; ❡①♣6✐♠❡6 ❧❛ ;6❛♥:❢♦6♠❛;✐♦♥
❊<✳ ✷✳✽ :❡❧♦♥ ❧❛ ❢♦6♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥; ❞❡ ❜❛:❡ :✉✐✈❛♥;❡ ❬❇♦✇❡6✱ ✷✵✶✵❪ ✿
C ′ = KCKT ✭✷✳✾✮
♦\ KT ❡:; ❧❛ ;6❛♥:♣♦:3❡ ❞❡ ❧❛ ♠❛;6✐❝❡ ❞❡ ♣❛::❛❣❡ ❑ <✉✐ :✬❡①♣6✐♠❡ ❛✐♥:✐
✭✈♦✐6 ❚✐♥❣ ❬✶✾✾✻❪ ♣♦✉6 ❧❛ ❞3♠♦♥:;6❛;✐♦♥ ❛❧❣3❜6✐<✉❡ ❞❡: ❢♦6♠✉❧❡:✮ ✿
K =
(
K(1) 2K(2)
K(3) K(4)
)
❛✈❡❝ ❧❡: :♦✉:✲♠❛;6✐❝❡: K(1)✱K(2)✱K(3) ❡; K(4) ❞3✜♥✐❡: ❞❡ ❧❛ ❢♦6♠❡ :✉✐✈❛♥;❡ ✿
∀ (i, j)ε [1 : 3] et mod (i+ 1, 3) =
{
i i 6 3
i− 3 i > 3
K
(1)
ij = Ω
2
ij
K
(2)
ij = Ωimod(j+1,3)Ωimod(j+2,3)
K
(3)
ij = Ωmod(i+1,3)jΩmod(i+2,3)j
K
(4)
ij = Ωmod(i+1,3)mod(j+1,3)Ωmod(i+2,3)mod(j+2,3)
+Ωmod(i+1,3)mod(j+2,3)Ωmod(i+2,3)mod(j+1,3)
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✷✳✸✳✷✳✷ ▼♦②❡♥♥❡( ❞❡ ❱♦✐❣-✱❘❡✉(( ❡- ❍✐❧❧ ✭❱❘❍✮ ❞✉ -❡♥(❡✉5 6❧❛(-✐8✉❡ ❞✉
♣♦❧②❝5✐(-❛❧
▲❡: ❝♦♥✈❡♥;✐♦♥: ❞❡ ❱♦✐❣;✱ ❘❡✉:: ❡; ❍✐❧❧ ✭❱❘❍ ✮ :♦♥; ❧❡: ♠e♠❡: <✉❡ ❝❡❧❧❡: ❞3✜♥✐❡:
❞❛♥: ❧❡ ♣❛6❛❣6❛♣❤❡ ✷✳✷✳✸✳ ▲✬❡①♣6❡::✐♦♥ ❞✉ ;❡♥:❡✉6 3❧❛:;✐<✉❡ ♠♦②❡♥ ❞✉ ♣♦❧②❝6✐:;❛❧
C ✈❛6✐❡ ❡♥ ❢♦♥❝;✐♦♥ ❞❡ ❧❛ ❝♦♥✈❡♥;✐♦♥ ✉;✐❧✐:3❡✳ ❙✐ ❧✬♦♥ ✉;✐❧✐:❡ ❧❛ ❝♦♥✈❡♥;✐♦♥ ❞❡ ❱♦✐❣;✱
♦♥ ✉;✐❧✐:❡ ❧❡: ;❡♥:❡✉6: 3❧❛:;✐<✉❡: ❧♦❝❛✉① <✉❡ ❧✬♦♥ ✐♥;G❣6❡ ❞✐6❡❝;❡♠❡♥; :✉6 ❧✬❡♥:❡♠❜❧❡
❞❡: ♦6✐❡♥;❛;✐♦♥: ❞❡ ❧✬❡:♣❛❝❡✳ ❙✐ ♦♥ ♣6❡♥❞ ❧❛ ❝♦♥✈❡♥;✐♦♥ ❞❡ ❘❡✉::✱ ♦♥ ✐♥;G❣6❡ ❧❡:
;❡♥:❡✉6: ❞❡: 6✐❣✐❞✐;3: ❧♦❝❛✉①✱ Sp = (Cp)−1✱ ❞❛♥: ❧✬❡:♣❛❝❡ ♣✉✐: ♦♥ ❝❛❧❝✉❧❡ ❧✬✐♥✈❡6:❡
✸✹
✷✳✹ ❆♥✐&♦()♦♣✐❡ ,❧❛&(✐/✉❡ ❡( ♣)♦♣)✐,(,& ,❧❛&(✐/✉❡&
❞✉ ),&✉❧(❛( ♣♦✉) ♦❜(❡♥✐) ❧❡ (❡♥&❡✉) ,❧❛&(✐/✉❡ ♠♦②❡♥ ❞✉ ♣♦❧②❝)✐&(❛❧✳ ❖♥ ♣❛)❧❡)❛ ❞❡
♠♦②❡♥♥❡& ❞❡ ❱♦✐❣( ❡( ❞❡ ❘❡✉&& ❞♦♥( ❧❡& ❡①♣)❡&&✐♦♥& ❝♦♥(✐♥✉❡& &♦♥( ❧❡& &✉✐✈❛♥(❡& ✿
〈Cijkl〉V oigt ≈
∫
Cpijkl(g).f(g)dg
〈Cijkl〉Reuss ≈
(∫
Spijkl(g).f(g)dg
)
−1
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♦@ 〈Cijkl〉V oigt ❡( 〈Cijkl〉Reuss )❡♣),&❡♥(❡♥( )❡&♣❡❝(✐✈❡♠❡♥( ❧❡& ❡&(✐♠❛(✐♦♥& ❞❡ ❱♦✐❣(
❡( ❞❡ ❘❡✉&& ❞❡& ❝♦♥&(❛♥(❡& ,❧❛&(✐/✉❡& ❞✉ (❡♥&❡✉) ,❧❛&(✐/✉❡ ♠♦②❡♥ ❞✉ ♣♦❧②❝)✐&(❛❧
❝♦♥&✐❞,), ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧✬✐♥(,❣)❛❧❡ &✉) (♦✉& ❧❡& (❡♥&❡✉)& ✉♥✐(❛✐)❡& Cpijkl(g) ❡(
Spijkl(g) =
[
Cpijkl(g)
]
−1
❞❛♥& (♦✉(❡& ❧❡& ❞✐)❡❝(✐♦♥& g ❞❡ ❧✬❡&♣❛❝❡✱ ♣♦♥❞,),❡& ♣❛)
❧❛ ❢♦♥❝(✐♦♥ ❖❉❋ ❝♦♥(✐♥✉❡ f(g)✳
❉❛♥& ❧❡ ❝❛& ❞✬✉♥ &♦❧✐❞❡ ❛♥✐&♦()♦♣❡✱ ❧❡& ♠♦②❡♥♥❡& ❞❡ ❱♦✐❣( ❡( ❘❡✉&& ♥❡ &♦♥( ♣❛&
,❣❛❧❡&✳ ❈✬❡&( ♣♦✉)/✉♦✐ ❍✐❧❧ ❬✶✾✺✷❪ ❛ ❞,✜♥✐ ✉♥❡ ❛✉()❡ ❛♣♣)♦①✐♠❛(✐♦♥ /✉✐ ♥✬❡&( ❛✉()❡
/✉❡ ❧❛ ♠♦②❡♥♥❡ ❞❡& ❞❡✉① ♣),❝,❞❡♥(❡&✳ ▲❛ ♠♦②❡♥♥❡ ❞❡ ❍✐❧❧ ♦✉ ❛♣♣)♦①✐♠❛(✐♦♥ ❞❡
❱♦✐❣(✲❘❡✉&&✲❍✐❧❧ ✭❱❘❍ ♦✉ &✉♣❡)❍✐❧❧✮ ❡&( &♦✉✈❡♥( ♣)♦❝❤❡ ❞❡& ✈❛❧❡✉)& ❡①♣,)✐♠❡♥(❛❧❡&
❜✐❡♥ /✉❡ ❧❡ ❢❛✐( ❞❡ ♣)❡♥❞)❡ ❡①❛❝(❡♠❡♥( ❧❛ ♠♦②❡♥♥❡ ❞❡ ❘❡✉&& ❡( ❱♦✐❣( ),&✉❧(❡ ❞✬✉♥
❝❤♦✐① ❛)❜✐()❛✐)❡ ❡( ♥✬❛ ♣❛& ❞❡ ❢♦♥❞❡♠❡♥( ♣❤②&✐/✉❡✳
❖♥ ✉(✐❧✐&❡ ❞♦♥❝ ❧❛ ♠♦②❡♥♥❡ ❞❡ ❍✐❧❧ ♣♦✉) ❝❛❧❝✉❧❡) ❧❡& ❝♦♠♣♦&❛♥(❡& ❞❡& (❡♥&❡✉)&
,❧❛&(✐/✉❡& ✉♥✐(❛✐)❡&✳ ❖♥ ♠✐♥✐♠✐&❡ ❛✐♥&✐ ❧✬❡))❡✉) /✉✐ ❞,❝♦✉❧❡ ❞❡& ❤②♣♦(❤P&❡& &()✐❝(❡&
/✉✐ &♦♥( ❛&&♦❝✐,❡& Q ❧✬❛♣♣❧✐❝❛(✐♦♥ &♦✐( ❞❡ ❱♦✐❣(✱ &♦✐( ❞❡ ❘❡✉&&✳
✷✳✸✳✷✳✸ ❚❡♥&❡✉( )❧❛&,✐.✉❡ ♠♦②❡♥ ❞✉ ♣♦❧②❝(✐&,❛❧ ✭❝♦♥✈❡♥,✐♦♥ ❞❡ ❍✐❧❧✮
❙✐ ♦♥ ❞✐&❝),(✐&❡ ❧❡& ❡①♣)❡&&✐♦♥& ♣),❝,❞❡♥(❡&✱ ♦♥ ♦❜(✐❡♥( ❧❡& ❡①♣)❡&&✐♦♥& &✉✐✈❛♥(❡&
❞❡& ❝♦♠♣♦&❛♥(❡& ❞❡& (❡♥&❡✉)& ,❧❛&(✐/✉❡& ♠♦②❡♥& ❞❡ ❱♦✐❣(✱ ❘❡✉&& ❡( ❍✐❧❧ )❡&♣❡❝(✐✈❡✲
♠❡♥( ✿
〈Cijkl〉V oigt ≈
∑
Vg′ .C
p
ijkl(g
′)
〈Cijkl〉Reuss ≈
(
∑
Vg′ .C
p
ijkl(g
′)
)
−1
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⇒ 〈Cijkl〉Hill =
〈Cpijkl〉V oigt + 〈Cijkl〉
p
Reuss
2
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♦@ Vg′ )❡♣),&❡♥(❡ ❧❛ ❢)❛❝(✐♦♥ ✈♦❧✉♠✐/✉❡ ❝♦))❡&♣♦♥❞❛♥( Q ❧✬♦)✐❡♥(❛(✐♦♥ g
′
✳
▲❡ (❡♥&❡✉) ,❧❛&(✐/✉❡ ❞✉ ♣♦❧②❝)✐&(❛❧ ♠♦②❡♥ 〈C〉Hill ❡&( ♠❛✐♥(❡♥❛♥( ❝♦♥♥✉✳ ▲❡&
♣)♦♣)✐,(,& ,❧❛&(✐/✉❡& ❞✉ ♣♦❧②❝)✐&(❛❧ &♦♥( ❡♥(✐P)❡♠❡♥( ❞,❝)✐(❡& ♣❛) ❧❛ ❝♦♥♥❛✐&&❛♥❝❡&
❞❡& ❝♦♥&(❛♥(❡& ,❧❛&(✐/✉❡& 〈Cijkl〉Hill✳
✷✳✹ ❆♥✐&♦()♦♣✐❡ ,❧❛&(✐/✉❡ ❡( ♣)♦♣)✐,(,& ,❧❛&(✐/✉❡&
▲✬❛♥✐&♦()♦♣✐❡ ,❧❛&(✐/✉❡ ❡&( ❝❛)❛❝(,)✐&,❡ ♣❛) ❧❛ ✈❛)✐❛(✐♦♥ ❞❡ ❧❛ ✈✐(❡&&❡ ❞❡ ♣)♦♣❛✲
❣❛(✐♦♥ ❞❡& ♦♥❞❡& Q ()❛✈❡)& ✉♥ ♠❛(,)✐❛✉ ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧❛ ❞✐)❡❝(✐♦♥ ❞❡ ♣)♦♣❛❣❛(✐♦♥✳
✸✺
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❞✬❊✉❧❡7 ❡♥ ✉♥ ♥♦♠❜7❡ ✜♥✐ ❞✬♦7✐❡♥>❛>✐♦♥4✱ ❞❡ ❧❛ ♠N♠❡ ♠❛♥✐37❡ 8✉❡ ❧♦748✉✬♦♥ ❝❛❧❝✉❧❡
✉♥❡ ❖❉❋✳ ❖♥ ❝❛❧❝✉❧❡ ❡♥4✉✐>❡ ❧❡4 ✈✐>❡44❡4 ❞❡ ♣7♦♣❛❣❛>✐♦♥ ✉♥✐>❛✐7❡4 ✭❞❡ ❱♦✐❣>✮ ❧❡ ❧♦♥❣
❞❡ ❝❡4 ❞✐7❡❝>✐♦♥4✳
✷✳✹✳✶ ❈❛❧❝✉❧ ❞❡ ❧❛ ✈✐-❡..❡ ❞❡ ♣0♦♣❛❣❛-✐♦♥ ❞❡. ♦♥❞❡. P ❞❛♥.
✉♥❡ ❞✐0❡❝-✐♦♥ ❞❡ ❧✬❡.♣❛❝❡
❏❡ ❞@>❛✐❧❧❡ ♠❛✐♥>❡♥❛♥> ❧❛ ♠@>❤♦❞❡ ✉>✐❧✐4@❡ ♣♦✉7 ❝❛❧❝✉❧❡7 ❧❛ ✈✐>❡44❡ ❞❡ ♣7♦♣❛❣❛✲
>✐♦♥ ❞❡4 ♦♥❞❡4 P ❞❛♥4 ✉♥❡ ❞✐7❡❝>✐♦♥ ❞♦♥♥@❡ ❬▼❛✐♥♣7✐❝❡✱ ✷✵✵✼❪✳
✷✳✹✳✶✳✶ ●%♥%'❛❧✐+❛,✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ❡, %2✉❛,✐♦♥ ❞❡ ❞%♣❧❛❝❡♠❡♥,
❖♥ 7❡♣7❡♥❞ ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ✭❊8✳ ✷✳✶✮ 8✉✬♦♥ ❣@♥@7❛❧✐4❡ ♣♦✉7 >♦✉> ♣♦✐♥> 7 ❞✉
♣♦❧②❝7✐4>❛❧✳ ❬▼❛✐♥♣7✐❝❡✱ ✷✵✵✼❪ ✿
∀ r, σij(r) = Cijkl(r)
δul
δxk
(r) ✭✷✳✶✹✮
♦] ul 7❡♣7@4❡♥>❡ ❧❡ ❞@♣❧❛❝❡♠❡♥> ❞❡ ❧✬♦♥❞❡ 4✐4♠✐8✉❡✱ xk ❧❛ ♣♦4✐>✐♦♥✳
▲✬@8✉❛>✐♦♥ ❞❡ ❞@♣❧❛❝❡♠❡♥> ❡♥ ❢♦♥❝>✐♦♥ ❞✉ >❡♠♣4 t ♣❡✉> ❞♦♥❝ 4✬@❝7✐7❡ 4♦✉4 ❧❛
❢♦7♠❡ 4✉✐✈❛♥>❡ ✿
∀ r,
(
δ2ui
δt2
)
r
=
(
δσij
δxj
)
r
=⇒
(
δ2ui
δt2
)
r
= Cijkl(r)
(
δ2ul
δxjδxk
)
r
✭✷✳✶✺✮
▲❡ ❞@♣❧❛❝❡♠❡♥> ❞✬✉♥❡ ♦♥❞❡ ♣❧❛♥❡ ♠♦♥♦❝❤7♦♠❛>✐8✉❡ ♣❡✉> N>7❡ ❞@❝7✐> ♣❛7 ✉♥❡ ❢♦♥❝✲
>✐♦♥ ❤❛7♠♦♥✐8✉❡ ❞@♣❡♥❞❛♥>❡ ❞❡ t 8✉❡ ❧✬♦♥ ✐♥>3❣7❡ ❝❡>>❡ ❢♦♥❝>✐♦♥ ❞❛♥4 ❧✬@8✉❛>✐♦♥ ✿
Cijklsjslpk = ρv
2pi ✭✷✳✶✻✮
♦] ρ = 13154kg.m−3 ❬❉❡❣✉❡♥✱ ✷✵✵✾✱ ❉❡❣✉❡♥ ❡> ❛❧✳✱ ✷✵✶✶❪ ❡4> ❧❛ ♠❛44❡ ✈♦❧✉♠✐8✉❡
♠♦②❡♥♥❡ ❞❛♥4 ❧❛ ❣7❛✐♥❡ ✭4✉♣♣♦4@❡ ❝♦♥4>❛♥>❡✮✱ v 7❡♣7@4❡♥>❡ ❧❡4 ✈✐>❡44❡4 ❞✬♦♥❞❡4
4✐4♠✐8✉❡4✱ P ✱ S1 ❡> S2✳ −→s ❡4> ❧❡ ✈❡❝>❡✉7 ✉♥✐>❛✐7❡ ❝❛7❛❝>@7✐4❛♥> ❧❛ ❧❡♥>❡✉7 ❞❡ ❧✬♦♥❞❡✳
−→p ❡4> ❧❡ ✈❡❝>❡✉7 ❞❡ ♣♦❧❛7✐4❛>✐♦♥✳
✷✳✹✳✶✳✷ ❚❡♥+❡✉' ❞❡ ❈❤'✐+,♦✛❡❧
❊♥ ❢❛❝>♦7✐4❛♥>✱ ♦♥ ❡①♣7✐♠❡ ✿
(Cijklnjnl − ρv2δik)pk = 0 ✭✷✳✶✼✮
♦] δik 8✉✐ ❡4> ❧❡ 4②♠❜♦❧❡ ❞❡ ❑7♦♥❡❝❦❡7 ✭δik = 1 4✐ i = k✱ 0 4✐♥♦♥✮✳ ❖♥ >7♦✉✈❡
✜♥❛❧❡♠❡♥> ❧✬❡①♣7❡44✐♦♥ ❞✉ >❡♥4❡✉7 ✸①✸ ❞❡ ❈❤7✐4>♦✛❡❧✱ ❚ ✭❊8✳ ✷✳✶✽✮ ✭✶✾✼✼✮✱ 8✉✐
4✐♠♣❧✐✜❡ ❧❡4 @❝7✐>✉7❡4 ♣7@❝@❞❡♥>❡4 ✿
Tik = Cijklnjnl ✭✷✳✶✽✮
♦] nq ❡> nt 4♦♥> ❧❡4 ❝♦4✐♥✉4 ❞✐7❡❝>❡✉74 ❞❡ ❧❛ ❞✐7❡❝>✐♦♥ ❞❡ ♣7♦♣❛❣❛>✐♦♥✱ 4♦✐❡♥> ❧❡4
❝♦♠♣♦4❛♥>❡4 ❞✬✉♥ ✈❡❝>❡✉7 ♥♦7♠@
−→n ❝♦❧✐♥@❛✐7❡ g ❝❡❧❧❡✲❝✐✳
✸✻
✷✳✹ ❆♥✐&♦()♦♣✐❡ ,❧❛&(✐/✉❡ ❡( ♣)♦♣)✐,(,& ,❧❛&(✐/✉❡&
✷✳✹✳✶✳✸ ❘&'♦❧✉+✐♦♥ ❞✉ +❡♥'❡✉0 ❞❡ ❈❤0✐'+♦✛❡❧
❖♥ ✐♥()♦❞✉✐( ♠❛✐♥(❡♥❛♥( ❧❛ ♥♦(✐♦♥ ❞❡ ♠♦❞✉❧❡ ❞✬♦♥❞❡ M = ρv2✳ ❉❛♥& ♥♦()❡ ❝❛&✱
▼ ❝♦))❡&♣♦♥❞ ❛✉① ✈❛❧❡✉)& ♣)♦♣)❡& ❞❡ Tij✱ ✭✐✱❥✮ ❂ ✶✳✳✳✸✳ ❈♦♠♠❡ ❝✬❡&( ✉♥❡ ♠❛()✐❝❡
❍❡)♠✐(✐❡♥♥❡✱ ❡❧❧❡ ❡&( ♦)(❤♦❣♦♥❛❧❡♠❡♥( ❞✐❛❣♦♥❛❧✐&❛❜❧❡ ❡( (♦✉(❡& &❡& ✈❛❧❡✉)& ♣)♦♣)❡&
&♦♥( ),❡❧❧❡&✳ ❊❧❧❡& &♦♥( ,❣❛❧❡& G ρv2P ✭/✉✐ ❡&( ❧❛ ♣❧✉& ❣)❛♥❞❡✮✱ρv
2
S1 ❡( ρv
2
S2✳ ❚)♦✉✈❡)
❧❡& ✈❛❧❡✉)& ♣)♦♣)❡& ❞❡ Tij ♥♦✉& ❞♦♥♥❡ ❞♦♥❝ ❞✐)❡❝(❡♠❡♥( ❧❛ ✈❛❧❡✉) ❞❡ vP ❞❛♥& ❧❛
❞✐)❡❝(✐♦♥ ❞❡ ♣)♦♣❛❣❛(✐♦♥ ❝❤♦✐&✐❡ ✭❡♥ ❝♦♥✈❡♥(✐♦♥ ❞❡ ❱♦✐❣(✮ ❬▼❛✐♥♣)✐❝❡✱ ✶✾✾✵❪✳
✷✳✹✳✶✳✹ ❈❛❧❝✉❧ ❞❡ ❧❛ ✈✐+❡''❡ ♠♦②❡♥♥❡ ✭❞❡ ❱♦✐❣+✮ ❞❛♥' ❧❡ ♣♦❧②❝0✐'+❛❧
N♦✉) ❝❛❧❝✉❧❡) ❧❛ ✈✐(❡&&❡ ♠♦②❡♥♥❡ ❞❡ ❱♦✐❣( ❞❛♥& ❧✬,❝❤❛♥(✐❧❧♦♥ ♣♦❧②❝)✐&(❛❧❧✐♥✱ ♦♥
♣)♦❝P❞❡ G ✉♥❡ ✐♥(,❣)❛(✐♦♥ ❡♥ ✈♦❧✉♠❡ ❞❡ ❝❡& ✈✐(❡&&❡& ,❧,♠❡♥(❛✐)❡& vg
′
P G ♣❛)(✐) ❞❡&
✈♦❧✉♠❡& ,❧,♠❡♥(❛✐)❡& Velem(g
′) ❞✬✐♥✢✉❡♥❝❡ ❛&&♦❝✐,& G ❝❤❛/✉❡ ❞✐)❡❝(✐♦♥ ✉♥✐(❛✐)❡ g′
❞❡ ❧✬❡&♣❛❝❡ ❞✐&❝),(✐&,✱ &❡❧♦♥ ❧❛ ❢♦)♠✉❧❡ ✿
vmoyP =
′
∑
g
vP (g
′)Velem(g
′) ✭✷✳✶✾✮
✷✳✹✳✶✳✺ ❈0✐+✐?✉❡ ❞❡ ❧❛ ♠&+❤♦❞❡
❈❡((❡ ♠,(❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ♣),&❡♥(❡ ✉♥ ✐♥❝♦♥✈,♥✐❡♥( ❢♦♥❞❛♠❡♥(❛❧✳ ❊❧❧❡ &✉♣♣♦&❡
❡♥ ❡✛❡( /✉✬♦♥ ✈,)✐✜❡ ❧✬❤②♣♦(❤P&❡ ❞❡ ❱♦✐❣( ❬▼❛((❤✐❡& ❛♥❞ ❍✉♠❜❡)(✱ ✶✾✾✺✱ ▼❛((❤✐❡&
❡( ❛❧✳✱ ✷✵✵✶❪✳ ❚♦✉(❡& ❧❡& ✈✐(❡&&❡& ❞❡ ♣)♦♣❛❣❛(✐♦♥ ❝❛❧❝✉❧,❡& ♣❛) ❝❡((❡ ♠,(❤♦❞❡ &♦♥(
❞♦♥❝ ❞❡& ✈✐(❡&&❡& ❞❡ ❱♦✐❣(✳
▲✬❡①♣,)✐❡♥❝❡ ❛ ♠♦♥(), /✉❡ ❧❡& ✈❛❧❡✉)& ❞❡ ✈✐(❡&&❡& ❞❡ ♣)♦♣❛❣❛(✐♦♥ ❞✬♦♥❞❡& &✐&✲
♠✐/✉❡& ),❡❧❧❡& &♦♥( (♦✉❥♦✉)& ❝♦♠♣)✐&❡& ❡♥()❡ ❧❡& ❡&(✐♠❛(✐♦♥& ❞❡ ✈✐(❡&&❡ ♣❛) ❧❛ ♠,(❤✲
♦❞❡ ❞❡ ❘❡✉&& ✭❜♦)♥❡ ✐♥❢,)✐❡✉)❡✮ ❡( ❝❡❧❧❡ ❞❡ ❱♦✐❣( ✭❜♦)♥❡ &✉♣,)✐❡✉)❡✮✳ ❯♥❡ ❡&(✐♠❛(✐♦♥
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❞❡✉① ❛♣♣)♦①✐♠❛(✐♦♥& ❞❡ ✈✐(❡&&❡&✱ ❡♥()❡ ❞,❢♦)♠❛(✐♦♥ ❝♦♥&(❛♥(❡ ❡( ❝♦♥()❛✐♥(❡ ✐♥✲
✈❛)✐❛♥(❡✳ ■❧ ❢❛✉❞)❛✐( ❞♦♥❝ ✉(✐❧✐&❡) ❧❛ ✈✐(❡&&❡ ❞❡ ♣)♦♣❛❣❛(✐♦♥ ❞❡ ❍✐❧❧✳ ❈❡♣❡♥❞❛♥(✱
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♣♦❧②❝)✐&(❛❧❧✐♥ ❬▼❛✐♥♣)✐❝❡✱ ✷✵✵✼❪✳
■❧ ❡&( ❞♦♥❝ ✐♠♣♦)(❛♥( ❞❡ ♥♦(❡) /✉❡✱ ♣♦✉) ❞❡& ♣♦❧②❝)✐&(❛✉① ❢♦)(❡♠❡♥( ❛♥✐&♦()♦♣❡&✱
✐❧ ❡&( ♣)♦❜❛❜❧❡ /✉✬♦♥ ♦❜&❡)✈❡ ✉♥❡ ❡))❡✉) ♥♦♥ ♥,❣❧✐❣❡❛❜❧❡ ❞❛♥& ❧❡ ❝❛❧❝✉❧ ❞❡& ✈✐(❡&&❡&
❛✉ &❡✐♥ ❞✉ ♣♦❧②❝)✐&(❛❧✳
✷✳✹✳✷ ▲✬❛♥✐(♦*+♦♣✐❡ .❧❛(*✐0✉❡ ❞❛♥( ✉♥ ♠♦♥♦❝+✐(*❛❧
✷✳✹✳✷✳✶ ❆♥✐'♦+0♦♣✐❡ &❧❛'+✐?✉❡ ❞❛♥' ✉♥ ❝0✐'+❛❧ ❞❡ ❢❡0 ❤❝
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❝♦♠♣❛❝(❡✱ ♦♥ )❡♣),&❡♥(❡ ❧✬❛♥✐&♦()♦♣✐❡ ♠♦♥♦❝)✐&(❛❧❧✐♥❡ &♦✉& ❢♦)♠❡ ❞✬✉♥ ❣)❛♣❤✐/✉❡
✷❉ ()❛_❛♥( ❧✬,✈♦❧✉(✐♦♥ ❞❡ ❧❛ ✈✐(❡&&❡ ♠♦②❡♥♥❡ ❞❡& ♦♥❞❡& &✐&♠✐/✉❡&✱ P ♦✉ S✱ ❡♥
✸✼
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼■❈❘❖❙❈❖)■◗❯❊
❋✐❣✉$❡ ✷✳✶✵ ✕ ❈♦♠♣❛;❛✐=♦♥ ❞❡= ♣;♦✜❧= ❞❡ ✈✐D❡==❡ ❞✬♦♥❞❡= P ♣♦✉; ❞✐✛G;❡♥D❡= GD✉❞❡=
❡✛❡❝D✉G❡= I ✷✵✵●)❛ ✭❞✬❛♣;L= ❆♥D♦♥❛♥❣❡❧✐ ❡D ❛❧✳ ❬✷✵✵✻❪✱ ❡①D;❛✐D ❞❡ ▼❛♦ ❡D ❛❧✳ ❬✷✵✵✽❪✮✳
❢♦♥❝D✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❡♥D;❡ ❧❛ ❞✐;❡❝D✐♦♥ ❞❡ ♣;♦♣❛❣❛D✐♦♥ ❡D ❧✬❛①❡ c ❝;✐=D❛❧❧♦❣;❛♣❤✐W✉❡
✭❛①❡ ♣❡;♣❡♥❞✐❝✉❧❛✐;❡ ❛✉ ♣❧❛♥ (a1, a2) ❞❡ ❧❛ ❋✐❣✳ ✷✳✶✮✳ ❊♥ ❋✐❣✳ ✷✳✶✵✱ ♦♥ ♠♦♥D;❡
W✉❡❧W✉❡= ✉♥= ❞❡= ♠♦❞L❧❡= G❧❛=D✐W✉❡= ❧❡= ♣❧✉= ;G❝❡♥D= ♣♦✉; ❧❡ ❢❡; ❤❝✳ ❉❡ ♠❛♥✐L;❡
❣G♥G;❛❧❡✱ ❧❛ ❢♦;♠❡ ❞❡ ❧✬❛♥✐=♦D;♦♣✐❡ G❧❛=D✐W✉❡ ❞❛♥= ✉♥ ♠♦♥♦❝;✐=D❛❧ ❞❡ =D;✉❝D✉;❡ ❤❝
♣❡✉D =❡ ;G=✉♠❡; ❡♥ ❞❡✉① ♣♦✐♥D= ✿
• ▲❛ ❞✐✛G;❡♥❝❡ ❡♥D;❡ ❧❛ ✈✐D❡==❡ ❞❡= ♦♥❞❡= =❡ ♣;♦♣❛❣❡❛♥D ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ c✱ vcP
✭❛♥❣❧❡ I ❧✬❛①❡ c ❞❡ 0◦✮✱ ❡D ❝❡❧❧❡ ❞❡= ♦♥❞❡= W✉✐ =❡ ♣;♦♣❛❣❡♥D ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ a✱
vaP ✭90
◦
✮✱
• ▲✬❛♠♣❧✐D✉❞❡ ❞❡ ❧❛ ❝❧♦❝❤❡ W✉✐ ❝♦;;❡=♣♦♥❞ ♣❧✉= ♦✉ ♠♦✐♥= I ❧❛ ❞G;✐✈G❡ =❡❝♦♥❞❡
I 45◦ ❞❡ ❧✬❛①❡ c✳
)❛; ❡①❡♠♣❧❡✱ ❧❡ ♠♦❞L❧❡ ❞❡ ▼❛♦ ❡D ❛❧✳ ❬✶✾✾✽❪ ♣;G=❡♥D❡ ❞❡= ✈✐D❡==❡= vaP ❡D v
c
P ✐❞❡♥✲
D✐W✉❡= ❛✈❡❝ ✉♥❡ ❛♠♣❧✐D✉❞❡ ❞❡ ❧❛ ❝❧♦❝❤❡ ❡=D D;L= ✐♠♣♦;D❛♥D❡✳ ▲❡= ♠♦❞L❧❡= ❞❡ ❙D❡✐♥❧❡✲
◆❡✉♠❛♥♥ ❡D ❛❧✳ ❬✷✵✵✶❪ ❡D ▲❛✐♦ ❡D ❛❧✳ ❬✷✵✵✵❪ ♠♦♥D;❡♥D D♦✉= ❞❡✉① ✉♥❡ ❞✐✛G;❡♥❝❡ ❞❡
✈✐D❡==❡ ✐♠♣♦;D❛♥D❡ ❡♥D;❡ vaP ❡D v
c
P ✳ ❊♥ ;❡✈❛♥❝❤❡✱ ✐❧= ❞✐✛L;❡♥D ❢;❛♥❝❤❡♠❡♥D ♣❛; ❧❡✉;=
❛♠♣❧✐D✉❞❡= ❞❡ ❝❧♦❝❤❡✳ )♦✉; ❧❡ ♠♦❞L❧❡ ❞❡ ▲❛✐♦ ❡D ❛❧✳ ❬✷✵✵✵❪✱ ❧✬❛♠♣❧✐D✉❞❡ ❡=D W✉❛=✐✲
♠❡♥D ♥✉❧❧❡ ✭✐✳❡✳ D;L= ❢❛✐❜❧❡ ❝♦✉;❜✉;❡ I 45◦✱ ❧❛ ❞G;✐✈G❡ =❡❝♦♥❞❡ ❡=D ≈✵✮ ❛❧♦;= W✉✬❡❧❧❡ ❡=D
❛==❡③ ❢♦;D❡ ♣♦✉; ❝❡❧✉✐ ❞❡ ❙D❡✐♥❧❡✲◆❡✉♠❛♥♥ ❡D ❛❧✳ ❬✷✵✵✶❪ ✭❝♦✉;❜✉;❡ ♣❧✉= ♣;♦♥♦♥❝G❡✮✳
✷✳✹✳✷✳✷ ❆♥✐&♦()♦♣✐❡ ,❧❛&(✐/✉❡ ❞❛♥& ✉♥ ❝)✐&(❛❧ ❞❡ ❢❡) ❝❝ ♦✉ ❝❢❝
◗✉✬✐❧ =✬❛❣✐==❡ ❞✬✉♥ ♠♦♥♦❝;✐=D❛❧ ❞❡ ❢❡; ❝✉❜✐W✉❡ ❝❡♥D;G ♦✉ ❝✉❜✐W✉❡ ❢❛❝❡ ❝❡♥D;G❡✱ ❧❛
♠❛♥✐L;❡ ❞❡ ♠❡=✉;❡; ❧✬❛♥✐=♦D;♦♣✐❡ G❧❛=D✐W✉❡ ❡=D ❧❛ ♠_♠❡✳ ❆✈❡❝ ✉♥ ❞❡❣;G ❞❡ =②♠GD;✐❡
♣❧✉= G❧❡✈G W✉❡ ❧❡ ❢❡; ❤❡①❛❣♦♥❛❧✱ ❧❡ ❢❡; ❝✉❜✐W✉❡ ♣♦==L❞❡ ❛✉==✐ ♣❧✉= ❞❡ ❞✐;❡❝D✐♦♥=
GW✉✐✈❛❧❡♥D❡= W✉❡ ❧❡ ❢❡; ❤❝✳ ❈♦♥D;❛✐;❡♠❡♥D ❛✉ ❢❡; ❤❡①❛❣♦♥❛❧✱ ♦♥ ♥❡ ♣❡✉D ❞♦♥❝ ♣❛=
❞G✜♥✐; ❞❡✉① ❛①❡= ❝;✐=D❛❧❧♦❣;❛♣❤✐W✉❡= ♣;✐♥❝✐♣❛✉①✳
❉❛♥= ❧❛ ❧✐DDG;❛D✉;❡✱ ✐❧ ❡①✐=D❡ ♣❧✉=✐❡✉;= ;❛D✐♦= ❛❞✐♠❡♥=✐♦♥♥❡❧= W✉✐ ❞G❝;✐✈❡♥D D♦✉=
❧✬❛♥✐=♦D;♦♣✐❡ G❧❛=D✐W✉❡ ❞✉ ♠♦♥♦❝;✐=D❛❧ ❝✉❜✐W✉❡ ✭❚❛❜✳ ✷✳✸✮✱ )❛;♠✐ ❝❡✉①✲❧I✱ ❧❡ ✏❩❡♥❡;
;❛D✐♦✑ ❡=D ❧❡ ♣❧✉= ❝♦♥♥✉✳ ■❧ ;❡♣;G=❡♥D❡ ❧❡ ;❛♣♣♦;D ❡♥D;❡ ❧❡= ❞❡✉① ❡①D;❡♠❛= ❞❡= ♠♦❞✉❧❡=
G❧❛=D✐W✉❡ ❡D ❞❡ ❝✐=❛✐❧❧❡♠❡♥D✳
✸✽
✷✳✹ ❆♥✐&♦()♦♣✐❡ ,❧❛&(✐/✉❡ ❡( ♣)♦♣)✐,(,& ,❧❛&(✐/✉❡&
❚❛❜❧❡ ✷✳✸ ✕ ❘❛(✐♦& ❛❞✐♠❡♥&✐♦♥♥❡❧& )❡♣),&❡♥(❛♥( ❧✬❛♥✐&♦()♦♣✐❡ ♠♦♥♦❝)✐&(❛❧❧✐♥❡ ❞❛♥&
✉♥ ❝)✐&(❛❧ ❞❡ &②♠,()✐❡ ❝✉❜✐/✉❡✳
❈)✐(;)❡ ❘❛(✐♦✭&✮
❑✐❡❢❡) ❡( ❛❧✳ ❬✶✾✾✼❪ A =
2c44 + c12
c11
− 1
❊✈❡)② ❛♥❞ ❙(♦❞❞❛)( ❬✶✾✽✺❪ s3 =
c11 − c12 − 2c44
c11 + 2c44
❩❡♥❡) ❛♥❞ ❍❡✐❦❡& ❬✶✾✺✸❪ A′ =
2c44
c11 − c12
❋✐❣✉)❡ ✷✳✶✶ ✕ ❋✐❣✉)❡& ❞❡ ✈✐(❡&&❡& ❞❡& ♦♥❞❡& P ♣♦✉) ❧❡ ♠♦♥♦❝)✐&(❛❧ ❞❡ ❢❡) ✭❛✮ ❝❢❝✱
❡( ✭❜✮ ❝❝ ❛✉① ❝♦♥❞✐(✐♦♥& ❞❡ ❧❛ ❣)❛✐♥❡ (❡))❡&()❡ ✭♠♦❞✐✜,❡ ❞❡ ❱♦↔❛❞❧♦ ❡( ❛❧✳ ❬✷✵✵✽❛❪✮✳
❆ (✐()❡ ❞✬❡①❡♠♣❧❡✱ ♦♥ ♠♦♥()❡ ❡♥ ❋✐❣✳ ✷✳✶✶ ❧❡& ✜❣✉)❡& ❞❡ vP ❞❡& ♠♦❞;❧❡& ,❧❛&✲
(✐/✉❡& ❞✉ ❢❡) ❝❢❝ ✭❛✮ ❬❱♦↔❛❞❧♦ ❡( ❛❧✳✱ ✷✵✵✽❛❪ ❡( ❝❝ ✭❜✮ ❬❱♦↔❛❞❧♦✱ ✷✵✵✼❪✳ ▲❡& ✜❣✉)❡& ❞❡
vP &❡ )❡&&❡♠❜❧❡♥( ♠❛✐& ❧❡& ❛♥✐&♦()♦♣✐❡& ♠♦♥♦❝)✐&(❛❧❧✐♥❡& ✭❡♥ vP ✮ &♦♥( )❛❞✐❝❛❧❡♠❡♥(
❞✐✛,)❡♥(❡&✳ ❊❧❧❡& &♦♥( ❞❡ ✶✸✱✺ ♣♦✉) ❧❡ ❢❡) ❝❢❝ ❡( ❞❡ &❡✉❧❡♠❡♥( ✸✱✸✪ ♣♦✉) ❧❡ ❢❡) ❝❝✳
✷✳✹✳✷✳✸ ❆♥✐'♦)*♦♣✐❡ -❧❛')✐0✉❡ ❞❛♥' ♣♦❧②❝*✐')❛❧ ✿ ❡✛❡) ❞❡ ❧❛ )❡①)✉*❡
❖♥ ♠♦♥()❡ ❡♥ ❋✐❣✳ ✷✳✶✷ /✉❡ ❧❡& ✜❣✉)❡& ❞❡ vP ❞✬✉♥ ♣♦❧②❝)✐&(❛❧ &♦♥( ();& ❞,♣❡♥✲
❞❛♥(❡& ❞❡ ❧❛ (❡①(✉)❡ ❞✉ ♣♦❧②❝)✐&(❛❧✳ Z♦✉) ✉♥ ♠[♠❡ ♠♦❞;❧❡ ,❧❛&(✐/✉❡ ❞❡ ❢❡) ❤❡①❛❣✲
♦♥❛❧ ❝♦♠♣❛❝( ✭❱♦↔❛❞❧♦ ❡( ❛❧✳ ❬✷✵✵✾❪ ] ✺✵✵✵❑✮ ♠❛✐& ❛✈❡❝ ❞❡& (❡①(✉)❡& ❝)✐&(❛❧❧♦✲
❣)❛♣❤✐/✉❡& ❞✐✛,)❡♥(❡&✱ ❧❡& ✜❣✉)❡& ❞❡ ❱♣ ❞✉ ♣♦❧②❝)✐&(❛❧ &♦♥( ();& ❞✐✛,)❡♥(❡& ❧✬✉♥❡ ❞❡
❧✬❛✉()❡✳ ❯♥❡ (❡①(✉)❡ )❡❧❛(✐✈❡♠❡♥( ❢♦)(❡ ✭❡♥ ❤❛✉(✮ ♣❡)♠❡( ❞✬♦❜(❡♥✐) ✉♥❡ ❛♥✐&♦()♦♣✐❡
◆✲❙ ❞❡ ❧✬♦)❞)❡ ❞❡ ✶✱✸✪✳ ❯♥❡ (❡①(✉)❡ /✉❛&✐♠❡♥( ❛❧,❛(♦✐)❡ ✭❡♥ ❜❛&✮ ❞♦♥♥❡ ✉♥❡ ✜❣✉)❡
/✉❛&✐♠❡♥( ❛❧,❛(♦✐)❡ ❞♦♥♥❡ ❝❡((❡ ❢♦✐&✲❝✐ ✉♥❡ ❛♥✐&♦()♦♣✐❡ ♥✉❧❧❡ ❛✈❡❝ ✉♥❡ ✜❣✉)❡ ❞❡
✸✾
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼■❈❘❖❙❈❖)■◗❯❊
❋✐❣✉$❡ ✷✳✶✷ ✕ ❘❡❧❛9✐♦♥ ❡♥9=❡ 9❡①9✉=❡ ❡9 ❛♥✐@♦9=♦♣✐❡ @✐@♠✐C✉❡ ❞❛♥@ ❧❡ ♣♦❧②❝=✐@9❛❧✳
❖♥ ❞G✜♥✐9 ❞❡✉① 9❡①9✉=❡@✱ ❧✬✉♥❡ ❢♦=9❡ ✭❡♥ ❤❛✉9✱ ❛✉ ♠✐❧✐❡✉✮✱ ❧✬❛✉9=❡ ♣=❡@C✉❡ ❛❧G❛9♦✐=❡
✭❡♥ ❜❛@✮✳ ▲❡@ ✜❣✉=❡@ ❞❡ ❱♣ ❛@@♦❝✐G❡@ ✭Q ❞=♦✐9❡✱ ❡♥ ❤❛✉9 ❡9 ❡♥ ❜❛@✮ @♦♥9 ❝❛❧❝✉❧G❡@
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❯♥❡ ✐♥(5❛❜✐❧✐5< ♠♦$♣❤♦❧♦❣✐0✉❡✱ ❜✐❡♥ 0✉❡ ❞✐(❝✉5<❡ ▼♦$(❡ ❬✶✾✽✻✱ ✷✵✵✷❪✱ ❞✉❡ 1 ✉♥
(✉♣❡$✲$❡❢$♦✐❞✐((❡♠❡♥5 ❞❡ ❝♦♥(5✐5✉5✐♦♥ ❛❜♦✉5✐5 ❣<♥<$❛❧❡♠❡♥5 1 ✉♥❡ ❝$♦✐((❛♥❝❡ ❞❡
5②♣❡ ❞❡♥❞$✐5✐0✉❡ ✭❋✐❣✳ ✸✳✷✮ ❞❡( ❝$✐(5❛✉① 1 ❧✬✐♥5❡$❢❛❝❡✳
▲❡( ❞❡♥❞$✐5❡( 0✉✐ (♦♥5 (✐5✉<❡( ♣$:( ❞❡ ❧❛ ❞✐$❡❝5✐♦♥ ❞✉ ✢✉① ❞❡ ❝❤❛❧❡✉$ (❡ ❢♦$✲
♠❡♥5 ♣❧✉( $❛♣✐❞❡♠❡♥5✳ ◆♦5♦♥( 0✉❡ ❧❡( ❞❡♥❞$✐5❡( ❝$✐(5❛❧❧✐(❡♥5 <❣❛❧❡♠❡♥5 ❞❛♥( ❞❡(
❞✐$❡❝5✐♦♥( ❝$✐(5❛❧❧♦❣$❛♣❤✐0✉❡( ♣❛$5✐❝✉❧✐:$❡(✱ ❝$<❛♥5 ❛✐♥(✐ ✉♥❡ 5❡①5✉$❡ ❞❡ (♦❧✐❞✐✜❝❛✲
5✐♦♥ 0✉✐ ❡(5 ♣$❡((❡♥5✐❡ ♣♦✉$ ❡①♣❧✐0✉❡$ ❧✬❛55<♥❛5✐♦♥ (✉♣❡$✜❝✐❡❧❧❡ ❢♦$5❡✳ ▲❡( ❛❧❧✐❛❣❡(
0✉✐ ❝$✐(5❛❧❧✐(❡♥5 ❞❛♥( ❞❡( ❞✐$❡❝5✐♦♥( ♣$<❢<$❡♥5✐❡❧❧❡( ❢♦$♠❡♥5 ❞❡( ❝$✐(5❛✉① ❛❧❧♦♥❣<(✱
❛❧✐❣♥<( ❛✈❡❝ ❧❛ ❞✐$❡❝5✐♦♥ ❞❡ ❝$♦✐((❛♥❝❡ ❞❡( ❞❡♥❞$✐5❡(✳ ▲❛ ③♦♥❡ ❞❡♥❞$✐5✐0✉❡ 1 ❧❛
(✉$❢❛❝❡ ❞❡ ❧❛ ❣$❛✐♥❡ ❡(5 ❛♣♣❡❧<❡ ③♦♥❡ ❞❡ ♠✉(❤ ✭✐✳❡✳ ♠<❧❛♥❣❡ (♦❧✐❞❡✲✢✉✐❞❡✮✳ ❋❡❛$♥
❡5 ❛❧✳ ❬✶✾✽✶❪ ♦♥5 (✉❣❣<$< 0✉❡ ❧❛ 5❡♠♣<$❛5✉$❡ ❛✉ ❝❡♥5$❡ ❞❡ ❧❛ ❣$❛✐♥❡ ♣♦✉$$❛✐5 ^5$❡
✹✸
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼❆❈❘❖❙❈❖)■◗❯❊
❋✐❣✉$❡ ✸✳✷ ✕ ❩♦♥❡: ❞❡♥❞<✐>✐?✉❡: ❝<✐:>❛❧❧✐:D❡: E ♣❛<>✐< ❞❡ :♦❧✉>✐♦♥: ❛?✉❡✉:❡: ❞❡
❝❤❧♦<✉<❡ ❞✬❛♠♠♦♥✐✉♠ ✭❡①><❛✐> ❞❡ ❧❛ >❤K:❡ ❞❡ ❉❡❣✉❡♥ ❬✷✵✵✾❪✮✳ ▲❛ ♣❤♦>♦ ✭❛✮ ♠♦♥><❡
❧❡ ❞D✈❡❧♦♣♣❡♠❡♥> ❞❡ ❝❤❡♠✐♥D❡: ✭❡♥ ❝♦✉♣❡✮ ❞❛♥: ❧❛ ③♦♥❡ ❞❡♥❞<✐>✐?✉❡✳ ❊♥ ✭❜✮✱ ✐❧
:✬❛❣✐> ❞✬✉♥❡ ♣❤♦>♦ ❞✉ ❢<♦♥> ❞❡ :♦❧✐❞✐✜❝❛>✐♦♥ ❞❡♥❞<✐>✐?✉❡✱ ♦Y ❧❡: ❝❤❡♠✐♥D❡: :♦♥>
❛♣♣❛<❡♥>❡:✳ ❊♥ ✭❝✮✱ ❞❡: ❝<✐:>❛✉① D?✉✐❛①❡: :❡ :♦♥> ❢♦<♠D: ❛✉>♦✉< ❞❡: ♣❛♥❛❝❤❡: ❢<♦✐❞:
✐::✉: ❞❡: ❝❤❡♠✐♥D❡: ❡> ♦♥> :D❞✐♠❡♥>D ♣<D❢D<❡♥>✐❡❧❧❡♠❡♥> ❛✉>♦✉< ❞❡: ❝❤❡♠✐♥D❡:✳
:✉♣D<✐❡✉<❡ E ❝❡❧❧❡ ❞❡ ❧✬❡✉>❡❝>✐?✉❡✱ ❛✉?✉❡❧ ❝❛: ❧❛ ③♦♥❡ ❞❡ ♠✉:❤ ♥❡ :❡<❛✐> ♣❛: ❝✐<❝♦♥✲
:❝<✐>❡ E ❧❛ ❝♦✉❝❤❡ ❧❛ ♣❧✉: :✉♣❡<✜❝✐❡❧❧❡ ♠❛✐: D>❡♥❞✉❡ :✉< ❧✬✐♥>D❣<❛❧✐>D ❞✉ ✈♦❧✉♠❡ ❞✉
♥♦②❛✉ ✐♥>❡<♥❡✳
✸✳✷✳✷ ❚❛✐❧❧❡( ❞❡ ❣+❛✐♥ ❡- +❤/♦❧♦❣✐❡ ❞❛♥( ❧❛ ❣+❛✐♥❡
▲✬❛♥✐:♦><♦♣✐❡ ♣<♦✈✐❡♥> ❡♥ ♣❛<>✐❡ ❞❡ ❧❛ ❞D❢♦<♠❛>✐♦♥✳ ❊❧❧❡ ❞D♣❡♥❞ ❞✉ ❣<❛❞✐❡♥> ❞❡
❞D❢♦<♠❛>✐♦♥ ♠❛✐: ♣❛: ❞❡ :♦♥ :❡♥:✳ ▲❛ <❤D♦❧♦❣✐❡ ❞✉ ❢❡< ❛✉① ❝♦♥❞✐>✐♦♥: ❞✉ ♥♦②❛✉
❝♦♥><\❧❡ E ❧❛ ❢♦✐: ❧❡ >②♣❡ ❡> ❧❡ >❛✉① ❞❡ ❞D❢♦<♠❛>✐♦♥ ❞❛♥: ❧❛ ❣<❛✐♥❡✳ ▲❡ <D❣✐♠❡ ❞❡
❞D❢♦<♠❛>✐♦♥ ❡:> ❞♦♥❝ ❞D♣❡♥❞❛♥> ❞❡ ❧✬D>❛> ❞❡ ❝♦♥><❛✐♥>❡ ❡> ❞❡ ❧❛ ✈✐:❝♦:✐>D ❡✛❡❝>✐✈❡
❞❡ ❧❛ ❣<❛✐♥❡✳
)♦✉< ❞❡: ❝♦♥:>❛♥>❡: ❞❡ >❡♠♣: :✉♣D<✐❡✉<❡: ❛✉ >❡♠♣: ❞❡ <❡❧❛①❛>✐♦♥ ❞❡ ▼❛①✇❡❧❧✱
♦♥ ♣❡✉> ❝♦♥:✐❞D<❡< ?✉❡ ❧❛ ❣<❛✐♥❡ ❛ ✉♥ ❝♦♠♣♦<>❡♠❡♥> ❞❡ ✢✉✐❞❡ ✈✐:?✉❡✉①✳ ▲❛ ✈✐:❝♦:✐>D
❞❡ ❧❛ ❣<❛✐♥❡ ❞❡♠❡✉<❡ ❝❡♣❡♥❞❛♥> ♠❛❧ ❝♦♥><❛✐♥>❡✳ ▲❡: ❡:>✐♠❛>✐♦♥: ❛❝>✉❡❧❧❡: ✈❛<✐❡♥> ❞❡
✶✵ ♦<❞<❡: ❞❡ ❣<❛♥❞❡✉<✱ ❞❡ 1011 E 1021)❛:✱ :❡❧♦♥ ❧❛ ♠D>❤♦❞❡ ❛✈❡❝ ❧❛?✉❡❧❧❡ ♦♥ ❧✬D✈❛❧✉❡✳
❖♥ ♣❡✉> D✈❛❧✉❡< >❤D♦<✐?✉❡♠❡♥> ❧❛ ✈✐:❝♦:✐>D E ♣❛<>✐< ❞❡ ❧❛ ♠✐♥D<❛❧♦❣✐❡ ♣❤②:✐?✉❡✱ ♣❛<
❡①❡♠♣❧❡ ❱❛♥ ❖<♠❛♥ ❬✷✵✵✹❪ ❛✈❛♥❝❡ ✉♥❡ ✈❛❧❡✉< ❞❡ 1011 )❛:✳ ❋✐♥❛❧❡♠❡♥>✱ ❧❡: ❞✐✛D<❡♥>:
✹✹
✸✳✸ ▲❡$ ♣&♦❝❡$$✉$ ❞❡ ❝&+❛-✐♦♥ ❞❡ -❡①-✉&❡ ❞❛♥$ ❧❛ ❣&❛✐♥❡
♠♦❞4❧❡$ ❬❏❡❛♥❧♦③ ❛♥❞ ❲❡♥❦✱ ✶✾✽✽✱ ❨♦$❤✐❞❛ ❡- ❛❧✳✱ ✶✾✾✻✱ ❇❡&❣♠❛♥✱ ✶✾✾✽✱ ❇❡&❣♠❛♥
❡- ❛❧✳✱ ✷✵✵✸❪ ♥✬♦♥- ❝❡♣❡♥❞❛♥- ♣❛$ ♣❡&♠✐$ ❞✬❛❜♦✉-✐& G ✉♥ ❝♦♥$❡♥$✉$✳ ▲❡ ♠+❝❛♥✐$♠❡
❞❡ ❞+❢♦&♠❛-✐♦♥ ❞❛♥$ ❧❛ ❣&❛✐♥❡ ❡$- ❞♦♥❝ ❡♥❝♦&❡ ✐♥❝♦♥♥✉✳ I&+❝✐$♦♥$ ❝❡♣❡♥❞❛♥- J✉❡
❝❡$ ♠♦❞4❧❡$ ❝♦♥$✐❞4&❡♥- J✉❡ ❧❛ $-&✉❝-✉&❡ ❞✉ ❢❡& ❡$- ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝-❡✳ ❖♥ ♥❡
$❛✐- ❞♦♥❝ ♣❛$ ❝❡ J✉❡ ❧❡$ ❡$-✐♠❛-✐♦♥$ ❛✉&❛✐❡♥- +-+ ♣♦✉& ✉♥❡ $-&✉❝-✉&❡ ❝✉❜✐J✉❡✳
▲❛ ✈✐$❝♦$✐-+ ❞❡ ❧❛ ❣&❛✐♥❡ ♣❡✉- ❛✉$$✐ M-&❡ ❝♦♥-&❛✐♥-❡ ♣❛& ❧✬❡①✐$-❡♥❝❡ ❞❡ ❝❡&✲
-❛✐♥$ ♠♦❞❡$ ❣+♦❞②♥❛♠✐J✉❡$✳ ❇✉✛❡-- ❬✶✾✾✼❪ ❧✬+✈❛❧✉❡ G ♣❛&-✐& ❞❡ ❝♦♥-&❛✐♥-❡$ ❣+♦✲
❞②♥❛♠✐J✉❡$ ❧✐+❡$ G ❧❛ $✉♣❡&✲&♦-❛-✐♦♥ ❞❡ ❧❛ ❣&❛✐♥❡ ❡- G $♦♥ ❝♦✉♣❧❛❣❡ ❣&❛✈✐-❛-✐♦♥♥❡❧
❛✈❡❝ ❧❡ ♠❛♥-❡❛✉ -❡&&❡$-&❡ ❛✈❡❝ ❞❡$ ✈❛❧❡✉&$ $♦✐- ✐♥❢+&✐❡✉& G 1016 I❛$✱ $♦✐- $✉♣+&✐❡✉&
G 1020 I❛$✳ ❆✈❡❝ ❧❡ ♠M♠❡ -②♣❡ ❞✬❛♣♣&♦❝❤❡✱ ▼♦✉♥❞ ❛♥❞ ❇✉✛❡-- ❬✷✵✵✻❪ ❞+❞✉✐- J✉❡
❧❛ ✈✐$❝♦$✐-+ ❞❡ ❧❛ ❣&❛✐♥❡ ❞♦✐- M-&❡ ❞❡ 1017 I❛$ ♣♦✉& ❡①♣❧✐J✉❡& ❧✬♦$❝✐❧❧❛-✐♦♥ G ✻ ❛♥$
❞❡ ❧❛ ❧♦♥❣✉❡✉& ❞✉ ❥♦✉&✳
✸✳✸ ▲❡$ ♣&♦❝❡$$✉$ ❞❡ ❝&+❛-✐♦♥ ❞❡ -❡①-✉&❡ ❞❛♥$ ❧❛
❣&❛✐♥❡
❯♥ ❝❡&-❛✐♥ ♥♦♠❜&❡ ❞❡ ♠♦❞4❧❡$ ♦♥- +-+ ♣&♦♣♦$+$ ❛✜♥ ❞✬❡①♣❧✐❝✐-❡& ❧✬♦&✐❣✐♥❡ ❞❡
❧✬❛♥✐$♦-&♦♣✐❡ +❧❛$-✐J✉❡ ❞❛♥$ ❧❛ ❣&❛✐♥❡✳ ■❧ ❡♥ ❡①✐$-❡ ❞❡✉① ❣&❛♥❞❡$ ❝❛-+❣♦&✐❡$ ✿
• ▲❡$ ♠♦❞4❧❡$ ❣+♦❞②♥❛♠✐J✉❡$ J✉✐ $✉♣♣♦$❡♥- J✉❡ ❧❡$ ❝&✐$-❛✉① $✬♦&✐❡♥-❡♥- ♣&+❢+&❡♥✲
-✐❡❧❧❡♠❡♥- ❡♥ &+♣♦♥$❡ G ✉♥❡ ❞+❢♦&♠❛-✐♦♥ ♣❧❛$-✐J✉❡ ❞❛♥$ ❧❛ ❣&❛✐♥❡✱
• ▲❡$ ♠♦❞4❧❡$ ❞❡ -❡①-✉&❛-✐♦♥ ♣❛& $♦❧✐❞✐✜❝❛-✐♦♥ J✉✐ ❝♦♥$✐❞4&❡♥- J✉❡ ❧❛ -❡①-✉&❡
❡$- ❛❝J✉✐$❡ ❧♦&$ ❞❡ ❧❛ $♦❧✐❞✐✜❝❛-✐♦♥ G ❧✬■❈❇✳
✸✳✸✳✶ ▼♦❞&❧❡) ❣+♦❞②♥❛♠✐1✉❡)
❊♥ ❛❝❝♦&❞ ❛✈❡❝ ❈❛❧✈❡- ❡- ❛❧✳ ❬✷✵✵✻❪✱ ✐❧ ❡①✐$-❡ ❞❡✉① ❣&❛♥❞$ -②♣❡$ ❞❡ ♠♦❞4❧❡$ ❣+♦✲
❞②♥❛♠✐J✉❡$✱ -♦✉- ❞❡✉① ❞❡ ❣&❛♥❞❡ +❝❤❡❧❧❡ ✿ ❧❡$ ♠♦❞4❧❡$ ❜✐♣♦❧❛✐&❡$ ❡- ❧❡$ J✉❛❞&✐♣♦✲
❧❛✐&❡$✳ ■❧ ❡①✐$-❡ ♣❧✉$✐❡✉&$ ♣&♦❝❡$$✉$ ❞②♥❛♠✐J✉❡$ ❝❛♣❛❜❧❡$ ❞❡ ❣+♥+&❡& ❞❡ -❡❧❧❡$ $-&✉❝✲
-✉&❡$ ❞❡ ❣&❛✐♥❡✳ ❉✬❛✉-&❡$ ♠♦❞4❧❡$ +-❛❜❧✐$$❛♥- ✉♥❡ ❛✉-&❡ $-&✉❝-✉&❡ ❞❡ ❣&❛✐♥❡ ♦♥-
+❣❛❧❡♠❡♥- +-+ ♣&♦♣♦$+$✳ ❉❡$ ❡①❡♠♣❧❡$ ❞❡ ♠♦❞4❧❡$ ❣+♦❞②♥❛♠✐J✉❡$ G +❝♦✉❧❡♠❡♥-
&❛❞✐❛❧ $♦♥- ♣&+$❡♥-+$ ❡♥ ❋✐❣✳ ✸✳✸ ❡- ❡①♣❧✐❝✐-+$ ❞❛♥$ ❧❛ $✉✐-❡ ❞❡ ❧❛ $❡❝-✐♦♥✳
❯♥ ♠+❝❛♥✐$♠❡ ♣&✐♥❝✐♣❛❧ ♣♦✉& ❝&+❡& ❞❡ ❧✬❛♥✐$♦-&♦♣✐❡ $✐$♠✐J✉❡ ❞❛♥$ ❧❛ ❣&❛✐♥❡ ❡$-
❧✬♦&✐❡♥-❛-✐♦♥ ♣&+❢+&❡♥-✐❡❧❧❡ ✭▲I❖✮ ❞❡$ ❝&✐$-❛✉①✱ ❛❝J✉✐$❡ $♦✐- ♣❡♥❞❛♥- ❧❡✉& $♦❧✐❞✐✜❝❛✲
-✐♦♥ $♦✐- ❛✉ ❝♦✉&$ ❞❡ ❧❛ ❞+❢♦&♠❛-✐♦♥ J✉✐ ❛ $✉✐✈✐ ❬❙-❡✐♥❧❡✲◆❡✉♠❛♥♥ ❡- ❛❧✳✱ ✷✵✵✶❪✳ ❚♦✉$
❧❡$ ♠♦❞4❧❡$ ❣+♦❞②♥❛♠✐J✉❡$ J✉✐ ❡①✐$-❡♥- ✐♥-4❣&❡♥- ❝❡ ♠+❝❛♥✐$♠❡ ❞✬✉♥❡ ♠❛♥✐4&❡ ♦✉
❞✬✉♥❡ ❛✉-&❡✳ ■❧ ♥✬② ❛ J✉❡ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥ ❝✐$❛✐❧❧❡♠❡♥- $✐♠♣❧❡ ❞❡ ❣&❛♥❞❡ +❝❤❡❧❧❡
J✉❡ ❧❛ ▲I❖ ❝♦b♥❝✐❞❡ ❝♦♠♣❧4-❡♠❡♥- ❛✈❡❝ ❧❛ ❞✐&❡❝-✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥- ❞❡ ❞+❢♦&♠❛✲
-✐♦♥✳ I♦✉& -♦✉- ❛✉-&❡ ♠♦❞4❧❡ ❣+♦❞②♥❛♠✐J✉❡✱ ✐❧ ❢❛✉- ❛✉$$✐ $✬❛--❡♥❞&❡ G ✉♥❡ -❡①-✉&❡
❝♦♠♣❧❡①✐✜+❡✱ ✐♠❛❣❡ ❞❡$ ❞✐✛+&❡♥-$ ❝✐$❛✐❧❧❡♠❡♥-$ ❡- ♣&♦❝❡$$✉$ ❞❡ ❝&✐$-❛❧❧✐$❛-✐♦♥✳
✸✳✸✳✶✳✶ ❙$%❛$✐✜❝❛$✐♦♥ $❤❡%♠✐/✉❡
❙✐ ❧❛ ❝&♦✐$$❛♥❝❡ ❞❡ ❧❛ ❣&❛✐♥❡ ❡$- ❛$$❡③ ❧❡♥-❡ ♣♦✉& ♣❡&♠❡--&❡ ✉♥❡ ❡①-&❛❝-✐♦♥ ❞❡ ❧❛
❝❤❛❧❡✉& ♣&✐♥❝✐♣❛❧❡♠❡♥- ♣❛& ❝♦♥❞✉❝-✐✈✐-+ -❤❡&♠✐J✉❡✱ ✐❧ ❛♣♣❛&❛c- ✉♥❡ $-&❛-✐✜❝❛-✐♦♥
$-❛❜❧❡ $✉❜❛❞✐❛❜❛-✐J✉❡ ❬❉❡❣✉❡♥ ❡- ❛❧✳✱ ✷✵✶✶❪✳ ■♥✈❡&$❡♠❡♥-✱ ♦♥ ❛ ✉♥❡ $-&❛-✐✜❝❛-✐♦♥
✹✺
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼❆❈❘❖❙❈❖)■◗❯❊
❋✐❣✉$❡ ✸✳✸ ✕ ❊①❡♠♣❧❡: ❞❡ ♠♦❞=❧❡: ❣?♦❞②♥❛♠✐D✉❡: F ?❝♦✉❧❡♠❡♥H I❛❞✐❛❧ ✭❡①HI❛✐H
❞❡ ❙✉♠✐H❛ ❬✷✵✵✼❪✮✳ ✭❛✮ ❈♦♥✈❡❝H✐♦♥ H❤❡I♠✐D✉❡ ❞❡ ❞❡❣I? ✶ ❞❛♥: ❧❛ ❣I❛✐♥❡ ❬❏❡❛♥❧♦③✱
✶✾✾✵❪✱ ✭❜✮ ❊❝♦✉❧❡♠❡♥H: ❣?♦:HI♦♣❤✐D✉❡: ❞❛♥: ❧❡ ♥♦②❛✉ ❡①H❡I♥❡✱ ♣I♦❞✉✐:❛♥H ✉♥ ❡①✲
❝=: ❞❡ I❡❢I♦✐❞✐::❡♠❡♥H✱ ❡H ❞♦♥❝ ❞❡ ❝I✐:H❛❧❧✐:❛H✐♦♥✱ ❞❛♥: ❧❡ ♣❧❛♥ ?D✉❛H♦I✐❛❧ ❬❨♦:❤✐❞❛
❡H ❛❧✳✱ ✶✾✾✻❪✱ ✭❝✮ ❋♦I❝❡: ❞❡ ▼❛①✇❡❧❧ ✐::✉❡: ❞✉ ❝❤❛♠♣ ♠❛❣♥?H✐D✉❡ H❡II❡:HI❡✱ D✉✐✱ ❡♥
❝♦♠♣I✐♠❛♥H ❧❛ ❣I❛✐♥❡✱ ❣?♥=I❡♥H ✉♥ ?❝♦✉❧❡♠❡♥H ❬❑❛I❛H♦✱ ✶✾✾✾❪✳
✐♥:H❛❜❧❡ ❡H ♣♦::✐❜❧❡♠❡♥H ❞❡ ❧❛ ❝♦♥✈❡❝H✐♦♥ ❬❋❡❛I♥ ❛♥❞ ▲♦♣❡I✱ ✶✾✽✶❪ ❧♦I:D✉❡ ❧❛ ❝I♦✐:✲
:❛♥❝❡ ❡:H ❛::❡③ I❛♣✐❞❡✳ ❇✐❡♥ D✉✬✐❧ ♥❡ :♦✐H ♣❛: ♣♦::✐❜❧❡ ❛❝H✉❡❧❧❡♠❡♥H ❞❡ ❝♦♥❝❧✉I❡ :✉I
❧❛ :H❛❜✐❧✐H? ❞❡ ❧❛ :HI❛H✐✜❝❛H✐♦♥ H❤❡I♠✐D✉❡ ❞✉ ♥♦②❛✉ ✐♥H❡I♥❡ ❛✉ ✈✉ ❞❡: ✐♥❝❡IH✐H✉❞❡:
:✉I ❧❡: ♣❛I❛♠=HI❡: ♣❤②:✐D✉❡: ❧❡: ♣❧✉: ✐♠♣♦IH❛♥H: ✭H❛✉① ❞❡ ❝I♦✐::❛♥❝❡✱ ❞✐✛✉:✐✈✐H?
H❤❡I♠✐D✉❡✱ ❛❞✐❛❜❛H ❡H ♣❡♥H❡: ❞❡ ❈❧❛♣❡②I♦♥✮ ❬❙✉♠✐H❛ ❡H ❛❧✳✱ ✶✾✾✺✱ ❨✉❦✉H❛❦❡✱ ✶✾✾✽✱
❇✉✛❡HH✱ ✷✵✵✾✱ ❉❡❣✉❡♥ ❛♥❞ ❈❛I❞✐♥✱ ✷✵✶✶❪✱ ❉❡❣✉❡♥ ❛♥❞ ❈❛I❞✐♥ ❬✷✵✶✶❪ ❡:H✐♠❡♥H D✉❡ ❧❛
❣I❛✐♥❡ ♣❡✉H ❞?✈❡❧♦♣♣❡I ✉♥❡ :HI❛H✐✜❝❛H✐♦♥ H❤❡I♠✐D✉❡ :H❛❜❧❡ :✐ :♦♥ g❣❡ ❡:H :✉♣?I✐❡✉I
F 0.9 ± 0.6Ga✱ ❝❡ D✉✐ ❡:H ❡♥ ❛❝❝♦I❞ ❛✈❡❝ ❧❡: ❡:H✐♠❛H✐♦♥: ❞✬g❣❡ ❞❡ ▲❛❜I♦::❡ ❡H ❛❧✳
❬✷✵✵✶❪ ❡H ❞❡ ◆✐♠♠♦ ❬✷✵✵✼❪✳
❚♦✉H❡❢♦✐:✱ ❞❡: ❝❛❧❝✉❧: ❛❜ ✐♥✐H✐♦ I?❝❡♥H: ♣♦✉I ❧❡ ❢❡I ❬❞❡ ❑♦❦❡I ❡H ❛❧✳✱ ✷✵✶✷✱ )♦③③♦
❡H ❛❧✳✱ ✷✵✶✷❪❡H ❝❡IH❛✐♥: ❞❡ :❡: ❛❧❧✐❛❣❡: ❬)♦③③♦ ❡H ❛❧✳✱ ✷✵✶✸❪✱ ❡♥ ❛❝❝♦I❞ ❛✈❡❝ ❞❡:
I?:✉❧H❛H: ❡①♣?I✐♠❡♥H❛✉① ❬❍✐I♦:❡ ❡H ❛❧✳✱ ✷✵✶✶❪ ♦♥H ❛✉❣♠❡♥H? ❞✬✉♥ ❢❛❝H❡✉I ✷ F ✺ ❧❛
❝♦♥❞✉❝H✐✈✐H? H❤❡I♠✐D✉❡ ❞✉ ❢❡I ♣I?❝?❞❡♠♠❡♥H ❝❛❧❝✉❧?❡ ❞❛♥: ❧❡: ❝♦♥❞✐H✐♦♥: ❞✉ ♥♦②❛✉
H❡II❡:HI❡ ❬❙H❛❝❡② ❛♥❞ ❆♥❞❡I:♦♥✱ ✷✵✵✶❪✳ ❙✐ ❝❡: I?:✉❧H❛H: :✬❛✈=I❡♥H ❡①❛❝H:✱ ✐❧ ❡:H HI=:
♣❡✉ ♣I♦❜❛❜❧❡ D✉❡ ❧❛ ❝♦♥✈❡❝H✐♦♥ H❤❡I♠✐D✉❡ ♣✉✐::❡ :❡ ❞?✈❡❧♦♣♣❡I ❞❛♥: ❧❛ ❣I❛✐♥❡
❬❉❡❣✉❡♥ ❛♥❞ ❈❛I❞✐♥✱ ✷✵✶✶❪✳
✸✳✸✳✶✳✷ ❈♦♥✈❡❝*✐♦♥ *❤❡-♠✐/✉❡
❙✐ ❧❛ ❝♦♥❞✉❝H✐✈✐H? H❤❡I♠✐D✉❡ ❞✉ ♥♦②❛✉ ❡:H ♠♦❞?I?❡✱ ❧❛ ❝♦♥❞✉❝H✐♦♥ ♥❡ :✉✣H ♣❛:
F HI❛♥:♣♦IH❡I ❧❛ ❝❤❛❧❡✉I ✐♥H❡I♥❡ ✐::✉❡ ❞✉ I❡❢I♦✐❞✐::❡♠❡♥H :?❝✉❧❛✐I❡ ❡H ❞✬✉♥❡ ❞?:✐♥✲
H?❣I❛H✐♦♥ ❞❡: I❛❞✐♦♥✉❝❧?✐❞❡:✱ ♣♦H❡♥H✐❡❧❧❡♠❡♥H ♣I?:❡♥H:✳ ▲❛ ♠❛H✐=I❡ :❡ ♠❡H ❛❧♦I: ❡♥
♠♦✉✈❡♠❡♥H ♣♦✉I HI❛♥:♣♦IH❡I ❧❛ ❝❤❛❧❡✉I ✈❡I: ❧❛ :✉I❢❛❝❡ ❞❡ ❧❛ ❣I❛✐♥❡✳ ■❧ :✬❛❣✐H ❞✉ ♣I❡✲
♠✐❡I ♠♦❞=❧❡ ❣?♦❞②♥❛♠✐D✉❡ ♣I♦♣♦:? ❬❏❡❛♥❧♦③ ❛♥❞ ❲❡♥❦✱ ✶✾✽✽❪✳ ❈❡ ♠♦❞=❧❡ :✉❣❣=I❡
D✉❡ ❧✬♦I✐❡♥H❛H✐♦♥ ♣I?❢?I❡♥H✐❡❧❧❡ ❞❡: ❣I❛✐♥: ❞❡ ❢❡I ❤❝ :❡ ❢❛✐H :❡❧♦♥ ❧❡: ♠♦✉✈❡♠❡♥H:
❝♦♥✈❡❝H✐❢:✳ ❏❡❛♥❧♦③ ❛♥❞ ❲❡♥❦ ❬✶✾✽✽❪ ♦♥H ♠♦♥HI? D✉❡ ♣♦✉I ✉♥❡ ❝♦♥✈❡❝H✐♦♥ ❞❡ ❞❡❣I?
✹✻
✸✳✸ ▲❡$ ♣&♦❝❡$$✉$ ❞❡ ❝&+❛-✐♦♥ ❞❡ -❡①-✉&❡ ❞❛♥$ ❧❛ ❣&❛✐♥❡
✶ ♦✉ ❜✐♣♦❧❛✐&❡ ✭❋✐❣✳ ✸✳✸❛✮✱ ❧✬+❝♦✉❧❡♠❡♥- ❡$- ✉♥ ❝✐$❛✐❧❧❡♠❡♥- $✐♠♣❧❡ ;✉✐ ❛❧✐❣♥❡ ❧❡$
❛①❡$ c ❞❡$ ❝&✐$-❛✉① ❞❡ ❢❡& ❤❝ > ≈ 45◦ ❞❡ ❧✬❛①❡ ❞❡ &♦-❛-✐♦♥✳ ?♦✉& ❡$-✐♠❡& ❧❛ ❞✐&❡❝-✐♦♥
&❛♣✐❞❡ ❞❡$ ❝&✐$-❛✉① ❞❡ ❢❡& ❤❝✱ ✐❧$ ♦♥- ✉-✐❧✐$+ ✉♥ ❛♥♦❧♦❣✉❡✱ ❧❡ ❚✐ ✭❤❝✮✳ ■❧$ ♦♥- -&♦✉✈+
;✉❡ ❝❡--❡ ❞✐&❡❝-✐♦♥ ❞✬❛❧✐❣♥❡♠❡♥- ♣&+❢+&❡♥-✐❡❧ ❝♦&&❡$♣♦♥❞❛✐- > ✉♥ ❛❧✐❣♥❡♠❡♥- ❞❡ ❧❛
❞✐&❡❝-✐♦♥ &❛♣✐❞❡ ❞❡ ♣&♦♣❛❣❛-✐♦♥ ❞❡$ ♦♥❞❡$ P ❛✈❡❝ ❧✬❛①❡ ❞❡ &♦-❛-✐♦♥✳ ❈❡♣❡♥❞❛♥-✱
❧✬❤②♣♦-❤E$❡ $❡❧♦♥ ❧❛;✉❡❧❧❡ ❧❡ -✐-❛♥❡ $❡&❛✐- ✉♥ ❜♦♥ ❛♥❛❧♦❣✉❡ ❞✉ ❢❡& ❡$- ❝♦♥-❡$-❛❜❧❡✳
❈❡ ♠♦❞E❧❡ ♥✬❡①♣❧✐;✉❡ +❣❛❧❡♠❡♥- ♣❛$ ♣♦✉&;✉♦✐ ✐❧ ❢❛✉❞&❛✐- ♣&✐✈✐❧+❣✐❡& ✉♥❡ ❝♦♥✈❡❝-✐♦♥
❞❡ ❞❡❣&+ ✶ ✭✐✳❡✳ ❜✐♣♦❧❛✐&❡✮✱ ♣&❡♥❛♥- ♣♦✉& ❛①❡ ❞❡ $②♠+-&✐❡ ❧✬❛①❡ ❞❡ &♦-❛-✐♦♥✱ ❞❡✈❛♥-
✉♥❡ ❛✉-&❡ ❣+♦♠+-&✐❡ ❞❡ ❝♦♥✈❡❝-✐♦♥✳ ❚♦✉-❡❢♦✐$✱ ❞❛♥$ ✉♥❡ +-✉❞❡ ♣❧✉$ &+❝❡♥-❡✱ ❧✐♥+❛✐&❡
❛✉ $❡✉✐❧ ❞❡ ❝♦♥✈❡❝-✐♦♥✱ ❇✉✛❡-- ❬✷✵✵✾❪ ♠♦♥-&❡ ;✉❡ ❧✬❡❧❧✐♣-✐❝✐-+ ❞❡ ❧❛ ❣&❛✐♥❡ ♣❡&♠❡-
❞❡ ❞✬❛❧✐❣♥❡& ❧✬❛①❡ ❞✉ ♠♦✉✈❡♠❡♥- ❛✈❡❝ ❧❡ ♣❡-✐- ❛①❡ ❞❡ ❧✬❡❧❧✐♣$♦M❞❡ ✭❛①❡ ❞❡ &♦-❛-✐♦♥
❞❡ ❧❛ ❣&❛✐♥❡✮✳
▲❡$ ❞❡&♥✐❡&$ ♠♦❞E❧❡$ ❞❡ ❝♦♥✈❡❝-✐♦♥ -❤❡&♠✐;✉❡ ❞❡ ❲❡❜❡& ❛♥❞ ▼❛❝❤❡-❡❧ ❬✶✾✾✷❪
❡- ❲❡♥❦ ❡- ❛❧✳ ❬✷✵✵✵❛❪ ❞+❝&✐✈❡♥- ✉♥❡ ❝♦♥✈❡❝-✐♦♥ ♣❧✉$ ❞+✈❡❧♦♣♣+❡ ♣&+$❡♥-❛♥- ❞❡$
♣❧✉♠❡$ ❛$❝❡♥❞❛♥-$ ❞❛♥$ ❧❡ ♣❧❛♥ +;✉❛-♦&✐❛❧ ❡- ❞❡$ ♣❛♥❛❝❤❡$ ❞❡$❝❡♥❞❛♥-$ ❛✉① ♣Q❧❡$✱
❝✬❡$-✲>✲❞✐&❡ ✉♥ ♠♦✉✈❡♠❡♥- ❞❡ -②♣❡ ;✉❛❞&✐♣♦❧❛✐&❡ ✭❋✐❣✳ ✸✳✶✮✳ ■❧$ ♠❡--❡♥- ❛❧♦&$ ❡♥
+✈✐❞❡♥❝❡ ✉♥❡ ♦&✐❡♥-❛-✐♦♥ ♣&+❢+&❡♥-✐❡❧❧❡ ❞❡$ ❝&✐$-❛✉① ❞❡ ❢❡& ❤❡①❛❣♦♥❛❧ ❞✐✛+&❡♥-❡✱ ♣♦✉&
❧❛;✉❡❧❧❡ ❧❛ ❞✐&❡❝-✐♦♥ ❞❡ ♣&♦♣❛❣❛-✐♦♥ &❛♣✐❞❡ ❡$- ❛❧✐❣♥+❡ ❛✈❡❝ ❧✬❛①❡ ♣♦❧❛✐&❡✳ ❉❛♥$ ✉♥❡
+-✉❞❡ ♣❧✉$ ❝♦♠♣❧E-❡✱ ❉❡❣✉❡♥ ❛♥❞ ❈❛&❞✐♥ ❬✷✵✶✶❪ ♠♦♥-&❡♥- ;✉❡ ❧❛ ❝♦♥✈❡❝-✐♦♥ ❛✉ ❞❡❧>
❞✉ $❡✉✐❧ ❡$- ❞♦♠✐♥+❡ ♣❛& ❞❡$ ♠✉❧-✐♣❧❡$ ♣❛♥❛❝❤❡$ ❢&♦✐❞$ ;✉✐ $❡ ❢♦&♠❡♥- > ❧❛ $✉&❢❛❝❡
❞❡ ❧❛ ❣&❛✐♥❡✱ ❝❡ ;✉✐ $❡♠❜❧❡ ✐♥❝♦♠♣❛-✐❜❧❡ ❛✈❡❝ ❧✬❛♥✐$♦-&♦♣✐❡ ❣❧♦❜❛❧❡ ♦❜$❡&✈+❡✳
✸✳✸✳✶✳✸ ❚$❛♥'❧❛)✐♦♥
▲❡ ♠♦❞E❧❡ ❣+♦❞②♥❛♠✐;✉❡ ♣&♦♣♦$+ > ❧❛ ❢♦✐$ ♣❛& ❆❧❜♦✉$$✐E&❡ ❡- ❛❧✳ ❬✷✵✶✵❪ ❡- ♣❛&
▼♦♥♥❡&❡❛✉ ❡- ❛❧✳ ❬✷✵✶✵❪ ❡$- ✉♥ ♠♦❞❡ ❞❡ -&❛♥$❧❛-✐♦♥ ✐$$✉ ❞❡ ❧❛ ❝♦♥✈❡❝-✐♦♥ -❤❡&♠✐;✉❡✳
■❧ ♣&+$❡♥-❡ ✉♥❡ ❛$②♠+-&✐❡ ❝❧❛✐&❡ ❡♥-&❡ ✉♥ ❤+♠✐$♣❤E&❡ ❡♥ ❢✉$✐♦♥ $✉♣❡&✜❝✐❡❧❧❡ ✭❊$-✮
❡- ✉♥ ❤+♠✐$♣❤E&❡ ❡♥ ❝&✐$-❛❧❧✐$❛-✐♦♥ ✭❖✉❡$-✮✱ ❝❡ ;✉✐ ❡①♣❧✐;✉❡&❛✐- ❧✬❡①✐$-❡♥❝❡ ❞❡ ❧❛
❝♦♠♣♦$❛♥-❡ ❤+♠✐$♣❤+&✐;✉❡ ❞❡ ❧✬❛♥✐$♦-&♦♣✐❡ $✐$♠✐;✉❡✳ ▲❡$ ❛✉-❡✉&$ ♦♥- ❡①♣❧✐;✉+ ❧❛
❢✉$✐♦♥ > ❧✬■❈❇ ♣❛& ✉♥❡ ❝♦♠❜✐♥❛✐$♦♥ ❞❡ ♣❛&❛♠E-&❡$ ♣❤②$✐;✉❡$ ✿ ❧❛ $✉♣❡&❛❞✐❛❜❛-✐❝✐-+
❞❡ ❧❛ ❣&❛✐♥❡✱ ❧✬+;✉✐❧✐❜&✐✉♠ ❣&❛✈✐-❛-✐♦♥♥❡❧✱ ❡- ✉♥ +❝❤❛♥❣❡ ❞❡ ❝❤❛❧❡✉& ❧❛-❡♥-❡ ❛✈❡❝ ❧❡
♥♦②❛✉ ❡①-❡&♥❡✳ ▲❡ ♠♦❞E❧❡ ♣&+❞✐- ✉♥ -❛✉① ❞❡ -&❛♥$❧❛-✐♦♥ ❞❡ ❧✬♦&❞&❡ ❞❡ ✶✵✵ ♠✐❧❧✐♦♥$
❞✬❛♥♥+❡$ ♣♦✉& ✉♥ ❝♦♠♣❧❡- &❡♥♦✉✈❡❧❧❡♠❡♥- ❞❡ ❧❛ ❣&❛✐♥❡✱ ❝❡ ;✉✐ $❡&❛✐- $✉♣+&✐❡✉& > ❧❛
✈✐-❡$$❡ ❞❡ ❝&♦✐$$❛♥❝❡ ❞❡ ❧❛ ❣&❛✐♥❡✱ ♠Y♠❡ ❥❡✉♥❡ ✭✺✵✵ ♠✐❧❧✐♦♥$ ❞✬❛♥♥+❡✮✳
❙✐ ❧❛ ❣&❛✐♥❡ ❡$- ❜✐❡♥ ❡♥ -&❛♥$❧❛-✐♦♥✱ ❛❧♦&$ ❧❛ -❡①-✉&❡ ❞❡✈&❛✐- ❞✐♠✐♥✉❡& ❞✬❖✉❡$- ❡♥
❊$- ❇❡&❣♠❛♥ ❡- ❛❧✳ ❬✷✵✶✵❪✳ ■❧ ❡$- ♣♦✉&-❛♥- ❞✐✣❝✐❧❡ ❞✬❡$-✐♠❡& ❧❛ ✈✐-❡$$❡ ❞✬❡✛❛❝❡♠❡♥-
❞❡ ❧❛ -❡①-✉&❡✱ +-❛♥- ❞♦♥♥+❡ ❧✬✐♥❝❡&-✐-✉❞❡ $✉& ❧❡ -❛✉① ❞❡ ❝&♦✐$$❛♥❝❡ ❞❡$ ❣&❛✐♥$✳ ❊♥
♣❛&❛❧❧E❧❡✱ ✐❧ ② ❛✉&❛✐- ✉♥❡ ❞✐$-&✐❜✉-✐♦♥ ❛$②♠+-&✐;✉❡ ❞❡ ❧❛ -❛✐❧❧❡ ❞❡$ ❝&✐$-❛✉① ;✉✐
❣&❛♥❞✐$$❡♥- ♣❡♥❞❛♥- ❧❛ -&❛♥$❧❛-✐♦♥✳ ▲❡$ ❣&❛✐♥$ > ❧✬❊$- $♦♥- ❞♦♥❝ ♣❧✉$ ❣&❛♥❞$ ;✉✬>
❧✬❖✉❡$-✳ ❈❡❧❛ $❡&❛✐- > ♠❡--&❡ ❡♥ &❡❧❛-✐♦♥ ❛✈❡❝ ❧✬❛♥✐$♦-&♦♣✐❡ ❞✬❛--+♥✉❛-✐♦♥ ♦❜$❡&✈+❡
❬▼♦♥♥❡&❡❛✉ ❡- ❛❧✳✱ ✷✵✶✵❪✳
❊♥✜♥✱ -♦✉- ❞❡&♥✐E&❡♠❡♥-✱ ❉❡❣✉❡♥ ❡- ❛❧✳ ❬✷✵✶✸❪ ♠♦♥-&❡♥- ;✉❡ ❧❛ -&❛♥$❧❛-✐♦♥ ♣❡✉-
Y-&❡ &❡-&♦✉✈+❡ ❞❛♥$ ✉♥ ♠♦❞E❧❡ ❞❡ ❝♦♥✈❡❝-✐♦♥ -❤❡&♠✐;✉❡ ❞E$ ❧♦&$ ;✉✬♦♥ ✐♥-&♦❞✉✐- ❧❛
❢✉$✐♦♥✴❝&✐$-❛❧❧✐$❛-✐♦♥ > ❧❛ $✉&❢❛❝❡ ❞❡ ❧❛ ❣&❛✐♥❡✳
✹✼
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼❆❈❘❖❙❈❖)■◗❯❊
✸✳✸✳✶✳✹ ❈%♦✐((❛♥❝❡ -.✉❛0♦%✐❛❧❡
▲❡ ♠♦❞6❧❡ 8✉❛❞;✐♣♦❧❛✐;❡ ✭❞❡❣;@ ✷✮ ♣;♦♣♦C@ ♣❛; ❨♦C❤✐❞❛ ❡F ❛❧✳ ❬✶✾✾✻❪ ❡CF ❢♦♥❞@
C✉; ❧✬✐❞@❡ 8✉❡ ❧❛ ❝♦♥✈❡❝F✐♦♥ ❞❛♥C ❧❡ ♥♦②❛✉ C✬♦;❣❛♥✐C❡ ❡♥ ❝♦❧♦♥♥❡C ❣@♦CF;♦♣❤✐8✉❡C
❜✐❞✐♠❡♥C✐♦♥♥❡❧❧❡C C♦✉C ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❢♦;❝❡ ❞❡ ❈♦;✐♦❧✐C ✭❋✐❣✳ ✸✳✸❜✮✳ ❈❡FF❡ ❜✐❞✐✲
♠❡♥C✐♦♥♥❛❧✐C❛F✐♦♥ ✐♠♣❧✐8✉❡ ✉♥ F;❛♥C❢❡;F ❞❡ ❝❤❛❧❡✉; ❡F ❞✬@❧@♠❡♥FC ❧@❣❡;C ❛♥✐C♦F;♦♣❡
❞❛♥C ❧❡ ♥♦②❛✉✳ ❨♦C❤✐❞❛ ❡F ❛❧✳ ❬✶✾✾✻❪ ♣;♦♣♦C❡♥F 8✉❡ ❝❡FF❡ ❛♥✐C♦F;♦♣✐❡ ❞✉ ✢✉① ❞❡
❝❤❛❧❡✉; ✐♥❞✉✐C❡ ✉♥ F❛✉① ❞❡ ❝;✐CF❛❧❧✐C❛F✐♦♥ ❞❡ ❧❛ ❣;❛✐♥❡ ♣❧✉C ✐♠♣♦;F❛♥F ❞❛♥C ✉♥❡
❜❛♥❞❡ @8✉❛F♦;✐❛❧❡ 8✉❡ ❞❛♥C ❧❡C ;@❣✐♦♥C ♣♦❧❛✐;❡C✳ ❆ ❝❛✉C❡ ❞✉ C❛✉F ❞❡ ❞❡♥C✐F@ ✐♠✲
♣♦;F❛♥F ❡♥F;❡ ❧❡ ♥♦②❛✉ ❡①F❡;♥❡ ❡F ❧❛ ❣;❛✐♥❡✱ ❝❡FF❡ ❞❡;♥✐6;❡ C✉❜✐F ✉♥❡ ❞@❢♦;♠❛F✐♦♥
✐C♦CF❛F✐8✉❡ ♣♦✉; ❝♦;;✐❣❡; ❧✬@❝❛;F Y ❧❛ ❣@♦♠@F;✐❡ C♣❤@;✐8✉❡✳ ▲❡ ❣;❛❞✐❡♥F ❞❡ ❞@❢♦;♠❛✲
F✐♦♥ ✈✐C8✉❡✉① ♦❜F❡♥✉ ❡CF ✉♥ ❝✐C❛✐❧❧❡♠❡♥F C✐♠♣❧❡ ❞❡ ❧✬@8✉❛F❡✉; ✈❡;C ❧❡C ♣Z❧❡C✳ ▲❛
✈❛❧✐❞✐F@ ❞❡ ❝❡ ♠♦❞6❧❡ ❡CF ❝♦♥✜;♠@❡ ♣❛; ❙✉♠✐F❛ ❛♥❞ ❨♦C❤✐❞❛ ❬✷✵✵✸❪ ❛✈❡❝ ❧❡ ♠♦❞6❧❡
@❧❛CF✐8✉❡ ❞✉ ❢❡; ❤❡①❛❣♦♥❛❧ ❞❡ ❙F❡✐♥❧❡✲◆❡✉♠❛♥♥ ❡F ❛❧✳ ❬✷✵✵✶❪✳
▲❛ ♣;✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧F@ ❞❡ ❝❡ ♠♦❞6❧❡ ;@C✐❞❡ ❡♥ C♦♥ ✭F;6C✮ ❢❛✐❜❧❡ F❛✉① ❞❡ ❞@❢♦;♠❛✲
F✐♦♥✱ ❞❡ ❧✬♦;❞;❡ ❞❡ 10−18s−1 C❡✉❧❡♠❡♥F✳ ❈❡❧❛ ✐♠♣♦C❡ 8✉❡ ❧❛ ❝;♦✐CC❛♥❝❡ ❞❡ ❧❛ ❣;❛✐♥❡
C♦✐F ❧❡♥F❡ ❡F 8✉❡ ❧❛ ❣;❛✐♥❡ C♦✐F F;6C ^❣@❡ ♣♦✉; 8✉✬✉♥❡ F❡①F✉;❛F✐♦♥ ♣✉✐CC❡ C❡ ♠❡FF;❡
❡♥ ♣❧❛❝❡✳ ❊♥ ❝♦♥C@8✉❡♥❝❡✱ ❧❛ ❝♦♥CF❛♥F❡ ❞❡ F❡♠♣C ❛CC♦❝✐@❡ Y ❧❛ ❝;@❛F✐♦♥ ❞❡C ♦;✐❡♥✲
F❛F✐♦♥C ♣;@❢@;❡♥F✐❡❧❧❡C ❡CF F;6C ❣;❛♥❞❡✳ ❉❡❣✉❡♥ ❡F ❛❧✳ ❬✷✵✶✶❪ ♦♥F ❞@♠♦♥F;@ 8✉❡ ❝❡
F❛✉① ❞❡ ❞@❢♦;♠❛F✐♦♥ ❡CF ❝❡♣❡♥❞❛♥F C✉✣C❛♥F ♣♦✉; ♠♦❞✐✜❡; ❝♦♥C✐❞@;❛❜❧❡♠❡♥F ❧✬♦;✐✲
❡♥F❛F✐♦♥ ❞❡ ❧✬❛❣❣;@❣❛F ♣♦❧②❝;✐CF❛❧❧✐♥ ❞❛♥C ❧❡C ♣;❡♠✐❡;C F❡♠♣C ❞❡ ❧❛ ❝;✐CF❛❧❧✐C❛F✐♦♥
❞❡ ❧❛ ❣;❛✐♥❡✱ ❜✐❡♥ 8✉✬✐❧ ♥❡ ♣❡;♠❡FF❡ ♣❛C ❞❡ ♣;♦❞✉✐;❡ ♣❧✉C ❞❡ ✶✵✵✪ ❞❡ ❞@❢♦;♠❛F✐♦♥
♣❧❛CF✐8✉❡ ❝✉♠✉❧@❡✳
❈❡❧❛ C❡;❛ ❧❡ ♠♦❞6❧❡ ❣@♦❞②♥❛♠✐8✉❡ 8✉✐ C❡;✈✐;❛ ❞❡ ❜❛C❡ ❞❛♥C ❧❛ ♣;❡♠✐6;❡ ♣❛;F✐❡
❞❡ ❝❡FF❡ F❤6C❡✳
✸✳✸✳✶✳✺ ❋♦%❝❡( ❞❡ ▼❛①✇❡❧❧
❉✬❛♣;6C ❑❛;❛F♦ ❬✶✾✾✾❪✱ ❧❡C ❢♦;❝❡C ❞❡ ▼❛①✇❡❧❧ ✭❢♦;❝❡ ❞❡ ♠❛❣♥@F✐8✉❡ ❞❡ ▲♦;❡♥F③✮
C♦♥F C✉✣C❛♥F❡C ♣♦✉; ❣@♥@;❡; ✉♥ @❝♦✉❧❡♠❡♥F ✈✐C8✉❡✉① ❞❛♥C ❧❛ ❣;❛✐♥❡ ✭❋✐❣✳ ✸✳✸❝✮✳
❆✉8✉❡❧ ❝❛C✱ ♣✉✐C8✉❡ ❧❛ ❢♦;♠❡ ❞❡ ❧✬@❝♦✉❧❡♠❡♥F ✐♥❞✉✐F ❡CF ❝♦♥F;Z❧@❡ ♣❛; ❧❡ ❢♦;d❛❣❡
♠❛❣♥@F✐8✉❡✱ ❝❡ ♠♦❞6❧❡ ♣;@✈♦✐F 8✉❡ ❧✬❛♥✐C♦F;♦♣✐❡ ♦❜C❡;✈@❡ ❞❛♥C ❧❛ ❣;❛✐♥❡ ❡CF ❧❡ ;❡✢❡F
❞✐;❡❝F ❞❡ ❧❛ ❢♦;♠❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥@F✐8✉❡✳ ❇✉✛❡FF ❛♥❞ ❇❧♦①❤❛♠ ❬✷✵✵✵❪ ♦♥F ♠♦♥F;@
♣❛; ❧❛ C✉✐F❡ 8✉❡ ❝❡F @❝♦✉❧❡♠❡♥F✱ ❜✐❡♥ 8✉✬❡①✐CF❛♥F✱ @F❛✐F F;♦♣ ❢❛✐❜❧❡ ♣♦✉; C❡ ♣;♦♣❛❣❡;
❥✉C8✉❡ ❞❛♥C ❧❡C ♣;♦❢♦♥❞❡✉;C ❞❡ ❧❛ ❣;❛✐♥❡ ❡F ;❡CF❛✐F ❝♦♥✜♥@ ❛✉① ♣;❡♠✐❡;C ❦✐❧♦♠6F;❡C
C♦✉C ❧✬■❈❇✳ ❈❡ ♠♦❞6❧❡ ♥❡ ♣♦✉;;❛✐F ❞♦♥❝ ♣❛C ♣;♦❞✉✐;❡ ❞✬♦;✐❡♥F❛F✐♦♥C ♣;@❢@;❡♥F✐❡❧❧❡C✳
❇✉✛❡FF ❛♥❞ ❲❡♥❦ ❬✷✵✵✶❪ ♦♥F ♣;♦♣♦C@ ✉♥ ❢♦;d❛❣❡ ♠❛❣♥@F✐8✉❡ ❛❧F❡;♥❛F✐❢✱ ❞✐F F♦;♦j❞❛❧✱
❛✈❡❝ ❞❡C ❝✐C❛✐❧❧❡♠❡♥FC ❞❛♥C ❧❡ C❡♥C ❞❡C ❧♦♥❣✐F✉❞❡C C❛♥C ✈@;✐F❛❜❧❡ C✉✐F❡ Y ❝❡ ❥♦✉;✳
✸✳✸✳✶✳✻ ❙0%❛0✐✜❝❛0✐♦♥ ❝❤✐♠✐.✉❡
❯♥❡ CF;❛F✐✜❝❛F✐♦♥ ❞❡♥C✐F❛✐;❡ ❞✬♦;✐❣✐♥❡ ❝❤✐♠✐8✉❡ ♣❡✉F @❣❛❧❡♠❡♥F ♣;♦✈❡♥✐; ❞✬✉♥❡
✈❛;✐❛F✐♦♥ ❝♦♠♣♦C✐F✐♦♥♥❡❧❧❡ ❞❛♥C ❧❛ ❣;❛✐♥❡ ❡♥ ❝;✐CF❛❧❧✐C❛F✐♦♥ ❞✉❡ Y ✉♥ ♣❛;F✐F✐♦♥✲
♥❡♠❡♥F ❞❡C @❧@♠❡♥FC ❧@❣❡;C ❧♦;C ❞❡ ❧❛ C♦❧✐❞✐✜❝❛F✐♦♥✳ ❊♥ ❡✛❡F✱ ❛✉ ❢✉; ❡F Y ♠❡C✉;❡
8✉❡ ❧❛ ❣;❛✐♥❡ ❝;✐CF❛❧❧✐C❡✱ ❧❡ ♥♦②❛✉ ❧✐8✉✐❞❡ C✬❡♥;✐❝❤✐F ❡♥ @❧@♠❡♥FC ❧@❣❡;C✱ ;❡❥❡F@C ❧♦;C
❞❡ ❧❛ C♦❧✐❞✐✜❝❛F✐♦♥ ❢;❛❝F✐♦♥♥@❡✳ ■❧ C✬❡♥C✉✐F 8✉❡ ❧❡ ♠❛F@;✐❛✉ ❝;✐CF❛❧❧✐C@ ❡CF ❞❡ ♣❧✉C ❡♥
♣❧✉C ❧@❣❡; ❛✉ ❝♦✉;C ❞✉ F❡♠♣C✱ ✐♠♣♦C❛♥F ✉♥ ❣;❛❞✐❡♥F ;❛❞✐❛❧ CF❛❜❧❡ ❞❡ ❞❡♥C✐F@ ❞❛♥C
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❞❡ ❧❛ ❣&❛✐♥❡ ♣♦✉& ❡①♣❧✐?✉❡& ❧✬❛♥✐$♦-&♦♣✐❡✳
✸✳✸✳✷✳✶ ❙♦❧✐❞✐✜❝❛,✐♦♥ .♦✉. ❧✬❛❝,✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥5,✐6✉❡
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❇❡&❣♠❛♥ ❬✶✾✾✼❪ ❛ ♣&♦♣♦$+ ✉♥ ♠♦❞D❧❡ ❞❡ -❡①-✉&❡ ❛❝?✉✐$❡ ♣❛& $♦❧✐❞✐✜❝❛-✐♦♥ ♣❡♥❞❛♥-
✉♥ &❡❢&♦✐❞✐$$❡♠❡♥- ♦&✐❡♥-+✱ ♣❡&♣❡♥❞✐❝✉❧❛✐&❡ P ❧✬❛①❡ ❞❡ &♦-❛-✐♦♥ ✭❋✐❣✳ ✸✳✹✮✳ Z❧✉$
-❛&❞✱ ✐❧ ❛ ✈❛❧✐❞+ $♦♥ ♠♦❞D❧❡ ❡♥ ♠♦♥-&❛♥-✱ ❛✈❡❝ ❞❡$ ❡①♣+&✐❡♥❝❡$ ❞❡ $♦❧✐❞✐✜❝❛-✐♦♥
$✉& ❞❡$ ❛❧❧✐❛❣❡$ &✐❝❤❡$ ❡♥ +-❛✐♥✱ ✉♥❡ ❝&♦✐$$❛♥❝❡ ♦&✐❡♥-+❡ ❞❡ ❞❡♥❞&✐-❡$ ❧❡ ❧♦♥❣ ❞✉
✢✉① ❞❡ ❝❤❛❧❡✉&✱ &+$✉❧-❛♥- ❡♥ ✉♥❡ ❛♥✐$♦-&♦♣✐❡ +❧❛$-✐?✉❡ ❬❇❡&❣♠❛♥ ❡- ❛❧✳✱ ✷✵✵✺❪✳ ▲❛
❣+♦♠+-&✐❡ ❞❡ ❝&♦✐$$❛♥❝❡ ❞❡$ ❝&✐$-❛✉① ✐♠♣♦$❡ ✉♥❡ ❛✉❣♠❡♥-❛-✐♦♥ ❞❡ ❧✬❛♥✐$♦-&♦♣✐❡ ❛✈❡❝
❧❛ ♣&♦❢♦♥❞❡✉&✱ ❝♦♠♣❛-✐❜❧❡ ❛✈❡❝ ❧❡$ ♦❜$❡&✈❛-✐♦♥$✳ ❉❡ ♣❧✉$✱ ❝❡--❡ ❝&♦✐$$❛♥❝❡ ♣✉&♠❡♥-
❝②❧✐♥❞&✐?✉❡ ♥❡ &+$✐$-❡ ♣❛$ ❛✉① $❝+♥❛&✐♦$ ❣❡♦❞②♥❛♠✐?✉❡$ ❝♦♥♥✉$ ❞❡ ❧❛ ❝&♦✐$$❛♥❝❡ ❞❡
❧❛ ❣&❛✐♥❡✳
✸✳✸✳✷✳✸ ❙♦❧✐❞✐✜❝❛,✐♦♥ ♣❛8 ❝8♦✐..❛♥❝❡ ❡, ♥✉❝❧5❛,✐♦♥ ♦8✐❡♥,5❡.
▲❡$ ❡①♣+&✐❡♥❝❡$ ❞❡ ❇&✐-♦ ❡- ❛❧✳ ❬✷✵✵✷❪ ♦♥- ♠♦♥-&+ ?✉❡ ❧❛ ❝&♦✐$$❛♥❝❡ ❝&✐$-❛❧❧✐♥❡ $❡
❢❛✐$❛✐- -♦✉❥♦✉&$ ♣❛&❛❧❧D❧❡♠❡♥- ❛✉ ❣&❛❞✐❡♥- -❤❡&♠✐?✉❡✳ ■❧$ ♦♥- +❣❛❧❡♠❡♥- ❞+♠♦♥-&+
❞❡$ ❡✛❡-$ ❞❡ ♥✉❝❧+❛-✐♦♥ ♦&✐❡♥-+❡ ♦b ❧❡$ ❝&✐$-❛✉① ❡♥ ❢♦&♠❛-✐♦♥ $✬❛❧✐❣♥❡♥- ♣&+❢+&❡♥✲
-✐❡❧❧❡♠❡♥- ❛✈❡❝ ❧❡$ ❝&✐$-❛✉① ♣&+❛❧❛❜❧❡♠❡♥- ❢♦&♠+$ ✭✐✳❡✳ ♥✉❝❧❡✐✮✳
✹✾
▲✬❆◆■❙❖❚❘❖)■❊ ❙■❙▼■◗❯❊ ➚ ▲✬➱❈❍❊▲▲❊ ▼❆❈❘❖❙❈❖)■◗❯❊
❋✐❣✉$❡ ✸✳✹ ✕ ▼♦❞8❧❡ ❞❡ ;❡①;✉>❡ ❛❝A✉✐C❡ ♣❛> C♦❧✐❞✐✜❝❛;✐♦♥ ✭❛❞❛♣;H ❞❡ ❇❡>❣♠❛♥
❬✶✾✾✼❪ ♣❛> ❙✉♠✐;❛ ❬✷✵✵✼❪✮✳ ▲❡ ✢✉① ❞❡ ❝❤❛❧❡✉> ♣❡>♣❡♥❞✐❝✉❧❛✐>❡ V ❧✬❛①❡ ❞❡ >♦;❛✲
;✐♦♥ ♣>♦❞✉✐; ✉♥❡ ❝>♦✐CC❛♥❝❡ ❞❡♥❞>✐;✐A✉❡ ❞❛♥C ❧❛ ❞✐>❡❝;✐♦♥ ❝②❧✐♥❞>✐A✉❡ >❛❞✐❛❧❡✳ ▲❡C
❧✐❣♥❡C H♣❛✐CC❡C ❝♦>>❡C♣♦♥❞❡♥; ❛✉① ❝>✐C;❛✉① ♦>✐❡♥;HC ❡♥ ❝♦❧♦♥♥❡✱ ❧❡C ❧✐❣♥❡C ♣❧✉C ✜♥❡C
>❡♣>HC❡♥;❡♥; ❧❡C ❞❡♥❞>✐;❡C ♣>✐♠❛✐>❡C✳ ❆ ❣❛✉❝❤❡ ✿ ❝♦✉♣❡ ♠H>✐❞✐❡♥♥❡✳ ❆ ❞>♦✐;❡ ✿ ❝♦✉♣❡
HA✉❛;♦>✐❛❧❡✳
✸✳✹ ❈♦♥❝❧✉)✐♦♥ ❞❡ ❧✬✐♥./♦❞✉❝.✐♦♥ ❣1♦♣❤②)✐5✉❡
■❧ ❡#$ ❞✐✣❝✐❧❡ ❞❡ ❝♦♠♣❛-❡- ❞❡ ♠❛♥✐/-❡ 0✉❛♥$✐$❛$✐✈❡ ❧❡# ❞✐✛4-❡♥$# ♣-♦❝❡##✉# ♣-♦✲
♣♦#4# ♣❛- ❡①♣❧✐0✉❡- ❧✬❛♥✐#♦$-♦♣✐❡ ❞❡ ❧❛ ❣-❛✐♥❡✳ ❈❤❛❝✉♥ ❞❡ ❝❡# ♣-♦❝❡##✉# ❡#$ #✉#❝❡♣$✐✲
❜❧❡ ❞❡ -❡♣-♦❞✉✐-❡ ❧❡# ♦❜#❡-✈❛$✐♦♥# #✐#♠♦❧♦❣✐0✉❡#✳ ▲✬❡✛❡$ ❞❡ ❧❛ #$-✉❝$✉-❡ ❝-✐#$❛❧❧✐♥❡
-❡#$❡ 4❣❛❧❡♠❡♥$ ❝♦♠♣❧/$❡♠❡♥$ ✐♥❞4$❡-♠✐♥4❡ ❝❛- ❧❡# ♠♦❞/❧❡# ❣4♦❞②♥❛♠✐0✉❡# ♦♥$
$♦✉# 4$4 ♣-♦❞✉✐$# ♣♦✉- ❧❡ ❢❡- ε ✭❤❝✮✳ ❆✉① ❝♦♥$-❛✐♥$❡# ❣4♦❞②♥❛♠✐0✉❡# #✬❛❥♦✉$❡♥$
❞♦♥❝ ❞❡# ❝♦♥$-❛✐♥$❡# ♠✐♥4-❛❧♦❣✐0✉❡# 0✉✐ ❢♦♥$ 0✉❡ ❧❛ -❡♣-4#❡♥$❛$✐♦♥ ❞❡ ❧❛ $❡①$✉-❡ ❞❡
❧❛ ❣-❛✐♥❡ ❡#$ ❞✐✣❝✐❧❡ D ♣-4✈♦✐- ❡$ ❧✬❛♥✐#♦$-♦♣✐❡ #✐#♠✐0✉❡ 0✉✐ ❡♥ ❞4❝♦✉❧❡✱ ♣❧✉# ❡♥❝♦-❡✳
■❧ ❡#$ ❞♦♥❝ ✐♠♣♦-$❛♥$ ♠❛✐♥$❡♥❛♥$ ❞✬❡##❛②❡- ❞❡ ❝♦♥❝✐❧✐❡- ❧❡# ❛#♣❡❝$# ♠✐♥4-❛❧♦❣✐0✉❡#
❡$ ❣4♦❞②♥❛♠✐0✉❡# D ❧❡✉- ❡✛❡$ #✉- ❧✬❛♥✐#♦$-♦♣✐❡✳
❉❛♥# ❧❛ ♣-♦❝❤❛✐♥❡ ♣❛-$✐❡✱ ♥♦✉# ❛❧❧♦♥# ♥♦✉# ❛$$❛❝❤❡- D ❞4❝-✐-❡ #❛♥# ❛ ♣-✐♦-✐ ❞❡
#$-✉❝$✉-❡ ♠✐♥4-❛❧♦❣✐0✉❡✱ ❧❛ ♠❛♥✐/-❡ ❞♦♥$ ❧❛ $❡①$✉-❡ 4✈♦❧✉❡ ♣♦✉- ✉♥ ♠G♠❡ ♠♦❞/❧❡
❣4♦❞②♥❛♠✐0✉❡✳ ◆♦✉# ♣-❡♥❞-♦♥# ❧❡ ♠♦❞/❧❡ ❞❡ ❨♦#❤✐❞❛ ❡$ ❛❧✳ ❬✶✾✾✻❪ ❝♦♠♠❡ -4❢4-❡♥❝❡✳
❊♥#✉✐$❡✱ ♥♦✉# 4$❡♥❞-♦♥# ♥♦$-❡ 4$✉❞❡ D 0✉❡❧0✉❡# ❛✉$-❡# ♠♦❞/❧❡# ❣4♦❞②♥❛♠✐0✉❡#✳
✺✵
Deuxième partie
Modèle direct d’anisotropie globale

❈❤❛♣✐%&❡ ✹
)♦✐♥% ♠-%❤♦❞❡ ✿ ❝♦♥1%&✉❝%✐♦♥ ❞❡
❧❛ &-♣♦♥1❡ 1✐1♠✐4✉❡ ❞✬✉♥❡ ❣&❛✐♥❡
♠♦❞7❧❡
❙♦♠♠❛✐%❡
✹✳✶ ❖❜❥❡❝(✐❢+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✹✳✷ ❈♦♥+(2✉❝(✐♦♥ ❞✬✉♥ ♠♦❞7❧❡ ❞❡ ❣2❛✐♥❡ ;❧❛+(✐<✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
✹✳✷✳✶ ❉%✜♥✐)✐♦♥ ❞❡- ♣/♦♣/✐%)%- %❧❛-)✐2✉❡- ❡) ❞❡ ❞%❢♦/♠❛)✐♦♥
♣❧❛-)✐2✉❡ ❞✉ ❢❡/ ❛✉① ❝♦♥❞✐)✐♦♥- ❞❡ ❧❛ ❣/❛✐♥❡ )❡//❡-)/❡ ✳ ✳ ✳ ✳ ✺✹
✹✳✷✳✷ ❉%✜♥✐)✐♦♥ ❞✉ ♠♦❞:❧❡ ❞❡ ❝/♦✐--❛♥❝❡ ❞❡ ❧❛ ❣/❛✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✹✳✷✳✸ ❘%-♦❧✉)✐♦♥ ❞✉ ♠❛✐❧❧❛❣❡ -♣❤%/✐2✉❡ ❞❡ /%❢%/❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✹✳✷✳✹ ❙✉✐✈✐ ❞❡ ♣❛/)✐❝✉❧❡ ❡) ❡♥/❡❣✐-)/❡♠❡♥) ❞✉ ❝❤❡♠✐♥ ❞❡ ❞%❢♦/♠❛)✐♦♥✺✼
✹✳✷✳✺ ❈❛❧❝✉❧ ❞❡- )❡①)✉/❡- ❛✉① ♣♦✐♥)- ❞❡ ♠❛✐❧❧❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✹✳✷✳✻ ❈❛❧❝✉❧ ❞❡- ♣/♦♣/✐%)%- %❧❛-)✐2✉❡- ❛✉① ♣♦✐♥)- ❞❡ ♠❛✐❧❧❛❣❡ ✳ ✳ ✳ ✻✵
✹✳✷✳✼ ▼♦❞:❧❡ ❞❡ ♣/♦♣❛❣❛)✐♦♥ ❞❡- /❛✐- -✐-♠✐2✉❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✹✳✷✳✽ ❱❛❧✐❞❛)✐♦♥ ❞✉ ♠♦❞:❧❡ ❞✐/❡❝) ❞✬❛♥✐-♦)/♦♣✐❡ -✐-♠✐2✉❡ ✳ ✳ ✳ ✳ ✳ ✻✻
✹✳✶ ❖❜❥❡❝(✐❢+
❲❡♥❦ ❡$ ❛❧✳ ❬✷✵✵✵❜❪✱ .❡♣.✐1 ♣❛. ❉❡❣✉❡♥ ❡$ ❛❧✳ ❬✷✵✶✶❪✱ ❛ ♠✐1 ❛✉ ♣♦✐♥$ ✉♥❡ ♣.♦❝9✲
❞✉.❡ ♣❡.♠❡$$❛♥$ ❞❡ ❝♦♥1$.✉✐.❡ ❞❡1 ♠♦❞<❧❡1 ❞❡ ❣.❛✐♥❡ 9❧❛1$✐=✉❡ > ♣❛.$✐. ❞✬✉♥ ♠♦❞<❧❡
❣9♦❞②♥❛♠✐=✉❡ ❡$ ❞✬✉♥ ♠♦❞<❧❡ 9❧❛1$✐=✉❡ ❞✉ ❢❡. > ❤❛✉$❡ ♣.❡11✐♦♥ ❡$ ❤❛✉$❡ $❡♠♣9.❛✲
$✉.❡✳ ❉❛♥1 ♥♦$.❡ 9$✉❞❡✱ ♥♦✉1 ❛✈♦♥1 1♦✉❤❛✐$9 ♣♦✉.1✉✐✈❡ ❧❡✉. ❞9♠❛.❝❤❡ ❡♥ ♠❡$$❛♥$
❡♥ ♣❧❛❝❡ ✉♥❡ ♣.♦❝9❞✉.❡ ♣❡.♠❡$$❛♥$ ❞✬❛11♦❝✐❡. ✉♥❡ .9♣♦♥1❡ 1✐1♠✐=✉❡ > ❝❡1 ♠♦❞<❧❡1
❝♦♠♣❧❡$1 ❞❡ ❣.❛✐♥❡✳ ❆✐♥1✐✱ ♥♦✉1 ♣♦✉..♦♥1 ❡✛❡❝$✉❡. ✉♥❡ ❝♦♠♣❛.❛✐1♦♥ ❞✐.❡❝$❡ ❛✈❡❝ ❧❡1
♦❜1❡.✈❛$✐♦♥1 1✐1♠♦❧♦❣✐=✉❡1✳ ▲✬♦❜❥❡❝$✐❢ ❞❡ ❝❡$$❡ ❞9♠❛.❝❤❡ ❡1$ ❞❡ ♣♦✉✈♦✐. ✜♥❛❧❡♠❡♥$
❝♦♥$.❛✐♥❞.❡ ❧❡1 ♣.♦❝❡11✉1 ♣❤②1✐=✉❡1 ✐♥✢✉❛♥$ 1✉. ❧❛ ❝.♦✐11❛♥❝❡ ❞❡ ❧❛ ❣.❛✐♥❡ $❡..❡1$.❡
♣❛. ❧❡1 ♦❜1❡.✈❛$✐♦♥1✳
❉❛♥1 ❝❡ ❝❤❛♣✐$.❡✱ ❥❡ ✈❛✐1 ❝♦♠♠❡♥❝❡. ♣❛. ❢❛✐.❡ ✉♥ .❛♣♣❡❧ 1✉. ❧❛ ♠9$❤♦❞❡ ❞❡
❝♦♥1$.✉❝$✐♦♥ ❞✬✉♥❡ ❣.❛✐♥❡ ♠♦❞<❧❡ 9❧❛1$✐=✉❡✳ ❊♥1✉✐$❡✱ ❥❡ ❞9$❛✐❧❧❡.❛✐ ❧❡ ♠♦❞<❧❡ ❞✐✲
.❡❝$ ❞✬❛♥✐1♦$.♦♣✐❡ 1✐1♠✐=✉❡ =✉✐ ♣❡.♠❡$ ❞❡ 1✐♠✉❧❡. ❧❛ .9♣♦♥1❡ 1✐1♠✐=✉❡ =✉✐ ❧✉✐ ❡1$
❛11♦❝✐9❡✳
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❝7✐;<❛❧❧♦❣7❛♣❤✐D✉❡ 〈111〉✮✱ D✉✐ ;❡ <7♦✉✈❡ `<7❡ ❧❡ ❣❧✐;;❡♠❡♥< ❞♦♠✐♥❛♥< ❛✉① ❝♦♥❞✐<✐♦♥;
❞❡ ♥♦<7❡ G<✉❞❡✳ ■❧ ;✬❛❣✐< ❞✉ ❣❧✐;;❡♠❡♥< ✐♥✈❡7;❡ ❞❡ ❝❡❧✉✐ ❞✉ ❝❢❝✱ {111}〈110〉✳
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❝✐♣❛✉① ❞❡ ❉❡❣✉❡♥ ❡< ❛❧✳ ❬✷✵✶✶❪✳ ❆ <❡♠♣G7❛<✉7❡ ❛♠❜✐❛♥<❡✱ ❧❛ ❞G❢♦7♠❛<✐♦♥ ❡;< ❝♦♥✲
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❝❝
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♣❧✉& ✐♠♣♦('❛♥' ❬▼✐②❛❣✐ ❡' ❛❧✳✱ ✷✵✵✽✱ ▼❡(❦❡❧ ❡' ❛❧✳✱ ✷✵✶✷❪✱ ❝❡ 5✉✐ ❢❛❝✐❧✐'❡ ❧❛ (♦'❛'✐♦♥
❞❡& ❣(❛✐♥& ❞❡ ❢❡( ❤❝✳ ❊♥ ❛❝❝♦(❞ ❛✈❡❝ ❝❡& (4&✉❧'❛'& ❡①♣4(✐♠❡♥'❛✉①✱ ❉❡❣✉❡♥ ❡' ❛❧✳
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♦✉ ❝(✐'✐❝❛❧ (❡&♦❧✈❡❞ &❤❡❛( &'(❡&&✮ ❛✉① ❞✐✛4(❡♥'& &②&'/♠❡& ❞❡ ❣❧✐&&❡♠❡♥'✳ M❧✉& ❧❛
✈❛❧❡✉( ❞❡ ❈❘❙❙ ❡&' ❢❛✐❜❧❡✱ ♣❧✉& ❝❡ &②&'/♠❡ ❡&' ❢❛❝✐❧❡♠❡♥' ❛❝'✐✈4✳ &②&'/♠❡& ❞❡ ❣❧✐&&❡✲
♠❡♥' ♣❡(♠❡' ❞❡ ❢❛✈♦(✐&❡( ❞❡& ♠♦❞❡& ❞❡ ❞4❢♦(♠❛'✐♦♥ ❛✉① ❞4♣❡♥❞& ❞✬❛✉'(❡& ✭❚❛❜✳
✹✳✷✮✳ ◆♦'♦♥& 5✉❡ ❧❛ '❡①'✉(❡ ✜♥❛❧❡ ❛♣(/& ❞4❢♦(♠❛'✐♦♥ ❞4♣❡♥❞ '(/& ❢♦('❡♠❡♥' ❞❡&
❤②♣♦'❤/&❡& ❢❛✐'❡& &✉( ❧❡& &②&'/♠❡& ❞❡ ❣❧✐&&❡♠❡♥'✳
✹✳✷✳✷ ❉$✜♥✐(✐♦♥ ❞✉ ♠♦❞-❧❡ ❞❡ ❝1♦✐22❛♥❝❡ ❞❡ ❧❛ ❣1❛✐♥❡
❖♥ ❝❤♦✐&✐' ✉♥❡ ♠♦❞/❧❡ ❣4♦❞②♥❛♠✐5✉❡ ♣❛(♠✐ ❝❡✉① ♣(♦♣♦&4& ♣❛( ❧❛ ❧✐''4(❛'✉(❡ ✭❝❢
❙❡❝'✐♦♥ ✸✳✸✳✶✱ ♣❛❣❡ ✹✺✮✳ ❖♥ 4'❛❜❧✐' ❡♥&✉✐'❡ ❧❡& ❞✐✛4(❡♥'❡& 45✉❛'✐♦♥& ❞❡ ❧❛ ❞②♥❛♠✐5✉❡
5✉✐ ❞4✜♥✐&&❡♥' ❧✬4❝♦✉❧❡♠❡♥' ❡' ❧✬4✈♦❧✉'✐♦♥ ❞✉ ❣(❛❞✐❡♥' '❤❡(♠✐5✉❡ ❞❡ ❧❛ ❣(❛✐♥❡ ❛✉
❝♦✉(& ❞❡ &❛ ❝(♦✐&&❛♥❝❡ ❬❉❡❣✉❡♥ ❡' ❛❧✳✱ ✷✵✶✶❪✳
✺✺
 ❖■◆❚ ▼➱❚❍❖❉❊ ✿ ❈❖◆❙❚❘❯❈❚■❖◆ ❉❊ ▲❆ ❘➱ ❖◆❙❊ ❙■❙▼■◗❯❊ ❉✬❯◆❊
●❘❆■◆❊ ▼❖❉➮▲❊
❚❛❜❧❡ ✹✳✷ ✕ ❙②:;<♠❡: ❞❡ ❣❧✐::❡♠❡♥; ✉;✐❧✐:E: ♣♦✉H ❧❡: :✐♠✉❧❛;✐♦♥: ❞❡ ;❡①;✉H❡
❬❄▼❡H❦❡❧ ❡; ❛❧✳✱ ✷✵✵✹✱ ❉❡❣✉❡♥ ❡; ❛❧✳✱ ✷✵✶✶❪✳ ▲❡: ❢❛♠✐❧❧❡: ❞❡ ♣❧❛♥: ❝H✐:;❛❧❧♦❣H❛♣❤✐T✉❡:
✭✸<♠❡ ❝♦❧♦♥♥❡✮✱ ❛::♦❝✐E❡: X ❝❤❛T✉❡ ;②♣❡ ❞❡ ❣❧✐::❡♠❡♥; ✭X ❣❛✉❝❤❡✮✱ :♦♥; ✐♥❞✐T✉E❡:
❡♥;H❡ { }✳ ▲❡: ❞✐H❡❝;✐♦♥: ❝H✐:;❛❧❧♦❣H❛♣❤✐T✉❡: ❝♦HH❡:♣♦♥❞❛♥;❡: ✭✐✳❡✳ ❞✐H❡❝;✐♦♥: ❞❡ ❞E✲
❢♦H♠❛;✐♦♥✮ :♦♥; ♣HE❝✐:E❡: ❡♥;H❡ 〈 〉✳ ❖♥ ♣HE❝✐:❡ ❧❡: ✈❛❧❡✉H: ❞❡: ❈❘❙❙ ❛::♦❝✐E❡: X
❝❤❛T✉❡ :②:;<♠❡ ❞❡ ❣❧✐::❡♠❡♥; ❡♥ ❝♦❧♦♥♥❡ ❞❡ ❞H♦✐;❡✳
❙;H✉❝;✉H❡ ❚②♣❡ ❞❡ ❣❧✐::❡♠❡♥; ❙②:;<♠❡ ❈❘❙❙
❤❝
❇❛:❛❧ (0001)〈1̄21̄0 > ✵✳✺
 H✐:♠❛;✐T✉❡ {101̄0}〈1̄21̄0 > ✶✳✵
 ②H❛♠✐❞❛❧ 〈c+ a〉 {21̄1̄2}〈21̄1̄3̄ > ✷✳✵
❝❝ {111}〈110 > ✶✳✵
❝❢❝ {110}〈111 > ✶✳✵
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❋✐❣✉)❡ ✹✳✶ ✕ ❘E:♦❧✉;✐♦♥ ❞✉ ♠❛✐❧❧❛❣❡ :✉H ✉♥ T✉❛H; ❞❡ ♣❧❛♥ ♠EH✐❞✐❡♥ ❞❡ HE❢EH❡♥❝❡✳
✹✳✷✳✸ ❘%&♦❧✉*✐♦♥ ❞✉ ♠❛✐❧❧❛❣❡ &♣❤%4✐5✉❡ ❞❡ 4%❢%4❡♥❝❡
❈♦♠♠❡ ♥♦✉: ;H❛✈❛✐❧❧♦♥: :✉H ❞❡: ♠♦❞<❧❡: ❛①✐:②♠E;H✐T✉❡:✱ ❖♥ ❞E✜♥✐; ✉♥ ♠❛✐❧❧❛❣❡
:♣❤EH✐T✉❡ ❞✬✉♥❡ HE:♦❧✉;✐♦♥ ❞❡ ✶✷✵ ❦♠ ❡♥ ♣H♦❢♦♥❞❡✉H ❡; ❞❡ 10◦ ❡♥ ❧❛;✐;✉❞❡ ✭❋✐❣✳
❄❄✮✳  ♦✉H ❞❡: ♠♦❞<❧❡: ❛①✐:②♠E;H✐T✉❡: ;②♣❡: ❝♦♠♠❡ ❧❛ ❝H♦✐::❛♥❝❡ ET✉❛;♦H✐❛❧❡ ♦✉ ❧❛
:;H❛;✐✜❝❛;✐♦♥✱ ♥♦✉: ❛✈♦♥: ♣✉ ✈EH✐✜❡H T✉❡ ❝❡;;❡ HE:♦❧✉;✐♦♥ E;❛✐; ❛♠♣❧❡♠❡♥; :✉✣:❛♥;❡
♣♦✉H ❞E❝H✐H❡ ❝♦HH❡❝;❡♠❡♥; ❧❡: ✈❛H✐❛;✐♦♥: H❛❞✐❛❧❡: ❞❛♥: ❧❛ ❣H❛✐♥❡✳
 ♦✉H ✉♥ ♠♦❞<❧❡ ❛①✐:②♠E;H✐T✉❡ T✉✐ ♣HE:❡♥;❡ ✉♥❡ :②♠E;H✐❡ ♣❛H H❛♣♣♦H; X ❧✬❊✲
T✉❛;❡✉H✱ ♦♥ ♥❡ ♥E❝❡::✐;❡ T✉❡ ❧❛ ❝♦♥♥❛✐::❛♥❝❡ ❞❡ ❧❛ ❞E❢♦H♠❛;✐♦♥ :✉H ✉♥ :❡✉❧ T✉❛H;✲
♠EH✐❞✐❡♥ ❞❡ HE❢EH❡♥❝❡ ✭❋✐❣✳ ❄❄✮✳  ♦✉H ✉♥ ♠♦❞<❧❡ ❛:②♠E;H✐T✉❡✱ ♦♥ ❞E;❡H♠✐♥❡H❛ ❧❡:
♣H♦♣H✐E;E: E❧❛:;✐T✉❡: :✉H ✉♥ ❞❡♠✐✲♠EH✐❞✐❡♥✱ ;♦✉❥♦✉H: ❛✈❡❝ ❧❛ ♠a♠❡ HE:♦❧✉;✐♦♥✳
✺✻
✹✳✷ ❈♦♥&'(✉❝'✐♦♥ ❞✬✉♥ ♠♦❞/❧❡ ❞❡ ❣(❛✐♥❡ 4❧❛&'✐5✉❡
❋✐❣✉$❡ ✹✳✷ ✕ ❊♥(❡❣✐&'(❡♠❡♥' ❞✬✉♥❡ '(❛❥❡❝'♦✐(❡ ❞❡ ♣❛('✐❝✉❧❡ ♣♦✉( ❧❛ ♠❛✐❧❧❡ ❞❡
❝♦♦(❞♦♥♥4❡& ✭θ = 20◦✱r/rIC = 0, 5✱ϕref ✮✱ ♦= ϕref ❡&' ❧❛ ❧♦♥❣✐'✉❞❡ ❞✉ ♠4(✐❞✐❡♥ ❞❡
(4❢4(❡♥❝❡✳ ?❛( ❝♦♥✈❡♥'✐♦♥✱ ϕref = 0 ♣♦✉( ✉♥ ♠♦❞/❧❡ ❛①✐&②♠4'(✐5✉❡✳ ✭❛✮ ❖♥ ❞4♣♦&❡
✉♥❡ ♣❛('✐❝✉❧❡ D t = 0, 138 ❡♥ ♣♦&✐'✐♦♥ ✭θ = 35◦✱r/rIC = 0, 36✴✱ϕref ✮✱ ♠❛(5✉4❡ ❞✬✉♥
❝❡(❝❧❡ ❜❧❡✉ ❀ ❧❛ ❧✐❣♥❡ ♥♦✐(❡ 4♣❛✐&&❡ ❝♦((❡&♣♦♥❞ D ❧✬■❈❇ ❀ ✭❜✮ ❆ t = 1✱ ♦♥ ❛ ❛''❡✐♥'
❧❡ (❛②♦♥ ❞❡ ❧❛ ❣(❛✐♥❡ ❛❝'✉❡❧❧❡✳ ▲❛ ♣❛('✐❝✉❧❡ ❡&' ♣♦&✐'✐♦♥♥4❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ♠❛✐❧❧❡
❝✐❜❧4❡✳ ▲❛ '(❛❥❡❝'♦✐(❡ '♦'❛❧❡ ♣❛(❝♦✉(✉❡ ♣❛( ❧❛ ♣❛('✐❝✉❧❡ ❡&' ✐♥❞✐5✉4❡ ❡♥ ❜❧❡✉✳ ▲❡
♠❛✐❧❧❛❣❡ &♣❤4(✐5✉❡ ❞❡ (4❢4(❡♥❝❡ ❡&' (❛♣♣❡❧4 ❛✈❡❝ ❞❡& ❧✐❣♥❡& ♥♦✐(❡& ✜♥❡& ❀ ❧❛ ❧✐❣♥❡
♥♦✐(❡ 4♣❛✐&&❡ ❝♦((❡&♣♦♥❞ D ❧✬■❈❇✳
?♦✉( ✉♥ ♠♦❞/❧❡ ❣4♦❞②♥❛♠✐5✉❡ ♥♦♥✲❛①✐&②♠4'(✐5✉❡✱ ♥♦✉& ♣(❡♥♦♥& ♣❧✉&✐❡✉(& 5✉❛('&
❞❡ ♠4(✐❞✐❡♥ ♦✉ ❞❡♠✐✲♠4(✐❞✐❡♥& ❞❡ (4❢4(❡♥❝❡ ✭❋✐❣✳ ❄❄✮✳ ▲❡& (4&♦❧✉'✐♦♥& ❡♥ ❧❛'✐'✉❞❡
❡' (❛❞✐❛❧❡& ♥❡ ❝❤❛♥❣❡♥' ♣❛&✳
✹✳✷✳✹ ❙✉✐✈✐ ❞❡ ♣❛+,✐❝✉❧❡ ❡, ❡♥+❡❣✐1,+❡♠❡♥, ❞✉ ❝❤❡♠✐♥ ❞❡ ❞4✲
❢♦+♠❛,✐♦♥
❈❡''❡ 4'❛♣❡ ♥❡ ♥4❝❡&&✐'❡ '♦✉❥♦✉(& ❛✉❝✉♥ ❛ ♣(✐♦(✐ ❡♥ '❡(♠❡ ❞❡ ♠✐♥4(❛❧♦❣✐❡✳ ■❧ ♥❡
&✬❛❣✐' ♥✐ ♣❧✉& ♥✐ ♠♦✐♥& 5✉❡ ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ ❞❡& ❧♦✐& ♣❤②&✐5✉❡& ❞✉ ♠♦❞/❧❡ ❣4♦❞②✲
♥❛♠✐5✉❡ 4'✉❞✐4✳
❖♥ ❞4✜♥✐' ❧✬4❝❤❡❧❧❡ ❞❡ '❡♠♣& &✉✐✈❛♥'❡ ✿ ❧❛ ❣(❛✐♥❡ ❝♦♠♠❡♥❝❡ D ❝(✐&'❛❧❧✐&❡( D
t = 0 ❡' ❛''❡✐♥' &❛ '❛✐❧❧❡ ❛❝'✉❡❧❧❡ D t = 1✳ ❆ ✉♥ '❡♠♣& t ❞♦♥♥4✱ ♦♥ ♠✐♠❡ ❧❛
❝(✐&'❛❧❧✐&❛'✐♦♥ ❞✬✉♥ ❣(❛✐♥ D ❧✬■❈❇ ❡♥ ?♦✉( ❝❤❛5✉❡ ♣♦✐♥' ❞❡ ♠❛✐❧❧❛❣❡✱ ♦♥ ❞4♣♦&❡ ✉♥
'(❛❝❡✉( ♥✉♠4(✐5✉❡ D ❧❛ &✉(❢❛❝❡ ❞❡ ❧❛ ❣(❛✐♥❡ D ✉♥❡ ❧❛'✐'✉❞❡ ❡' ✉♥ '❡♠♣& t ∈ ]0 : 1[
♣(4❝✐& ✭❋✐❣✳ ✹✳✷❛✮✳ ❖♥ ♠✐♠❡ ❛✐♥&✐ ❧❛ ❝(✐&'❛❧❧✐&❛'✐♦♥ ❞✬✉♥ ❣(❛✐♥ D ❧✬■❈❇ ❛✉ ❝♦✉(& ❞❡
❧❛ ❝(♦✐&&❛♥❝❡ ❞❡ ❧❛ ❣(❛✐♥❡✳ ▲❛ ♣♦&✐'✐♦♥ ❡' ❧✬✐♥&'❛♥' ❞❡ ❝(✐&'❛❧❧✐&❛'✐♦♥ ❞❡ ❧❛ ♣❛('✐❝✉❧❡
&♦♥' ❛✣♥4& ❞❛♥& ✉♥❡ ❜♦✉❝❧❡ ❥✉&5✉✬D ❝❡ 5✉❡✱ D ❧✬✐♥&'❛♥' t = 1✱ ❧❛ ❧♦❝❛❧✐&❛'✐♦♥ ❞❡ ❧❛
♣❛('✐❝✉❧❡ &♦✐' ❝♦♥❢♦♥❞✉❡ ❛✈❡❝ ❝❡❧❧❡ ❞❡ ❧❛ ♠❛✐❧❧❡ ❝♦♥&✐❞4(4❡ ✭❋✐❣✳ ✹✳✷❜✮✳
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'✐❝✉❧✐❡( ❡♥'(❡ ❧❡& '(❛❥❡❝'♦✐(❡& ♣(♦❝❤❡& ❞❡& ♦♥❞❡& PKPbc ❡' PKPdf ✳ ❆✜♥ 5✉✬✉♥❡
❝♦♠♣❛(❛✐&♦♥ ❞✐(❡❝'❡ ❡♥'(❡ ❧❡& ♦❜&❡(✈❛'✐♦♥& ❡' ♥♦& (4&✉❧'❛'& &♦✐' ♣♦&&✐❜❧❡✱ ✐❧ 4'❛✐'
❞♦♥❝ ❡&&❡♥'✐❡❧ ❞✬✉'✐❧✐&❡( ✉♥❡ ❣(❛♥❞❡✉( ❛♥❛❧♦❣✉❡ ♣♦✉( ❞4❝(✐(❡ ❧❡ ❞❡❣(4 ❞✬❛♥✐&♦'(♦♣✐❡
❡①♣(✐♠4 ♣❛( ♥♦& ❣(❛✐♥❡& ♠♦❞/❧❡&✳ ❆ ❝❡''❡ ✜♥✱ ❥✬❛✐ ❞4✈❡❧♦♣♣4 ✉♥ ❝♦❞❡ 5✉✐ ♣(♦♣❛❣❡
❛✉ &❡✐♥ ❞✬✉♥❡ ❣(❛✐♥❡ ♠♦❞/❧❡ ✉♥ ❣(❛♥❞ ♥♦♠❜(❡ ❞❡ (❛✐& &✐&♠✐5✉❡& ❞❡ ♣(♦❢♦♥❞❡✉(&
❡' ♦(✐❡♥'❛'✐♦♥& ✈❛(✐❛❜❧❡&✳ ❊♥ &♦('✐❡✱ ♦♥ (4❝✉♣/(❡ ✉♥ ♥✉❛❣❡ ❞❡ (4&✐❞✉& ❞❡ '❡♠♣& ❞❡
'(❛❥❡'& 5✉✬♦♥ ♣❡✉' '(❛✐'❡( L ❧❛ ❢❛M♦♥ ❞❡& &✐&♠♦❧♦❣✉❡& ♣♦✉( ❝♦♠♣❛(❛✐&♦♥✳
✹✳✷✳✼✳✶ ❈♦♥()*✉❝)✐♦♥ ❞✉ ♠♦❞0❧❡ ❣4♦♠4)*✐5✉❡ ❞❡ ♣*♦♣❛❣❛)✐♦♥ ❞❡ *❛✐( ❡)
♣♦(✐)✐♦♥♥❡♠❡♥) ❞❛♥( ❧✬❡(♣❛❝❡
❉4✜♥✐)✐♦♥ ❞❡ ❧❛ ❞✐*❡❝)✐♦♥ ❞❡ ♣*♦♣❛❣❛)✐♦♥ ❧♦❝❛❧❡
❖♥ ❛♣♣❧✐5✉❡ ❧✬❤②♣♦'❤/&❡ &✐&♠♦❧♦❣✐5✉❡ &❡❧♦♥ ❧❛5✉❡❧❧❡ ❧❛ ❝♦✉(❜✉(❡ ❞❡& (❛✐& &✐&♠✐5✉❡&
❞❛♥& ❧❛ ❣(❛✐♥❡ ♣❡✉' N'(❡ ♥4❣❧✐❣4❡ ❡' ❧❡✉(& '(❛❥❡❝'♦✐(❡& ❛&&✐♠✐❧4❡& L ❞❡& ❞(♦✐'❡&
❬❙'✐①(✉❞❡ ❛♥❞ ❈♦❤❡♥✱ ✶✾✾✺❪✳ ❖♥ ♣(♦❞✉✐' ❛✐♥&✐ ✉♥ ❥❡✉ ❞❡ ♣❧✉& ❞❡ ✸✵✵ ✵✵✵ (❛✐& &②♥✲
'❤4'✐5✉❡& ❞(♦✐'& ❡♥ ❞✐&❝(4'✐&❛♥' ❧✬❡&♣❛❝❡ &❡❧♦♥ ✸ ♣❛(❛♠/'(❡& ❞4✜♥✐&&❛♥' ❝❤❛5✉❡ '(❛✲
❥❡❝'♦✐(❡ ✿ ❧❡ (❛②♦♥ ❛✉ ♣♦✐♥' ❞❡ (❡'♦✉(♥❡♠❡♥' ✭❚♣✮ ❞✉ (❛✐✱ α ∈ [0−1220 km]✱ ❧✬❛♥❣❧❡
❡♥'(❡ ❧❡ (❛②♦♥ ♣❛&&❛♥' ♣❛( ❚♣ ❡'
−→
Z ✱ β ∈ [0− 360◦]✱ ❡' ❧✬❛♥❣❧❡ ❡♥'(❡ ❧❛ ♥♦(♠❡ ❞❡ ❧❛
❞✐(❡❝'✐♦♥ ❞❡ ♣(♦♣❛❣❛'✐♦♥ ❞✉ (❛✐✱
−→n ✱ ❡' ❧❡ ♣❧❛♥ ♠4(✐❞✐❡♥ ❝♦♥'❡♥❛♥' ❚♣✱ γ ❬✵✲✶✽✵◦❪✳
▲❛ '(❛❥❡❝'♦✐(❡ ❞✉ (❛✐ ❡&' ❡♥&✉✐'❡ ❞✐✈✐&4❡ ❡♥ &❡❣♠❡♥'& (❡❝'✐❧✐❣♥❡& ❞♦♥' ❧❡ ♥♦♠❜(❡ ❡&'
❛❞❛♣'4 L ❧❛ ♣(♦❢♦♥❞❡✉( ❞✉ (❛✐ &✉( ✉♥❡ ❣(✐❧❧❡ (4❣✉❧✐/(❡ ❞❡ (4&♦❧✉'✐♦♥ ✷✵①✼✷①✼✷ ❡♥ α✱
β ❡' γ✳
▲❛ ❝♦♥&'(✉❝'✐♦♥ ❞✉ (❛✐ &❡ ❢❛✐' ❡♥ '(♦✐& 4'❛♣❡& ✭❋✐❣✳ ✹✳✹✮ ✿
✶✳ ❖♥ &❡ ♣❧❛❝❡ L ✉♥ (❛②♦♥ α✱
✷✳ ❖♥ ❢❛✐' ✉♥❡ (♦'❛'✐♦♥ '(✐❣♦♥♦♠4'(✐5✉❡ ❞❡ β ❛✉'♦✉( ❞❡
−→
Y ♣♦✉( ♣❧❛❝❡( ❧❡ ♣♦✐♥'
Tp ✭α✱β✱ϕ✮✱ ♦\ ϕ ❡&' ❧❛ ❧♦♥❣✐'✉❞❡ ❞✉ ❞❡♠✐✲♠4(✐❞✐❡♥ ❞❛♥& ❧❡5✉❡❧ &❡ '(♦✉✈❡ Tp✱
✸✳ ❖♥ ❢❛✐' ✉♥❡ ❞❡(♥✐/(❡ (♦'❛'✐♦♥ '(✐❣♦♥♦♠4'(✐5✉❡ ❞❡ γ ❞❡ −→uθ ❛✉'♦✉( ❞❡ −→ur ✳
✻✶
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:❛✐ ❞❛♥< ❧❛ ❣:❛✐♥❡ ♠♦❞J❧❡✳ ▲❡ :❡♣J:❡ ♣:✐♥❝✐♣❛❧ ❞❛♥< ❧❛ ❣:❛✐♥❡ ❡<> ✭
−→
X ✱
−→
Y ✱
−→
Z ✮✳ ▲❡
:❡♣J:❡ <♣❤;:✐E✉❡ ❧♦❝❛❧ ❛✉ ♣♦✐♥> ❞❡ :❡>♦✉:♥❡♠❡♥> ❞✉ :❛✐ ♦✉ ❚✉:♥✐♥❣ ♣♦✐♥>✱ Tp✱ ❡<>
✭ur✱uθ✱uϕ✮✳ ❇✐❡♥ E✉✬♦♥ <❡ ♣❧❛❝❡ ✐❝✐ ❞❛♥< ❧❡ ♣❧❛♥ ♠;:✐❞✐❡♥ ❝♦♥❢♦♥❞✉ ❛✈❡❝ {
−→
XO
−→
Z }✱
❧❛ ♣:♦❝;❞✉:❡ ♣♦✉: ❞;>❡:♠✐♥❡: ❧❛ ♥♦:♠❡ ❞❡ ❧❛ ❞✐:❡❝>✐♦♥ ❞❡ ♣:♦♣❛❣❛>✐♦♥
−→n ❞✉ :❛✐
♣❛<<❛♥> ♣❛: ❚♣ ❡<> ✈❛❧❛❜❧❡ ♣♦✉: ♥✬✐♠♣♦:>❡ E✉❡❧ ♠;:✐❞✐❡♥ ❞❡ :;❢;:❡♥❝❡✳ ▲✬♦:❞:❡ ❞❡<
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✹✳✷✳✼✳✷ ❈❛❧❝✉❧ ❞❡+ ♣-♦♣-✐010+ 0❧❛+1✐2✉❡+ ❛✉ ♣♦✐♥1 ■ ❡1 ❞✐-❡❝1✐♦♥ ❞❡ ♣-♦♣❛✲
❣❛1✐♦♥
❆✜♥ ❞❡ ❝❛❧❝✉❧❡: ❧❡< ✈✐>❡<<❡< ❞❡ ♣:♦♣❛❣❛>✐♦♥ ❞✬♦♥❞❡< <✐<♠✐E✉❡< R ✉♥❡ ✐>;:❛>✐♦♥ ✐
❧❡ ❧♦♥❣ ❞✬✉♥ :❛✐ ❞♦♥♥; <❡❧♦♥ ❧✬❊E✳ ✷✳✶✽✱ ✐❧ ♥♦✉< ❢❛✉> ❝♦♥♥❛W>:❡ R ❧❛ ❢♦✐< ❧✬❡①♣:❡<<✐♦♥
❞✉ >❡♥<❡✉: ;❧❛<>✐E✉❡ ❧♦❝❛❧ ❡> ❧❡< ❝♦<✐♥✉< ❞✐:❡❝>❡✉:< ❞❡ ❧❛ ❞✐:❡❝>✐♦♥ ❞❡ ♣:♦♣❛❣❛>✐♦♥
❞✉ :❛✐✳
❉❛♥< ❧✬❤②♣♦>❤J<❡ ❞❡ >:❛❥❡❝>♦✐:❡< :❡❝>✐❧✐❣♥❡<✱ ✐❧ ♥✬❡①✐<>❡ ♣♦✉: ✉♥ :❛✐ E✉✬✉♥❡ <❡✉❧❡
❡①♣:❡<<✐♦♥ ❞❡< ❝♦<✐♥✉< ❞✐:❡❝>❡✉:<✳ ❖♥ ❡①♣:✐♠❡ ❝❡✉①✲❝✐ ❡♥ ♦❜<❡:✈❛♥> E✉❡
−→n ♥✬❡<>
❛✉>:❡ E✉❡ ❧❛ :♦>❛>✐♦♥ >:✐❣♦♥♦♠;>:✐E✉❡ ❞❡ γ ❞✉ ✈❡❝>❡✉: ♦:>❤♦:❛❞✐❛❧ ±uθ ✭❧❡ <✐❣♥❡
+ ♦✉ − ❞;♣❡♥❞❛♥> ❞✐:❡❝>❡♠❡♥> ❞❡ ❧❛ ✈❛❧❡✉: ❞❡ β ✿ <✐ β > π✱ ❧❡ <✐❣♥❡ ❡<> −✮ ♣❛:
:❛♣♣♦:> ❛✉ ✈❡❝>❡✉: ✉♥✐>❛✐:❡ :❛❞✐❛❧ ur ✿
−→n = R+γ −→uθ ✭✹✳✶✮
♦\
−→n ❡<> ❡①♣:✐♠; ❞❛♥< ❧❡ :❡♣J:❡ ❝❛:>;<✐❡♥ ✭−→X ✱−→Y ✱−→Z ✮ ♣♦✉: ♣♦✉✈♦✐: ]>:❡ ✐♥❝♦:♣♦:;
❞✐:❡❝>❡♠❡♥> ❞❛♥< ❧✬❊E✳ ✷✳✶✽ ❡> R+γ ❡<> ❧❛ ♠❛>:✐❝❡ ❞❡ :♦>❛>✐♦♥ <✉✐✈❛♥>❡ ✿
R+γ =


1 0 0
0 cosγ −sinγ
0 sinγ cosγ


✭✹✳✷✮
✻✷
✹✳✷ ❈♦♥&'(✉❝'✐♦♥ ❞✬✉♥ ♠♦❞/❧❡ ❞❡ ❣(❛✐♥❡ 4❧❛&'✐5✉❡
❉/& ❧♦(&✱ ❧✬❡①♣(❡&&✐♦♥ ❞❡& ❝♦&✐♥✉& ❞✐(❡❝'❡✉(& ❡&' ❧❛ &✉✐✈❛♥'❡ ✿
−→n = ±


cos(θTp)cos(ϕTp)cos(γ)− sin(ϕTp)sin(γ)
cos(θTp)sin(ϕTp)cos(γ) + cos(ϕTp)sin(γ)
−sin(θTp)cos(γ)


✭✹✳✸✮
♦? ✭rTp✱θTp✱ϕTp✮ &♦♥' ❧❡& ❝♦♦(❞♦♥♥4❡& &♣❤4(✐5✉❡& ❞❡ Tp✳
▲❡& ❝♦♠♣♦&❛♥'❡& ❞✉ '❡♥&❡✉( cIJ ] ❝❤❛♥❣❡♥' B ❝❤❛5✉❡ ✐'4(❛'✐♦♥ i ❧❡ ❧♦♥❣ ❞✉ (❛✐✳ ■❧
❢❛✉' ❞♦♥❝ ❧❡& (❡❝❛❧❝✉❧❡( B ❝❤❛5✉❡ ♣♦✐♥' I✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛( ❝❛❧❝✉❧❡( ❧❡& ❝♦♦(❞♦♥♥4❡&
&♣❤4(✐5✉❡& ❛✉ ♣♦✐♥' ■ B ❧✬✐'4(❛'✐♦♥ ✐ &✉( ✉♥ (❛✐ 5✉❡❧❝♦♥5✉❡ ❞♦♥♥4✳ ❖♥ &✉❜❞✐✈✐&❡ ❧❛
❧♦♥❣✉❡✉( '♦'❛❧❡ ❞✉ (❛✐✱ Lrai✱ ❡♥ ◆ ✐♥'❡(✈❛❧❧❡& 4❣❛✉①✳ ❖♥ ❛ ✿
−→
OIi = (
2i
N
− 1)Lrai−→n + rTp−→ur ✭✹✳✹✮
♦? ❖ ❡&' ❧❡ ❝❡♥'(❡ ❞❡ ❧❛ ❣(❛✐♥❡ ❡' ( ❡&' ❧❡ (❛②♦♥ ❛✉ ♣♦✐♥' ❚♣✳ ❖♥ ♦❜'✐❡♥' ❛✐♥&✐ ❧❡&
❝♦♦(❞♦♥♥4❡& &♣❤4(✐5✉❡& ❞❡
−→
OIi ❡' ❞♦♥❝ ❞❡ ■ ✭rI ✱θI ✱ϕI✮✳
▲❡ ♠♦❞/❧❡ ❣4♦❞②♥❛♠✐5✉❡ 4'✉❞✐4 ❡&' ❛①✐&②♠4'(✐5✉❡ ✿ ✐❧ ♥✬② ❛ 5✉✬✉♥ &❡✉❧ ♣❧❛♥
♠4(✐❞✐❡♥ ❞❡ (4❢4(❡♥❝❡✳ ❉❛♥& ✉♥ ♣(❡♠✐❡( '❡♠♣&✱ ♦♥ ♥❡ '✐❡♥' ❞♦♥❝ ♣❛& ❝♦♠♣'❡ ❞❡ ❧❛
❝♦♠♣♦&❛♥'❡ ❡♥ ϕ ❡' ♦♥ ♣(♦❝/❞❡ B ✉♥❡ ✐♥'❡(♣♦❧❛'✐♦♥ ❜✐❧✐♥4❛✐(❡ ❞✐(❡❝'❡ ❡♥ ❢♦♥❝'✐♦♥ ❞❡
r ❞❡ θ ❞❡& ❝♦♥&'❛♥'❡& 4❧❛&'✐5✉❡& B ♣❛('✐( ❞❡& ✹ ♣♦✐♥'& ❞❡ ♠❛✐❧❧❛❣❡ ❧❡& ♣❧✉& ♣(♦❝❤❡&✳
❈❤❛5✉❡ ❝♦♠♣♦&❛♥'❡ ❞✉ '❡♥&❡✉( 4❧❛&'✐5✉❡ ❡&' '(❛✐'4❡ ✐♥❞4♣❡♥❞❡♠♠❡♥'✳ ❖♥ ❡&'✐♠❡
♠❛✐♥'❡♥❛♥' ❧❡& ❝♦♥&'❛♥'❡& 4❧❛&'✐5✉❡& ❞✉ ♣♦❧②❝(✐&'❛❧ ❡♥ ❝❡ ♣♦✐♥'✳
❖♥ ❝♦♥♥❛J' ❞/& ❧♦(& ❧❡& ❝♦♥&'❛♥'❡& 4❧❛&'✐5✉❡& cIJ ❞✉ ♣♦❧②❝(✐&'❛❧ ❧♦❝❛❧ ❛✉ ♣♦✐♥'
✭rI ✱ θI✮ &✉( ❧❡ ♣❧❛♥ ♠4(✐❞✐❡♥ ❞❡ (4❢4(❡♥❝❡✳ ❈❡♣❡♥❞❛♥'✱ ✐❧ ♥♦✉& ❢❛✉' ♠❛✐♥'❡♥❛♥' '❡♥✐(
❝♦♠♣'❡ ❞✉ ❢❛✐' 5✉❡ ❧❡ ♣♦✐♥' ■ ♥✬❛♣♣❛('✐❡♥' ♣❛& ❛✉ ♠4(✐❞✐❡♥ ♣(✐♥❝✐♣❛❧ ♠❛✐& B ✉♥
♣❧❛♥ ♠4(✐❞✐❡♥ ❧♦❝❛❧✳ ■❧ ❢❛✉' ❞♦♥❝ ❡✛❡❝'✉❡( ✉♥❡ (♦'❛'✐♦♥ Ω ❛♥'✐✲'(✐❣♦♥♦♠4'(✐5✉❡ ❞❡
ϕI ❛✉'♦✉( ❞❡
−→z ✱ ❝❡ 5✉✐ (❡✈✐❡♥' B ♥♦✉& (❡♣❧❛❝❡( ❞❛♥& ❧❡ ♣❧❛♥ ♠4(✐❞✐❡♥ ❞❡ (4❢4(❡♥❝❡✳
❖♥ '(❛♥&❢♦(♠❡ ❛✐♥&✐ B ❧❛ ❢♦✐& ❧❡& cIJ ❡' ❧❛ ♥♦(♠❡ ❞❡ ❧❛ ❞✐(❡❝'✐♦♥ ❞✉ (❛✐
−→n ❛&&♦❝✐4❡&✳
 !"❝✐%✐♦♥% ♣♦✉! ❧❡ ,!❛✐,❡♠❡♥, ❞❡% ♠♦❞0❧❡% ♥♦♥✲❛①✐%②♠",!✐4✉❡% ✿
❖♥ ❡✛❡❝'✉❡ ❝❡''❡ ❢♦✐&✲❝✐ ❞❡✉① ✐♥'❡(♣♦❧❛'✐♦♥& ❜✐❧✐♥4❛✐(❡& ❡♥ r ❞❡ θ &✉❝❝❡&✲
&✐✈❡&✱ ✉♥❡ &✉( ❝❤❛5✉❡ ♣❧❛♥ ♠4(✐❞✐❡♥ ❞❡ (4❢4(❡♥❝❡ ❞❡ ♣❛(' ❡' ❞✬❛✉'(❡ ❞✉ ♣♦✐♥'
I✳ ❖♥ ❝❛❧❝✉❧❡ ❡♥&✉✐'❡ ❧❛ ♠♦②❡♥♥❡ ❞❡& ❞❡✉① '❡♥&❡✉(& 4❧❛&'✐5✉❡& ♠♦②❡♥& ❞❡
❝❤❛5✉❡ ♠4(✐❞✐❡♥✱ ❝♦♠♣♦&❛♥'❡ B ❝♦♠♣♦&❛♥'❡✳ ❆✉❝✉♥❡ (♦'❛'✐♦♥ ❞❡ ϕI &✉♣♣❧4✲
♠❡♥'❛✐(❡ ♥✬4'❛♥' (❡5✉✐&❡ ♣♦✉( ❧❡& ♠♦❞/❧❡& ♥♦♥✲❛①✐&②♠4'(✐5✉❡&✱ ♦♥ ♦❜'✐❡♥'
❞✐(❡❝'❡♠❡♥' ❧✬❡&'✐♠❛'✐♦♥ ❞✉ '❡♥&❡✉( cIJ ❧♦❝❛❧ ❛✉ ♣♦✐♥' ■ ❝♦♥&✐❞4(4✳ ▲✬❡①♣(❡&✲
&✐♦♥ ❞❡& ❝♦&✐♥✉& ❞✐(❡❝'❡✉(& ♣(4&❡♥'4❡& ♣(4❝4❞❡♠♠❡♥' (❡&'❡ ✐♥❝❤❛♥❣4❡ ✭❊5✳
✹✳✸✮✳
▲✬❛♣♣❧✐❝❛'✐♦♥ ❞❡ ❧❛ ❢♦(♠✉❧❡ ❊5✳ ✷✳✶✵ ♣❡(♠❡' ❞✬♦❜'❡♥✐( ❧✬❡①♣(❡&&✐♦♥ ❞❡ ❧❛ ♠❛'(✐❝❡
❞❡ ♣❛&&❛❣❡ ❑ ❞✉ '❡♥&❡✉( 4❧❛&'✐5✉❡ ✿
K =








cos(ϕI)
2 sin(ϕI)
2 0 0 0 2cos(ϕI)sin(ϕI)
sin(ϕI)
2 cos(ϕI)
2 0 0 0 −2cos(ϕI)sin(ϕI)
0 0 1 0 0 0
0 0 0 cos(ϕI) sin(ϕI) 0
0 0 0 −sin(ϕI) cos(ϕI) 0
−cos(ϕI)sin(ϕI) cos(ϕI)sin(ϕI) 0 0 0 cos(ϕI)2 − sin(ϕI)2








✭✹✳✺✮
✻✸
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❊♥6✉✐9❡✱ ✐❧ ♥❡ =❡69❡ ♣❧✉6 ?✉✬@ ❝❛❧❝✉❧❡= 6❛ 9=❛♥6♣♦6D❡ KT ♣✉✐6 @ ❛♣♣❧✐?✉❡= ❧✬D?✉❛✲
9✐♦♥ ❊?✳ ✷✳✾ ♣♦✉= 9=♦✉✈❡= ❧❡6 ❝♦♠♣♦6❛♥9❡6 ❞✉ 9❡♥6❡✉= D❧❛69✐?✉❡ ✧♠✐=♦✐=✧ 6✉= ❧❡ ♣❧❛♥
♠D=✐❞✐❡♥ ❞❡ =D❢D=❡♥❝❡✳
▲✬✐♠❛❣❡ ❞❡
−→n ❞❛♥6 ❧❡ =❡♣O=❡ ♣=✐♥❝✐♣❛❧ ❡69 ❧❡ ✈❡❝9❡✉= ✉♥✐9❛✐=❡ −→n′ = Ω−→n 6✉✐✈❛♥9 ✿
−→
n′ = ±


−cos(ϕI)cos(θTp)sin(γ)− sin(ϕI)sin(γ)
±sin(ϕI)cos(θTp)cos(γ)− cos(ϕI)sin(γ)
±sin(θTp)cos(γ)


✭✹✳✻✮
✹✳✷✳✼✳✸ ❱✐'❡))❡ ❞❡) ♦♥❞❡) P ❞❛♥) ❧❛ ❞✐/❡❝'✐♦♥ ❞❡ ♣/♦♣❛❣❛'✐♦♥ ❡' ❞3✜♥✐'✐♦♥
❞❡) /3)✐❞✉) )✐)♠✐7✉❡)
❖♥ ♥♦9❡ ❧❛ ❧❡♥9❡✉= ♠♦②❡♥♥❡ ❞❡6 ♦♥❞❡6  ♣♦✉= ❝❡99❡ ❣=❛✐♥❡ ♠♦❞O❧❡ s0 =
1
v
moy
P
✱
♦U vmoyP0 ❡69 ❧❛ ✈✐9❡66❡ ♠♦②❡♥♥❡ ❞❡6 ♦♥❞❡6  ❞❛♥6 ❧❛ ❣=❛✐♥❡✳
 ♦✉= ❝❛❧❝✉❧❡= vmoyP0 ✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛= ❝❛❧❝✉❧❡= ❧❡6 ✈✐9❡66❡6 v
moy
P ♣♦✉= ❝❤❛?✉❡
♣♦✐♥9 ❞❡ ♠❛✐❧❧❛❣❡✱ 6❡❧♦♥ ❧❛ ❢♦=♠✉❧❡ ✹✳✼✳ ❊♥6✉✐9❡✱ ♦♥ ❛✛❡❝9❡ @ ❝❤❛?✉❡ ♣♦✐♥9 ❞❡
♠❛✐❧❧❛❣❡ ✉♥ ✈♦❧✉♠❡ D❧D♠❡♥9❛✐=❡ ❞✬✐♥✢✉❡♥❝❡ Velem(r, θ, ϕ) ❡♥ ❢♦♥❝9✐♦♥ ❞❡ 6❛ ♣♦6✐✲
9✐♦♥ ✭rg✱thetag✮ 6✉= ❧❡ ❞❡♠✐✲♣❧❛♥ ♠D=✐❞✐❡♥ ❝♦♥6✐❞D=D ❞❡ ❧♦♥❣✐9✉❞❡ ϕ✳ ❙✐ ♦♥ ❡69 ❡♥
❛①✐6②♠D9=✐?✉❡✱ ✐❧ ♥✬② ❛ ?✉✬✉♥ 6❡✉❧ ❞❡♠✐✲♠D=✐❞✐❡♥ ❞❡ =D❢D=❡♥❝❡✱ ❞♦♥❝ ♦♥ ✐♥9O❣=❡ ❞✐✲
=❡❝9❡♠❡♥9 ❛✈❡❝ ϕ = 2π✳ ❙✐ ❧❡ ❝❛❧❝✉❧ ❡69 ❡♥ ♥♦♥✲❛①✐6②♠D9=✐?✉❡✱ ❛❧♦=6 ♦♥ ❛❞❛♣9❡ ❧❡6
✈♦❧✉♠❡6 ❞✬✐♥✢✉❡♥❝❡ ❛✉ ♥♦♠❜=❡ ❞❡ ♠D=✐❞✐❡♥6 ❡9 ♦♥ ❢❛✐9 ❧✬✐♥9D❣=❛9✐♦♥ 6✉= ❧✬❡♥6❡♠❜❧❡
❞❡ ❧❛ ❣=✐❧❧❡✳
vmoyP0 =
∑
grille
vmoyP Velem(r, θ, ϕ) ✭✹✳✼✮
▲♦=6 ❞✬✉♥ ❧❛♥❝❡= ❞❡ =❛✐✱ ♦♥ ❡69✐♠❡ @ ❝❤❛?✉❡ ✐9D=❛9✐♦♥ i ✉♥❡ ❧❡♥9❡✉= ds(i) = 1
vP (i)
✱
❝♦==❡6♣♦♥❞❛♥9 @ ❧❛ ❧❡♥9❡✉= ❞✉ =❛✐ ❛✉ ♣♦✐♥9 I ❞❛♥6 ❧❛ ❞✐=❡❝9✐♦♥ ❞❡ ♣=♦♣❛❣❛9✐♦♥ ❝♦♥✲
6✐❞D=D❡✳ vP (i) ❡69 ❝❛❧❝✉❧D❡ @ ♣❛=9✐= ❞✉ 9❡♥6❡✉= D❧❛69✐?✉❡ ❧♦❝❛❧ ❡♥ =D6♦❧✈❛♥9 ❧✬D?✉❛9✐♦♥
❞❡ ❈❤=✐69♦✛❡❧ ✭❊?✳ ✷✳✶✽✮✳ ❖♥ ♥♦9❡ ❧❛ ❧❡♥9❡✉= ♠♦②❡♥♥❡ 6✉= 9♦✉9❡6 ❧❡6 ✐9D=❛9✐♦♥6 i
♣♦✉= ❝❡ =❛✐ srai =
∑
i ds(i)✳
❖♥ ❡①♣=✐♠❡ ✜♥❛❧❡♠❡♥9 ❧❡ =D6✐❞✉ ❞❡ 9❡♠♣6 ❞❡ 9=❛❥❡96 δt/t ❛66♦❝✐D ❛✉ =❛✐ D9✉❞✐D
❞❡ ❧❛ ♠❛♥✐O=❡ 6✉✐✈❛♥9❡ ✿
δt
t
=
s0 − srai
s0
✭✹✳✽✮
 ❛= ❝❡99❡ ♠D9❤♦❞❡✱ ♣♦✉= ❝❤❛?✉❡ =❛✐ ♦♥ ♦❜9✐❡♥9 ✉♥❡ ✈❛❧❡✉= ❞❡ =D6✐❞✉✳ ❖♥ ♦❜9✐❡♥9
❞♦♥❝ ♣❧✉6 ❞❡ ✸✵✵ ✵✵✵ =D6✐❞✉6 6✐6♠✐?✉❡6✱ ❝❡ ?✉✐ ❢❛✐9 ✉♥ ♥✉❛❣❡ ❞❡ ♣♦✐♥96 ❝♦♥6D?✉❡♥9✳
❈♦♠♠❡ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❝♦♥9=✐❜✉9✐♦♥ ❞❡6 ❡♥✈❡❧♦♣♣❡6 ❡①9❡=♥❡6 ❞❛♥6 ❧❛ ✈❛❧❡✉= ❞✬✉♥
=D6✐❞✉✱ ♦♥ ♣❡✉9 9=❛❝❡= ❝❡6 =D6✐❞✉6 ❡♥ ❢♦♥❝9✐♦♥ ❞❡ ❧✬❛♥❣❧❡ @ ❧✬❛①❡ ❞❡ =♦9❛9✐♦♥ ❞❡
❧❛ ❚❡==❡ ❡9 ❧❡6 ❝♦♠♣❛=❡= ❞✐=❡❝9❡♠❡♥9 ❛✉① ✈❛❧❡✉=6 ❞❡ 9❡♠♣6 ❞❡ 9=❛❥❡9 ❞✐✛D=❡♥9✐❡❧
♦❜9❡♥✉6 ♣❛= ❧❡6 6✐6♠♦❧♦❣✉❡6✳
■❧ ♥❡ =❡69❡ ♣❧✉6 ?✉✬@ =❡♣=D6❡♥9❡= ❣=❛♣❤✐?✉❡♠❡♥9 ❧❡6 =D6✐❞✉6 ❡♥ ❢♦♥❝9✐♦♥ ❞❡ ❧✬❛♥❣❧❡
ζ ❡♥9=❡ ❧❛ ❞✐=❡❝9✐♦♥ ❞❡ ♣=♦♣❛❣❛9✐♦♥ ❞✉ =❛✐ ❡9 ❧✬❛①❡ ❞❡ =♦9❛9✐♦♥ ❞❡ ❧❛ ❣=❛✐♥❡ ♣♦✉=
♣♦✉✈♦✐= ❝♦♠♣❛=❡= ♥♦6 =D6✉❧9❛96 ❛✈❡❝ ❧❡6 ♦❜6❡=✈❛9✐♦♥6 6✐6♠♦❧♦❣✐?✉❡6✳
❯♥ ❡①❡♠♣❧❡ ❞❡ ❝❡ ?✉✬♦♥ ♣❡✉9 ♦❜9❡♥✐= ❝♦♠♠❡ ♥✉❛❣❡ ❞❡ =D6✐❞✉6 6✐6♠✐?✉❡6 6②♥✲
9❤D9✐?✉❡6 ❡69 ♣=D6❡♥9D ❡♥ ❋✐❣✳ ✹✳✺✳ ❉❛♥6 ❝❡9 ❡①❡♠♣❧❡✱ ❧❛ ❝♦✉=❜✉=❡ ❞✉ ♥✉❛❣❡ ❞❡
✻✹
✹✳✷ ❈♦♥&'(✉❝'✐♦♥ ❞✬✉♥ ♠♦❞/❧❡ ❞❡ ❣(❛✐♥❡ 4❧❛&'✐5✉❡
♣♦✐♥' ♠♦❞4❧✐&4 ❡&' ❡♥ ❛❝❝♦(❞ ❛✈❡❝ ❧❡& ♦❜&❡(✈❛'✐♦♥& 5✉✐ ❞4♠♦♥'(❡ 5✉❡ ❧❛ ❣(❛✐♥❡ ❡&'
❛♥✐&♦'(♦♣✐5✉❡ ❛✈❡❝ ✉♥ ❛①❡ ❞❡ ♣(♦♣❛❣❛'✐♦♥ (❛♣✐❞❡ ❞❡& ♦♥❞❡& ❧❡ ❧♦♥❣ ❞❡ &♦♥ ❛①❡ ❞❡
(♦'❛'✐♦♥ ❡' ❧❡♥' ❛✉ ♥✐✈❡❛✉ ❞✉ ♣❧❛♥ 45✉❛'♦(✐❛❧✳
❋✐❣✉$❡ ✹✳✺ ✕ ❊①❡♠♣❧❡ ❞❡ (4&✐❞✉& &✐&♠✐5✉❡& &②♥'❤4'✐5✉❡& ♦❜'❡♥✉& ♣♦✉( ❞❡✉① ♠♦❞✲
/❧❡& 4❧❛&'✐5✉❡& ❞✐✛4(❡♥'&✱ A ❡' B✱ ♣♦✉( ✉♥ ♠B♠❡ ♠♦❞/❧❡ ❣4♦❞②♥❛♠✐5✉❡✳ ▲❡& (4&✐❞✉&
&✐&♠✐5✉❡& ❞❡ A &♦♥' ✐♥❞✐5✉4& ♣❛( ❞❡& ♣♦✐♥'& ❜❧❡✉&✱ ❝❡✉① ❞❡ B &♦♥' ❡♥ ✈❡('✳ ▲❡& ❧✐❣♥❡&
❝♦((❡&♣♦♥❞❡♥' ❛✉① ❛❥✉&'❡♠❡♥'& 5✉❛❞(❛'✐5✉❡& &❡❧♦♥ ❧❛ ♠4'❤♦❞❡ ❞❡ ❈(❡❛❣❡( ❬✶✾✾✷❪✳
❊♥ ❜❧❡✉✱ ❧✬❛❥✉&'❡♠❡♥' ❞❡ A ❀ ❡♥ ✈❡('✱ ❝❡❧✉✐ ❞❡ B✳ J♦✉( ❝♦♠♣❛(❛✐&♦♥✱ ♦♥ ♠♦♥'(❡
4❣❛❧❡♠❡♥' ❧❡ (4&✉❧'❛' ❞❡ ❧✬❛❥✉&'❡♠❡♥' 5✉❛❞(❛'✐5✉❡ ❞✬■(✈✐♥❣ ❛♥❞ ❉❡✉&& ❬✷✵✶✶❪ &✉(
❧❡✉(& ❞♦♥♥4❡& ❞❡ '❡♠♣& ❞❡ '(❛❥❡' ❞✐✛4(❡♥'✐❡❧& PKPbc✲PKPdf ✳
❈❡ ♠♦❞❡ ❞❡ (❡♣(4&❡♥'❛'✐♦♥ ❣(❛♣❤✐5✉❡ ❡&' ♣(❛'✐5✉❡ ❧♦(&5✉❡ ❧✬♦♥ &♦✉❤❛✐'❡ ❛✈♦✐(
✉♥ ✈✐&✉❡❧ ❞❡ ❧❛ ❢♦(♠❡ ❞❡ ❧✬❛♥✐&♦'(♦♣✐❡ ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧✬❛♥❣❧❡ O ❧✬❛①❡ ❞❡ (♦'❛'✐♦♥ ❞❡
❧❛ ❚❡((❡✳ ◆4❛♥♠♦✐♥&✱ ✐❧ ♣(4&❡♥'❡ ❧❡ ❞4&❛✈❛♥'❛❣❡ ❞❡ ♥❡ ♣❛& ♣❡(♠❡''(❡ ❞❡ ✈✐&✉❛❧✐&❡(
❞❛♥& ✉♥ &❡✉❧ ❣(❛♣❤✐5✉❡ ❧❡& (4&✉❧'❛'& ❞✬✉♥ ❣(❛♥❞ ♥♦♠❜(❡ ❞❡ &✐♠✉❧❛'✐♦♥& ♣♦✉( ✉♥
♠♦❞/❧❡ ❣4♦❞②♥❛♠✐5✉❡✱ ❝❡ 5✉✐ ❢❛❝✐❧✐'❡(❛✐' ❧❛ ❝♦♠♣❛(❛✐&♦♥✳
✹✳✷✳✼✳✹ ❋✐& '✐'♠♦❧♦❣✐,✉❡ ❡& ❤②♣♦&❤2'❡' ✐♥✐&✐❛❧❡' ✿ ❞7✜♥✐&✐♦♥ ❡& 9❡♣97'❡♥&❛✲
&✐♦♥ ❞❡ ❧✬❛♥✐'♦&9♦♣✐❡ ❣❧♦❜❛❧❡
❘❡♣(❡♥❛♥' ❧❛ ♠4'❤♦❞❡ ❞❡ ❈(❡❛❣❡( ❬✶✾✾✷❪ ❡' &✉♣♣♦&❛♥' ✈4(✐✜4❡ ❧✬❤②♣♦'❤/&❡ &❡❧♦♥
❧❛5✉❡❧❧❡ ❧✬❛♥✐&♦'(♦♣✐❡ ❞❡ ❧❛ ❣(❛✐♥❡ ❡&' ❢❛✐❜❧❡✱ ✉♥✐❢♦(♠❡ ❡' ♥❡ ❞4♣❡♥❞ ❞❡ ❧❛ ♣(♦❢♦♥❞❡✉(
❞❡& (❛✐& 4❝❤❛♥'✐❧❧♦♥♥4&✱ ♦♥ ♣❡✉' ♠♦❞4❧✐&❡( ❧✬4✈♦❧✉'✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❞❡ (4&✐❞✉& ❞❡
'❡♠♣& ❞❡ '(❛❥❡' ❞✐✛4(❡♥'✐❡❧& ♣❛( ❧❛ ❢♦♥❝'✐♦♥ 5✉❛❞(❛'✐5✉❡ &✉✐✈❛♥'❡ ❡♥ ❢♦♥❝'✐♦♥ ❞❡
❧✬❛♥❣❧❡ O ❧✬❛①❡ ❞❡ (♦'❛'✐♦♥ ❞❡ ❧❛ ❚❡((❡✱ ζ ✿
δt/t = a+ b cos2 ζ + c cos4 ζ, ✭✹✳✾✮
✻✺
 ❖■◆❚ ▼➱❚❍❖❉❊ ✿ ❈❖◆❙❚❘❯❈❚■❖◆ ❉❊ ▲❆ ❘➱ ❖◆❙❊ ❙■❙▼■◗❯❊ ❉✬❯◆❊
●❘❆■◆❊ ▼❖❉➮▲❊
♦6 ❛✱ ❜ ❡; ❝ =♦♥; ❞❡= ❝♦❡✣❝✐❡♥;= ❞❡ ✜; ♠♦❞✉❧❛❜❧❡=✳ ❛ ❡=; ❧❛ ❞✐✛HI❡♥❝❡ ❞❡ ✈✐;❡==❡ HK✉❛✲
;♦I✐❛❧❡ ❡♥;I❡ ❧❛ ❣I❛✐♥❡ ♦❜=❡I✈H❡ ❡; ❧❡ ♠♦❞N❧❡ ❞❡ =②♠H;I✐❡ =♣❤HI✐K✉❡ =✐=♠♦❧♦❣✐K✉❡✳
❜ ❡; ❝ ♣❡✉✈❡♥; R;I❡ ❞H❝I✐;= ❡♥ ;❡I♠❡ ❞❡ ❝♦❡✣❝✐❡♥;= ❞❡ ▲♦✈❡ ❬▲♦✈❡✱ ✶✾✷✼❪ ❞✉
♠❛;HI✐❛✉ ❛♥✐=♦;I♦♣✐K✉❡ ❝♦♠♣♦=❛♥; ❧❛ ❣I❛✐♥❡ ❬❈I❡❛❣❡I✱ ✶✾✾✷❪✳ ▲♦I=K✉❡ ❧✬❛♠♣❧✐;✉❞❡
❞❡ ❧✬❛♥✐=♦;I♦♣✐❡ ❡=; ❢❛✐❜❧❡✱ ❧❡ IH=✐❞✉ ❞❡ ;❡♠♣= ❞❡ ;I❛❥❡; ❞✐✛HI❡♥;✐❡❧ δt/t ❡=; H❣❛❧ [
❧✬❛♥♦♠❛❧✐❡ ❞✐✛HI❡♥;✐❡❧❧❡ ❞❡ ✈✐;❡==❡ δv/v✳ ❉❡ ♠❛♥✐NI❡ ❣H♥HI❛❧❡✱ ❧✬❛♥✐=♦;I♦♣✐❡ ❣❧♦❜❛❧❡
◆♦I❞✲❙✉❞ ♦❜=❡I✈H❡ ❡=; ❛❧♦I= H❣❛❧❡ [ b+ c✳
❇✐❡♥ K✉❡ ♥♦;I❡ ♠♦❞N❧❡ ♣❡I♠❡;;❡ ✉♥❡ ❛♥❛❧②=❡ ❞H;❛✐❧❧H❡✱ ❡♥ ;❡I♠❡ ❞❡ ♣I♦❢♦♥❞❡✉I
❞❡ I❡;♦✉I♥❡♠❡♥; ❡; ❞❡ ❞✐=♣❡I=✐♦♥ ❞✉ =♣❡❝;I❡ ❞❡ IH=✐❞✉= ♥♦;❛♠♠❡♥;✱ ♥♦✉= ❡✛❡❝;✉♦♥=
[ ♥♦;I❡ ;♦✉I ❝❡;;❡ ♠♦❞H❧✐=❛;✐♦♥ =✉I ♥♦= IH=✉❧;❛;= ❞❡ =✐♠✉❧❛;✐♦♥✳ ▲❛ K✉❛❧✐;H ❞✉ ✜;
❡=; ❡①;IR♠❡♠❡♥; ❞H♣❡♥❞❛♥;❡ ❞❡ ❧❛ ❞✐=♣❡I=✐♦♥ ❞✉ ♥✉❛❣❡ ❞❡ ♣♦✐♥; ❡; ❞❡ ♣I♦❢♦♥❞❡✉I✳
◆H❛♥♠♦✐♥=✱ ❧❡= ✈❛❧❡✉I= ❞❡ ❛✱ ❜ ❡; ❝ ♦❜;❡♥✉❡= ♣❛I ✉♥❡ IH❣I❡==✐♦♥ ❡♥ ♠♦✐♥❞I❡= ❝❛IIH❡=
=♦♥; ;IN= ❜✐❡♥ IH=♦❧✉❡= ✭❋✐❣✳ ✹✳✺✮✳
❆✜♥ ❞❡ ❝♦♠♣❛I❡I ♥♦= ❞♦♥♥H❡= ❛✉① ♦❜=❡I✈❛;✐♦♥=✱ ♥♦✉= ♣I❡♥❞I♦♥= ❞H=♦I♠❛✐=
❝♦♠♠❡ IH❢HI❡♥❝❡ ❧❡= IH=✉❧;❛;= ❞✬❛❥✉=;❡♠❡♥; K✉❛❞I❛;✐K✉❡ ❞✬■I✈✐♥❣ ❛♥❞ ❉❡✉== ❬✷✵✶✶❪
=✉I ❧❡✉I= ❞♦♥♥H❡= ❞❡ IH=✐❞✉= ❞❡ ;❡♠♣= ❞❡ ;I❛❥❡; ❞✐✛HI❡♥;✐❡❧= PKPbc✲PKPdf ✳
▲✬❛♥✐=♦;I♦♣✐❡ ❣❧♦❜❛❧❡ ♦❜=❡I✈H❡ ♣❛I ■I✈✐♥❣ ❛♥❞ ❉❡✉== ❬✷✵✶✶❪ H;❛✐; ❞❡ 3.8% ± 0.1%
♣♦✉I ✉♥ ❛❥✉=;❡♠❡♥; ❞❡ ✭a❂✲✵✳✵✵✺✼✱ b❂✲✵✳✵✶✷✺✱ c❂✵✳✵✺✵✽✮ ✭❋✐❣✳ ✹✳✺✮✳ ❖♥ ♣❡✉;
❛❧♦I= ❝♦♠♣❛I❡I ❞✐I❡❝;❡♠❡♥; ♥♦= IH=✉❧;❛;= ❞✬❛❥✉=;❡♠❡♥; K✉❛❞I❛;✐K✉❡ =✐♠✉❧H [ ❝❡✉①
❞✬■I✈✐♥❣ ❛♥❞ ❉❡✉== ❬✷✵✶✶❪✳
❖♥ ♣❡✉; ♠❛✐♥;❡♥❛♥;✱ ❡♥ ♣❧✉= ❞❡ ❧❛ I❡♣IH=❡♥;❛;✐♦♥ ❡♥ IH=✐❞✉= =✐=♠✐K✉❡= =②♥✲
;❤H;✐K✉❡= ❡♥ ❢♦♥❝;✐♦♥ ❞❡ ❧✬❛♥❣❧❡ [ ❧✬❛①❡ ❞❡ I♦;❛;✐♦♥ ❞❡ ❧❛ ❚❡II❡✱ I❡♣IH=❡♥;❡I ❧✬❛♠✲
♣❧✐;✉❞❡ ❞❡ ❧✬❛♥✐=♦;I♦♣✐❡ ❣❧♦❜❛❧❡ b + c ❡♥ ❢♦♥❝;✐♦♥ ❞❡= ♣❛I❛♠N;I❡= ❞✬❛♥✐=♦;I♦♣✐❡
♠♦♥♦❝I✐=;❛❧❧✐♥❡ ♣♦✉I ✉♥ ♠R♠❡ ♠♦❞N❧❡ ❣H♦❞②♥❛♠✐K✉❡✳ ❈♦♥;I❛✐I❡♠❡♥; ❛✉① =;I✉❝✲
;✉I❡= ❝✉❜✐K✉❡= ✭❝❢ ❙❡❝;✐♦♥ ✷✳✹✳✷✳✷✱ ♣❛❣❡ ✸✽✮✱ ♦♥ ♥❡ ❞✐=♣♦=❡ ❞✬❛✉❝✉♥❡ ❡①♣I❡==✐♦♥
♠❛;❤H♠❛;✐K✉❡ ♣♦✉I ❝❛I❛❝;HI✐=❡I ❧✬❛♥✐=♦;I♦♣✐❡ H❧❛=;✐K✉❡ ❞❛♥= ❧❡ ❢❡I ❤❝✱ ✐❧ ❢❛✉❞I❛
❞♦♥❝ ❡♥ ❞H✜♥✐I ❛✉ ♠♦✐♥= ✉♥❡ ♣❛I ❧❛ =✉✐;❡✳
✹✳✷✳✽ ❱❛❧✐❞❛)✐♦♥ ❞✉ ♠♦❞.❧❡ ❞✐0❡❝) ❞✬❛♥✐3♦)0♦♣✐❡ 3✐3♠✐5✉❡
✹✳✷✳✽✳✶ ❘&'✐❞✉' '②♥-❤&-✐/✉❡' ♣♦✉3 /✉❡❧/✉❡' ♠♦❞6❧❡' ❛①✐'②♠&-3✐/✉❡' '✐♠✲
♣❧❡'
:3&'❡♥-❛-✐♦♥ ❞❡' ♠♦❞6❧❡' '-3✉❝-✉3❛✉①
❖♥ I❡♣I❡♥❞ ❧❡= ;I♦✐= ❢❛♠✐❧❧❡= ❞❡ ♠♦❞N❧❡= =;I✉❝;✉I❛✉① ❞❡ ❈❛❧✈❡; ❡; ❛❧✳ ❬✷✵✵✻❪ ✭❋✐❣✳
✸✳✶❛✱ ❜ ❡; ❝✮ ❡; ♦♥ ❛❥♦✉;❡ ❞❡✉① ❛✉;I❡= ♠♦❞N❧❡= =✐♠♣❧❡=✳ ❖♥ ❞H✜♥✐; ✉♥ ♠♦❞N❧❡ ✭❞✮
K✉✐ ♣IH=❡♥;❡ ✉♥❡ =♦✉=✲❣I❛✐♥❡ ❛♥✐=♦;I♦♣❡ ❞✬❛①❡ I❛♣✐❞❡ ◆♦I❞✲❙✉❞✱ ❡♥✈❡❧♦♣♣H❡ ❞❛♥=
✉♥❡ ❝♦✉❝❤❡ =✉♣❡I✜❝✐❡❧❧❡ ✐=♦;I♦♣❡✳ ❖♥ ❣H♥NI❡ H❣❛❧❡♠❡♥; ✉♥ ♠♦❞N❧❡ ✭❡✮ K✉✐ ♥❡ ❝♦♠✲
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ρIC = 13 kg.m
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❡( ❛❧✳✱ ✷✵✵✵✱ ✷✵✵✸❪✳ ❊♥ ❝♦♥%$6✉❡♥❝❡✱ ❧❡% ❛①❡% a %❡ ,❡❣,♦✉♣❡♥( ❞❛♥% ❧❛ ❞✐,❡❝(✐♦♥
,❛❞✐❛❧❡✳ ❖♥ ❝♦♥%(❛(❡ 6✉❡ ❧✬♦,✐❡♥(❛(✐♦♥ ❞❡% ❛①❡% c ❞$♣❡♥❞ ❞❡ ❧❛ ❧❛(✐(✉❞❡✳ E,♦❝❤❡%
❞❡ ❧✬❛①❡ ❞❡ ,♦(❛(✐♦♥✱ ❧❡% ❛①❡% c %♦♥( ❝♦♥(❡♥✉% ❞❛♥% ✉♥ ♣❧❛♥ ♣❡,♣❡♥❞✐❝✉❧❛✐,❡ = ❧❛
❞✐,❡❝(✐♦♥ ,❛❞✐❛❧❡ ♠❛✐% ✐❧ ♥✬② ❛ ♣❛% ❞✬♦,✐❡♥(❛(✐♦♥ ♣❛,(✐❝✉❧✐B,❡ ❞❡% ❝,✐%(❛✉① ❛✉ %❡✐♥ ❞❡
❝❡ ♣❧❛♥✳ ❖♥ ,❡♠❛,6✉❡ ♣❛, ❝♦♥(,❡✱ 6✉✬= ❧✬❊6✉❛(❡✉,✱ ❧❡% ❛①❡% c %♦♥( ♥♦♥ %❡✉❧❡♠❡♥(
✐♥❝❧✉% ❞❛♥% ❧❡ ♣❧❛♥ ♣❡,♣❡♥❞✐❝✉❧❛✐,❡ = ❧❛ ❞✐,❡❝(✐♦♥ ,❛❞✐❛❧❡✱ ♠❛✐% ✐❧% %✬❛❧✐❣♥❡♥( ❡♥ ♣❧✉%
❞❛♥% ✉♥❡ ❞✐,❡❝(✐♦♥ = ✾✵
◦
❞❡ ❧✬❛①❡ ❞❡ ,♦(❛(✐♦♥ ❞❡ ❧❛ ❚❡,,❡✳
✺✳✷✳✶✳✷ ❚❡①'✉)❡* ❞✉ ❢❡) ❝✉❜✐0✉❡
▲❡% (❡①(✉,❡% ♦❜(❡♥✉❡% ♣♦✉, ❧❡ ❢❡, ❝✉❜✐6✉❡ ❝❝ ❡( ❝❢❝ ♣♦✉, ❝❤❛6✉❡ ♠♦❞B❧❡ ❣$♦❞②✲
♥❛♠✐6✉❡ %♦♥( ♣,$%❡♥($❡% ❡♥ ❋✐❣✳ ✺✳✻✳
❊♥ ♣,❡♠✐B,❡ ❛♣♣,♦❝❤❡✱ ♦♥ ,❡♠❛,6✉❡ 6✉❡✱ ♣♦✉, ❧❡ ♠♦❞B❧❡ ❨♦"✲❘❛♥✱ ❧❡% (❡①(✉,❡%
❞❡ ❢❡, ❝❝ ❡( ❝❢❝ %♦♥( ♦♣♣♦%$❡% ❧❡% ✉♥❡% ♣❛, ,❛♣♣♦,( ❛✉① ❛✉(,❡%✳ ❊♥ (♦✉( ♣♦✐♥( ❞❡ ❧❛
❣,❛✐♥❡✱ ❧✬♦,✐❡♥(❛(✐♦♥ ❞❡% ♣❧❛♥% 110 ❞✉ ❢❡, ❝❝ ❡%( ❝❡❧❧❡ ❞❡% ♣❧❛♥% 100 ❞✉ ❢❡, ❝❢❝✱ ❡(
✈✐❝❡✲✈❡,%❛✳ ❈❡❧❛ %✬❡①♣❧✐6✉❡ ♣❛, ❧❡ ❢❛✐( 6✉❡ ❧❡% %②%(B♠❡% ❞❡ ❣❧✐%%❡♠❡♥( ❛❝(✐✈$% ♣♦✉,
❝❤❛❝✉♥❡ ❞❡ ❝❡% %(,✉❝(✉,❡% %♦♥( ♦♣♣♦%$% ✭❋✐❣✳ ✹✳✷✮✳
❉❡ ♠❛♥✐B,❡ ❣$♥$,❛❧❡✱ ♦♥ ♦❜%❡,✈❡ ❜✐❡♥ ✉♥❡ ❝♦✉❝❤❡ ✐%♦(,♦♣❡ ❡♥ %✉,❢❛❝❡ ❡( ❞❡
❧❛ (❡①(✉,❡ ❡♥ ♣,♦❢♦♥❞❡✉,✳ ▲✬✐♥(❡♥%✐($ ❞❡% (❡①(✉,❡% ♦❜(❡♥✉❡% ❡%( ✐♥❢$,✐❡✉,❡ = ❝❡❧❧❡%
6✉✬♦♥ ♦❜(✐❡♥( ❧♦,%6✉✬♦♥ ❝♦♥%✐❞B,❡ ✉♥❡ ❣,❛✐♥❡ ❞❡ ❢❡, ❤❝ ✿ ❡❧❧❡ ✈❛,✐❡ %❡✉❧❡♠❡♥( ❡♥(,❡
✵ ❡( ✶✱✺ ♠✳,✳❞✳
▲✬♦,✐❡♥(❛(✐♦♥ ❞❡% ❝,✐%(❛✉① ❝❝ ❞❛♥% ❨♦"✲❘❛♥ ♠♦♥(,❡♥( ✉♥ ❛❧✐❣♥❡♠❡♥( ❞❡ ❧❛ ❞✐,❡❝✲
(✐♦♥ ❝,✐%(❛❧❧♦❣,❛♣❤✐6✉❡ 〈001〉 ❛✈❡❝ ❧✬❛①❡ ❞❡ ,♦(❛(✐♦♥ ❞❡ ❧❛ ❚❡,,❡ ✭❋✐❣✳ ✺✳✼ ❡♥ ❤❛✉(✮✳
❖♥ ❝♦♥%(❛(❡ 6✉✬✐❧ ♥✬❡①✐%(❡ ♣❛% ❞❡ ❞✐,❡❝(✐♦♥ ♣,$❢$,❡♥(✐❡❧❧❡ ❞❡ ❧❛ ❞✐,❡❝(✐♦♥ 〈100〉
❡( ❧❡% ♣❧❛♥% 100✱ %❡ ,$♣❛,(✐%%❡♥( $6✉✐(❛❜❧❡♠❡♥( ❞❛♥% (♦✉(❡% ❧❡% ❞✐,❡❝(✐♦♥% ,❛❞✐❛❧❡%
= ❧✬❊6✉❛(❡✉, ✭❛✈❡❝ ✉♥ ❛♥❣❧❡ = ❧✬❛①❡ ❞❡ ,♦(❛(✐♦♥ ❞❡ ❧❛ ❣,❛✐♥❡ ❞❡ ✾✵
◦
✮✳ E♦✉, ❧❡ ❢❡,
❝❢❝✱ ❧❛ (❡①(✉,❡ ❡%(✱ ❝♦♠♠❡ ❡①♣❧✐6✉$ ♣,$❝$❞❡♠♠❡♥(✱ ❧✬♦♣♣♦%$❡ ❞✉ ❢❡, ❝❝✳ ❆✐♥%✐✱ ❧❡%
❞✐,❡❝(✐♦♥% ❝,✐%(❛❧❧♦❣,❛♣❤✐6✉❡% 〈001〉 %♦♥( ,❡❣,♦✉♣$❡% = ✹✺◦ ❞❡ ❧✬❛①❡ ❞❡ ,♦(❛(✐♦♥ ❞❡
❧❛ ❚❡,,❡ ❡( ,$♣❛,(✐❡% %✉, ❧✬❡♥%❡♠❜❧❡ ❞❡% ❞✐,❡❝(✐♦♥% ,❛❞✐❛❧❡%✳
E♦✉, ❧❡ ♠♦❞B❧❡ ❨♦"✲❙,-❛,✱ ❧✬✐♥(❡,♣,$(❛(✐♦♥ ♣❛,❛X( ♣❧✉% ❝♦♠♣❧✐6✉$❡ ❛✉ ♣,❡♠✐❡,
❛❜♦,❞✱ ❛✉ ✈✉ ❞❡% (❡①(✉,❡% (,B% ❝♦♠♣❧❡①❡% 6✉❡ ❧✬♦♥ ♦❜(✐❡♥(✳ ❖♥ ♦❜%❡,✈❡ ❝❡♣❡♥❞❛♥(
❞❡% $❧$♠❡♥(% ❝♦♠♠✉♥% ❛✈❡❝ ❧❡% (❡①(✉,❡% ❞✉ ❢❡, ❤❝✳ ❖♥ ,❡(,♦✉✈❡ ❧❡% (❡①(✉,❡% ❧❡% ♣❧✉%
❢♦,(❡% ❞❛♥% ❧❡ ♣,❡♠✐❡, (✐❡,% ❞❡ ❧❛ ❣,❛✐♥❡✱ ❛✈❡❝ ✉♥❡ ❝♦✉❝❤❡ ✐%♦(,♦♣❡ %✉♣❡,✜❝✐❡❧❧❡ ❡(
❞❡% (❡①(✉,❡% ❢❛✐❜❧❡% ❛✉ ❝❡♥(,❡ ❞❡ ❧❛ ❣,❛✐♥❡✳ E,B% ❞❡ ❧✬❛①❡ ❞❡ ,♦(❛(✐♦♥✱ ♦♥ ❝♦♥%(❛(❡
6✉❡ ❧❡% (❡①(✉,❡% %♦♥( ❛♣♣,♦①✐♠❛(✐✈❡♠❡♥( ❧❡% ♠A♠❡% 6✉❡ ♣♦✉, ❨♦"✲❘❛♥ ♠❛✐% ♣❧✉%
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❆!!▲■❈❆❚■❖◆ ➚ ❉❊❙ ▼❖❉➮▲❊❙ ❆❳■❙❨▼➱❚❘■◗❯❊❙ ❚❨!❊❙
❋✐❣✉$❡ ✺✳✻ ✕ ❚❡①:✉<❡= ❞✉ ❢❡< ❤❝ ❞❛♥= ✉♥ D✉❛<: ❞❡ ♣❧❛♥ ♠H<✐❞✐❡♥ ♣♦✉< ❧❡= ❞❡✉①
♠♦❞K❧❡= ❣H♦❞②♥❛♠✐D✉❡= =❛♥= ♣<H:❡①:✉<❛:✐♦♥ ✿ ❨♦"✲❘❛♥ ❡♥ ❤❛✉: ❡: ❨♦"✲❙()❛( ✭❡♥
❜❛=✮✳ ▲❛ ❝♦❧♦♥♥❡ ❞❡ ❣❛✉❝❤❡ ❝♦<<❡=♣♦♥❞ ❛✉① :❡①:✉<❡= ❞✉ ❢❡< ❝❢❝✱ ❝❡❧❧❡ ❞❡ ❞<♦✐:❡
♠♦♥:<❡♥: ❝❡❧❧❡= ❞✉ ❢❡< ❝❝✳
✽✷
✺✳✷ ❘$%✉❧(❛(%
❋✐❣✉$❡ ✺✳✼ ✕ ❖-✐❡♥(❛(✐♦♥ ❞❡% ❣-❛✐♥% ❞❡ ❢❡- ❝✉❜✐7✉❡ ❞❛♥% ❧❡ ♠♦❞9❧❡ ❨♦"✲❘❛♥ ✿
❢❡- ❝❝ ❡♥ ❤❛✉(✱ ❢❡- ❝❢❝ ❡♥ ❜❛%✳ ❙✉- ❧❛ ❝♦❧♦♥♥❡ ❞❡ ❣❛✉❝❤❡✱ ♦♥ ♠♦♥(-❡ ♣♦✉- ❝❤❛❝✉♥
✉♥❡ ♦-✐❡♥(❛(✐♦♥ ❞❡ ❝-✐%(❛❧ ❝✉❜✐7✉❡ (②♣❡✳ @♦✉- ♦❜(❡♥✐- ❧❡% ✜❣✉-❡% ❞❡ ♣B❧❡ ❞❡% ♣❧❛♥%
❝-✐%(❛❧❧♦❣-❛♣❤✐7✉❡% 001 ✭❝♦❧♦♥♥❡ ❞❡ ❞-♦✐(❡✮✱ ♦♥ ❢❛✐( ✉♥❡ -♦(❛(✐♦♥ ❞❡ ❝❡% ❝-✐%(❛✉①
(②♣❡ ❛✉(♦✉- ❞❡ ❧❛ ❞✐-❡❝(✐♦♥ ✈❡-(✐❝❛❧ ✭❛❧✐❣♥$❡ ❛✈❡❝ ❧✬❛①❡ ❞❡ -♦(❛(✐♦♥ ❞❡ ❧❛ ❚❡--❡✮ ❀
❧✬✐♥❝❧✐♥❛✐%♦♥ ✭♣❛- -❛♣♣♦-( J ❧❛ ✈❡-(✐❝❛❧❡✮ ✈❛-✐❡ ❧$❣9-❡♠❡♥(✱ ❝❡ 7✉✐ ❡%( -❡%♣♦♥%❛❜❧❡
❞❡ ❧✬$♣❛✐%%❡✉- ❞❡ ❧❛ ❜❛♥❞❡ ❞✬♦-✐❡♥(❛(✐♦♥% ❞❛♥% ❧❛ ✜❣✉-❡ ❞❡ ♣B❧❡✳
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❆!!▲■❈❆❚■❖◆ ➚ ❉❊❙ ▼❖❉➮▲❊❙ ❆❳■❙❨▼➱❚❘■◗❯❊❙ ❚❨!❊❙
❢♦67❡9✳ ▲❡9 7❡①7✉6❡9 ❞❡ ❢❡6 ❝❝ ❡7 ❝❢❝ 9♦♥7 ❞♦♥❝ ♦♣♣♦9A❡9✳ !❛6 6❛♣♣♦67 ❛✉① ❞❡✉①
❛✉76❡9 ♠♦❞D❧❡9 ❣A♦❞②♥❛♠✐I✉❡9✱ ❝✬❡97 ❧✉✐ I✉✐ ♣6A9❡♥7❡ ❧❡9 7❡①7✉6❡9 ❧❡9 ♣❧✉9 ❢♦67❡9✳
❉❛♥9 ❧❡9 6A❣✐♦♥9 ❡♥76❡ ✷✵ ❡7 ✼✵
◦
♦O ❧❡9 7❡①7✉6❡9 9♦♥7 ❧❡9 ♣❧✉9 ❢♦67❡9✱ ♦♥ ❛ ✉♥
❛❧✐❣♥❡♠❡♥7 ♣❛67✐❡❧ ❞❡9 ❞✐6❡❝7✐♦♥9 ❝6✐97❛❧❧♦❣6❛♣❤✐I✉❡9 〈100〉 ✭❢❡6 ❝❢❝✮ ❡7 〈110〉 ✭❢❡6 ❝❝✮
❛✈❡❝ ❧❛ ❞✐6❡❝7✐♦♥ 6❛❞✐❛❧❡✳ ❆ ❧✬❊I✉❛7❡✉6✱ ♦♥ ♦❜9❡6✈❡ ✉♥ ❛❧✐❣♥❡♠❡♥7 ❞❡ ❧❛ ❞✐6❡❝7✐♦♥
〈001〉 ♣♦✉6 ❧❡9 ❞❡✉① 976✉❝7✉6❡9✱ ♣❡6♣❡♥❞✐❝✉❧❛✐6❡♠❡♥7 U ❧❛ ❞✐6❡❝7✐♦♥ 6❛❞✐❛❧❡ ❡7 U ✾✵ ◦
❞❡ ❧✬❛①❡ ❞❡ 6♦7❛7✐♦♥✳ ❈❡❧❛ ❝♦66❡9♣♦♥❞ ❛✉① 6A❣✐♦♥9 ❞❡ ❧❛ ❣6❛✐♥❡ ❞❡ ❢❡6 ❤❝ ♦O ♦♥
♦❜9❡6✈❡ ✉♥ 6❡❣6♦✉♣❡♠❡♥7 9✐♠✐❧❛✐6❡9 ❞❡9 ❛①❡9 c U ❧✬❊I✉❛7❡✉6✳
❉❡ ♠❛♥✐D6❡ ❣A♥A6❛❧❡✱ ♦♥ ♣❡✉7 ♠❡776❡ ❡♥ ❛✈❛♥7 ❧❡9 ♣♦✐♥79 9✉✐✈❛♥79 ✿
• ▲✬✐♥7❡♥9✐7A ❞❡9 7❡①7✉6❡9 ❡97 ❣❧♦❜❛❧❡♠❡♥7 ♣❧✉9 ❢❛✐❜❧❡ I✉❡ ♣♦✉6 ❧❡ ❢❡6 ❤❝✱ ♣6♦❜✲
❛❜❧❡♠❡♥7 ❞✉ ❢❛✐7 ❞✉ ♣❧✉9 ❤❛✉7 ❞❡❣6A ❞❡ 9②♠A76✐❡ ❞❡9 976✉❝7✉6❡9 ❝✉❜✐I✉❡9✱
• ❖♥ 6❡76♦✉✈❡ ❧❛ ♠Y♠❡ ❧♦❣✐I✉❡ ❞✬A✈♦❧✉7✐♦♥ ❞❡9 7❡①7✉6❡9 ❡♥76❡ ❧❡9 76♦✐9 ♣❤❛9❡9
❝6✐97❛❧❧✐♥❡9✱
• ▲❡9 ♣❧✉9 ❢♦67❡9 7❡①7✉6❡9 9♦♥7 ❡♥❝♦6❡ ✉♥❡ ❢♦✐9 76♦✉✈A❡9 ♣♦✉6 ❧❡ ♠♦❞D❧❡ ❨♦"✲
❙%&❛%✱ ♠❛✐9 ❝❡❧❧❡9✲❝✐ 9♦♥7 76D9 ❝♦♠♣❧❡①❡9✱
• ❈♦♥76❛✐6❡♠❡♥7 ❛✉ ❢❡6 ❤❝✱ ❧❡9 7❡①7✉6❡9 ♠♦♥76❡♥7 ♣❧✉9✐❡✉69 ▲!❖9✱ 9✉67♦✉7 ❞❛♥9
❧❡ ❝❛9 ❞✉ ♠♦❞D❧❡ 976❛7✐✜A✱ ♦♥ 9✬❛77❡♥❞ ❞♦♥❝ U ✉♥❡ ♣❧✉9 ❣6❛♥❞❡ ❞✐9♣❡69✐♦♥ ❞❡9
6A9✐❞✉9 9✐9♠✐I✉❡9 9②♥7❤A7✐I✉❡9✱
• !♦✉6 ❧❛ ♠Y♠❡ 6❛✐9♦♥ I✉❡ ♣♦✉6 ❧❡ ♣♦✐♥7 ♣6A❝A❞❡♥7✱ ♦♥ ❛77❡♥❞ ✉♥❡ ❛♥✐9♦76♦♣✐❡
❣❧♦❜❛❧❡ ♣❧✉9 ❢❛✐❜❧❡ ❞❛♥9 ❧❡ ❝✉❜✐I✉❡✳
✺✳✷✳✷ ❋✐❣✉'❡) ❞❡ ✈✐,❡))❡ ❞❡) ♦♥❞❡) P
❖♥ ❞A✜♥✐7 ♠❛✐♥7❡♥❛♥7 ✉♥❡ ❞❡♥9✐7A ♠♦②❡♥♥❡ ❞✉ ❢❡6 ❞❛♥9 ❧❛ ❣6❛✐♥❡ ρIC = 13, 154 kg.m
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✳
❖♥ ❛♣♣❧✐I✉❡ ❧❡9 76♦✐9 ♠♦❞D❧❡9 A❧❛97✐I✉❡9 ❞❡ 6A❢A6❡♥❝❡ ❬❱♦↔❛❞❧♦✱ ✷✵✵✼✱ ❱♦↔❛❞❧♦ ❡7 ❛❧✳✱
✷✵✵✽❛✱ ❱♦↔❛❞❧♦ ❡7 ❛❧✳✱ ✷✵✵✾❪ 9✉6 ❧❡9 7❡①7✉6❡9 ❝❛❧❝✉❧A❡9 ❛✉① ♣♦✐♥79 ❞❡ ♠❛✐❧❧❛❣❡ ✭❝❢
❙❡❝7✐♦♥ ♣♦✉6 ❧❛ ♠A7❤♦❞❡ ❞❡ ❝❛❧❝✉❧✮✳
❊7❛♥7 ❞♦♥♥A I✉❡ ❧❡9 ♠♦❞D❧❡9 A❧❛97✐I✉❡9 ❞❡ 6A❢A6❡♥❝❡ ♥❡ ❝♦✉✈6❡♥7 ♣❛9 7♦✉9 ❧❛
♠Y♠❡ ❣❛♠♠❡ ❞❡ ✈✐7❡99❡ ❬❱♦↔❛❞❧♦ ❡7 ❛❧✳✱ ✷✵✵✽❛✱ ❱♦↔❛❞❧♦ ❡7 ❛❧✳✱ ✷✵✵✾❪✱ ✐❧ 9❡6❛✐7
✐♥❝♦❤A6❡♥7 ❞✬✉7✐❧✐9❡6 ❧❛ ♠Y♠❡ A❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉6 ♣♦✉6 ❧❡9 ♣6A9❡♥7❡6✳ ◆♦✉9 ♣6A9❡♥7♦♥9
❞♦♥❝ ❧❡9 6A9✉❧7❛79 ♣♦✉6 ❝❤❛I✉❡ ♣❤❛9❡ ❝6✐97❛❧❧✐♥❡ 9A♣❛6A♠❡♥7 ❛✈❡❝ ✉♥❡ A❝❤❡❧❧❡ ❞❡
❝♦✉❧❡✉6 ❛❞❛♣7A❡ ❡♥ ❢♦♥❝7✐♦♥ ❞✉ ♠♦❞D❧❡ A❧❛97✐I✉❡✳ ■❧ ❡97 ❛✐♥9✐ ❜❡❛✉❝♦✉♣ ♣❧✉9 9✐♠♣❧❡
❞✬♦❜9❡6✈❡6 ❧✬A✈♦❧✉7✐♦♥ ❞❡9 ✈✐7❡99❡9 ❞❡9 ♦♥❞❡9 P ❞❛♥9 ❧❛ ❣6❛✐♥❡✳
✺✳✷✳✷✳✶ ❋✐❣✉(❡* ❞❡ vP ♣♦✉( ❧❡ ❢❡( ❤❝
◆♦✉9 ♣6A9❡♥7♦♥9 ❡♥ ❋✐❣✳ ✺✳✽✱ ❧❡9 ✜❣✉6❡9 ❞❡ ✈✐7❡99❡ ❞❡9 ♦♥❞❡9 P ♦❜7❡♥✉❡9 ♣♦✉6
❧❡ ❢❡6 ❤❝ 9✉6 ✉♥ I✉❛67 ❞❡ ♣❧❛♥ ♠A6✐❞✐❡♥ ♣♦✉6 ❧❡9 76♦✐9 ♠♦❞D❧❡9 ❣A♦❞②♥❛♠✐I✉❡9
♣6♦♣♦9A9 ✿ ❨♦"✲❘❛♥✱ ❨♦"✲❙%&❛% ❡7 ❨♦"✲*❚❡①✳ ◆♦7♦♥9 I✉❡✱ ❝♦♥76❛✐6❡♠❡♥7 ❛✉① ✜❣✉6❡9
❞❡ ♣b❧❡ ❞✉ ❢❡6 ❤❝✱ ❧❡9 ✜❣✉6❡9 ❞❡ vP ♦❜7❡♥✉❡9 9♦♥7 ❞✐✛A6❡♥7❡9 ❞❡ ❝❡❧❧❡9 ❞❡ ❉❡❣✉❡♥
❡7 ❛❧✳ ❬✷✵✶✶❪✳ ◆♦✉9 ♥✬✉7✐❧✐9♦♥9 ❡♥ ❡✛❡7 ♣❛9 ❧❡ ♠Y♠❡ ♠♦❞D❧❡ A❧❛97✐I✉❡ ❞❡ 6A❢A6❡♥❝❡ ✿
♥♦✉9 ♣6❡♥♦♥9 ❧❡ ♠♦❞D❧❡ ❞❡ ❱♦↔❛❞❧♦ ❡7 ❛❧✳ ❬✷✵✵✾❪ U ✺✺✵✵ ❑ 7❛♥❞✐9 I✉❡ ❉❡❣✉❡♥ ❡7 ❛❧✳
❬✷✵✶✶❪ ♦♥7 ✉7✐❧✐9A ❧❡ ♠♦❞D❧❡ U ✺✵✵✵ ❑ ♣♦✉6 ❧❡✉69 ❝❛❧❝✉❧9✳
▲❡ ♠♦❞D❧❡ A❧❛97✐I✉❡ ❞✉ ❢❡6 ❤❝ ❞❡ ❱♦↔❛❞❧♦ ❡7 ❛❧✳ ❬✷✵✵✾❪ U ✺✺✵✵ K ♣6A9❡♥7❡ ✉♥ ❛①❡
a ♣❧✉9 6❛♣✐❞❡ I✉❡ ❧✬❛①❡ c✳ ❆✐♥9✐✱ ✐❧ ❡97 ❧♦❣✐I✉❡ I✉✬♦♥ 6❡76♦✉✈❡ ❧❡9 ✈✐7❡99❡9 ❞❡ ♣6♦♣❛✲
❣❛7✐♦♥ ❞❡9 ♦♥❞❡9 P ❧❡9 ♣❧✉9 ❣6❛♥❞❡9 ❞❛♥9 ❞❡9 ❞✐6❡❝7✐♦♥9 ❝♦66❡9♣♦♥❞❛♥7 ❛✉① ▲!❖9
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❋✐❣✉$❡ ✺✳✽ ✕ ❋✐❣✉/❡% ❞❡ ✈✐(❡%%❡ ❞✉ ❢❡/ ❤❝ %✉/ ✉♥ 7✉❛/( ❞❡ ♣❧❛♥ ♠$/✐❞✐❡♥ ♣♦✉/ ❧❡%
(/♦✐% ♠♦❞;❧❡% ❣$♦❞②♥❛♠✐7✉❡% ❞✐%♣♦♥✐❜❧❡% ✿ ❡♥ ❤❛✉(✱ @ ❣❛✉❝❤❡✱ ❨♦"✲❘❛♥ ❀ ❡♥ ❤❛✉(✱
@ ❞/♦✐(❡✱ ❨♦"✲❙()❛( ❀ ❡( ❡♥ ❜❛%✱ ❨♦"✲*❚❡①✳ ▲❡% ✜❣✉/❡% ❞❡ ✈✐(❡%%❡ ❞❡% ♦♥❞❡% P ✱ vP ✱
%♦♥( ♦/✐❡♥($❡% ❞❛♥% ❧❡ /❡♣;/❡ ♣/✐♥❝✐♣❛❧ ❞❡ ❧❛ ❣/❛✐♥❡ ❛✈❡❝ ❧✬❛①❡ ❞❡ /♦(❛(✐♦♥ ✈❡/% ❧❡
❤❛✉(✳
❞❡% ❛①❡% a✳ F♦✉/ ❧❡ ❢❡/ ❤❝✱ ♦♥ ❝♦♥%(❛(❡ ❣$♥$/❛❧❡♠❡♥( 7✉❡ ❧✬$✈♦❧✉(✐♦♥ ❞❡% ✜❣✉/❡%
❞❡ ✈✐(❡%%❡ ❞❡% ♦♥❞❡% P ♠♦♥(/❡ ❞❡% (❡♥❞❛♥❝❡% ❝❧❛✐/❡%✱ ❝♦❤$/❡♥(❡% ❛✈❡❝ ❧❡% (❡①(✉/❡%
/❡❧❛(✐✈❡♠❡♥( %✐♠♣❧❡% ❛✈❡❝ ❞❡% ♦/✐❡♥(❛(✐♦♥% ❝/✐%(❛❧❧♦❣/❛♣❤✐7✉❡% ♣/$❢$/❡♥(✐❡❧❧❡% ❜✐❡♥
❞$✜♥✐❡% ❡( ♣❡✉ ❞✐%♣❡/%$❡% ✭@ ❧✬❡①❝❡♣(✐♦♥ ❞❡ ❨♦"✲*❚❡① ✮✳
F♦✉/ ❨♦"✲❘❛♥"✱ ❧✬❛♥✐%♦(/♦♣✐❡ ❧❛ ♣❧✉% ❢♦/(❡ ❡%( ❡♥ ♣/♦❢♦♥❞❡✉/✱ ❝❡ 7✉✐ ❝♦//❡%♣♦♥❞
❛✉① /$❣✐♦♥% ♦I ♦♥ (/♦✉✈❡ ❧❡% (❡①(✉/❡% ❧❡% ♣❧✉% ♦/✐❡♥($❡%✳ ●❧♦❜❛❧❡♠❡♥(✱ ♦♥ ♦❜%❡/✈❡
7✉❡ ❧✬❛♥✐%♦(/♦♣✐❡ ❞❡% ♦♥❞❡% P ❡%( ♦/✐❡♥($❡ %❡❧♦♥ ❧❛ ❞✐/❡❝(✐♦♥ ◆♦/❞✲❙✉❞✱ ❛✈❡❝ ✉♥ ❛①❡
/❛♣✐❞❡ ❛❧✐❣♥$ ❛✈❡❝ ❧✬❛①❡ ❞❡ /♦(❛(✐♦♥✳ ▲❡% ✜❣✉/❡% ❧❡% ♣❧✉% ❛♥✐%♦(/♦♣❡% %❡ (/♦✉✈❡♥(
✽✺
❆!!▲■❈❆❚■❖◆ ➚ ❉❊❙ ▼❖❉➮▲❊❙ ❆❳■❙❨▼➱❚❘■◗❯❊❙ ❚❨!❊❙
❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡ =♦>❛>✐♦♥ ❞❡ ❧❛ ❚❡==❡✳ ❊♥ A✉=❢❛❝❡✱ ❧❡ ♠❛>G=✐❛✉ ❡A> ♠♦✐♥A >❡①✲
>✉=G ❡> ❧✬❛♠♣❧✐>✉❞❡ ❞❡ ❧✬❛♥✐A♦>=♦♣✐❡ ◆♦=❞✲❙✉❞ ❞G❝=♦J> K ♠❡A✉=❡ L✉✬♦♥ A❡ =❛♣♣=♦❝❤❡
❞❡ ❧✬■❈❇ ♦O ♦♥ =❡>=♦✉✈❡ ❞❡A ✜❣✉=❡A ❛❧G❛>♦✐=❡A✱ ❝❛=❛❝>G=✐A>✐L✉❡A ❞✬✉♥❡ >❡①>✉=❡ ❞❡
❝=✐A>❛❧❧✐A❛>✐♦♥ A❛♥A ♣=G>❡①>✉=❛>✐♦♥✳
!❛=♠✐ ❧❡A >=♦✐A ♠♦❞R❧❡A G>✉❞✐GA✱ ❨♦"✲❙%&❛% ❡A> ❧❡ ♠♦❞R❧❡ ❣G♦❞②♥❛♠✐L✉❡ L✉✐
♣=GA❡♥>❡ ❧❡A >❡①>✉=❡A ❧❡A ♣❧✉A ❢♦=>❡A ✭❋✐❣✳ ✺✳✺✮✳ ❆ ❝❡ >✐>=❡✱ ✐❧ ♥✬❡A> ♣❛A A✉=♣=❡♥❛♥>
L✉❡ A♦♥ ❛♥✐A♦>=♦♣✐❡ ❞❡A ✈✐>❡AA❡A ❞✬♦♥❞❡A P ❡①♣=✐♠G❡ A♦✐> ♥❡>>❡♠❡♥> A✉♣G=✐❡✉=❡
K ❝❡❧❧❡A ❞❡A ❞❡✉① ❛✉>=❡A ♠♦❞R❧❡A ❣G♦❞②♥❛♠✐L✉❡A ✿ ❞❡ ❧✬♦=❞=❡ ❞❡ ✺✪✱ ♣♦✉= ✷✱✻✪
❛✈❡❝ ❨♦"✲(❚❡① ❡> ✶✱✸✪ A❡✉❧❡♠❡♥> ♣♦✉= ❨♦"✲❘❛♥✳ ▲❡A ✜❣✉=❡A ❞❡ ✈✐>❡AA❡A ♠♦♥>=❛♥>
❧❛ ♣❧✉A ❢♦=>❡ ❛♥✐A♦>=♦♣✐❡ A♦♥> K ♥♦✉✈❡❛✉ ❛AA♦❝✐G❡A ❛✉① =G❣✐♦♥A ❧❡A ♣❧✉A >❡①>✉=G❡A✱
♣=♦❝❤❡A ❞❡ ❧❛ A✉=❢❛❝❡✳ ❖♥ ♦❜A❡=✈❡ ❣❧♦❜❛❧❡♠❡♥> L✉✬❡♥>=❡ ✷✵ ❡> ✾✵
◦
✱ ❧❛ ❞✐=❡❝>✐♦♥
=❛♣✐❞❡ ❞❡A ♦♥❞❡A P ❡A> ♣❡=♣❡♥❞✐❝✉❧❛✐=❡ K ❧❛ ❞✐=❡❝>✐♦♥ =❛❞✐❛❧❡✱ ❡> ❝♦♠♣=✐A❡ ❞❛♥A ❧❡
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;✉6 ❧❡; ✜❣✉6❡; ❞❡ vP ❞✉ ♠♦❞H❧❡✳ ▲❛ ♠❡;✉6❡ ❞❡ ❧✬❛♥✐;♦86♦♣✐❡ ❣❧♦❜❛❧❡ ♣❛6 ❧✬❛❥✉;8❡♠❡♥8
K✉❛❞6❛8✐K✉❡ ❞✉ ✜8 ;✐;♠♦❧♦❣✐K✉❡ ;❡♠❜❧❡ ❛;;❡③ ♠❛❧ ❛❞❛♣8D❡✳
!♦✉6 ❧❡ ❢❡6 ❝❢❝✱ ❧✬❛❥✉;8❡♠❡♥8 ;❡♠❜❧❡ ♠✐❡✉① ❛❞❛♣8D ❛✉ ♥✉❛❣❡ ❞❡ ♣♦✐♥8; ♠❛✐; ✐❧
♥❡ ♣❡6♠❡8 ♣❛; ❞❡ 6❡♥❞6❡ ❝♦♠♣8❡ ❞❡ ❧❛ ❢♦68❡ ❞✐;♣❡6;✐♦♥✳ ❊♥86❡ ✸✵ ❡8 ✼✵
◦
✱ ♦♥ 86♦✉✈❡
U ❧❛ ❢♦✐; ❧❡; 6❛✐; ❧❡; ♣❧✉; 6❛♣✐❞❡; ❡8 ❧❡; ♣❧✉; ❧❡♥8;✳ ▲❛ ❣6❛♥❞❡ ♠❛❥♦6✐8D ❞❡; 6D;✐❞✉;
;❡ 86♦✉✈❡♥8 ❝❡♣❡♥❞❛♥8 ❛✉8♦✉6 ❞❡ δt/t = 0✳ ▲❡; 86❛❥❡❝8♦✐6❡; ♣♦❧❛✐6❡; ❡8 DK✉❛8♦6✐❛❧❡;
;♦♥8 ❡♥ ♠♦②❡♥♥❡ ♣❧✉; 6❛♣✐❞❡; K✉❡ ♣♦✉6 ❧❡; ❛♥❣❧❡; ✐♥8❡6♠D❞✐❛✐6❡;✳ ❖♥ ♦❜;❡6✈❡ ✉♥❡
❢♦68❡ ❞✐;♣❡6;✐♦♥ ❞❡; ♣♦✐♥8; U ❧❛ ❢♦✐; U ✵ ❡8 ✾✵
◦
✳ ▲❡ ✜8 ;✐;♠♦❧♦❣✐K✉❡ ♠♦♥86❡ K✉✬❡♥
♠♦②❡♥♥❡ ❝❡ ;♦♥8 ❧❡; 6❛✐; ♣♦❧❛✐6❡; K✉✐ ;♦♥8 ❧❡; ♣❧✉; 6❛♣✐❞❡;✱ ♠❛✐;✱ U ❧✬♦❡✐❧ ♥✉✱ ❝✬❡;8
U ♣❡✉ ♣6H; DK✉✐✈❛❧❡♥8✳
✺✳✷✳✸✳✷ ❉1♣❡♥❞❛♥❝❡ 4 ❧❛ ♣'♦❢♦♥❞❡✉'
▲❛ ❋✐❣✳ ✺✳✶✷ ♣6D;❡♥8❡ ❧❡; ♣6♦✜❧; ❝♦♠♣❧❡8; ❞❡; 6D;✐❞✉; ;✐;♠✐K✉❡; ;②♥8❤D8✐K✉❡; ❡♥
❢♦♥❝8✐♦♥ ❞❡ ❧❛ ♣6♦❢♦♥❞❡✉6 ❞❡ 6❡8♦✉6♥❡♠❡♥8 ❞❡; 6❛✐; ♣♦✉6 ❧❡; 86♦✐; ♠♦❞H❧❡; ❣D♦❞②✲
♥❛♠✐K✉❡; ❛①✐;②♠D86✐K✉❡; D8✉❞✐D; ✿ ❖♥ ♥❡ ;✬✐♥8D6❡;;❡ ♠❛✐♥8❡♥❛♥8 K✉✬❛✉① ♠♦❞H❧❡;
♣♦✉6 ❧❡;K✉❡❧; ❧✬❛♥✐;♦86♦♣✐❡ ❡;8 ♠❡;✉6❛❜❧❡✳
❈❛" ❞✉ ❢❡' ❤❝
!♦✉6 ❧❡ ❢❡6 ❤❝✱ ♦♥ ♦❜;❡6✈❡ K✉❡ ❧❛ ❞D♣❡♥❞❛♥❝❡ U ❧❛ ♣6♦❢♦♥❞❡✉6 ✈❛6✐❡ D♥♦6♠D♠❡♥8
❞✬✉♥ ♠♦❞H❧❡ ❣D♦❞②♥❛♠✐K✉❡ U ❧✬❛✉86❡✳ !♦✉6 ❧❡ ♠♦❞H❧❡ ❨♦"✲❘❛♥✱ ❧❛ 8❡♥❞❛♥❝❡ ❡;8
✉♥✐❢♦6♠❡ ❛✈❡❝ ✉♥❡ ❛♥✐;♦86♦♣✐❡ ◆♦6❞✲❙✉❞ K✉✐ ❛✉❣♠❡♥8❡ 6D❣✉❧✐H6❡♠❡♥8 ❛✈❡❝ ❧❛ ♣6♦✲
❢♦♥❞❡✉6✳ ▲❛ ❝♦✉❝❤❡ ;✉♣❡6✜❝✐❡❧❧❡ ✐;♦86♦♣❡ ❡;8 ✈✐;✐❜❧❡ ❝❛6 ❡❧❧❡ ❡;8 ♠❛6K✉D❡ ♣❛6 ❞❡;
6D;✐❞✉; ;✐;♠✐K✉❡ ♥✉❧; ✭❡♥ ❥❛✉♥❡✮✳ ❆✈❡❝ ❧❛ ♣6♦❢♦♥❞❡✉6✱ ❧✬❛♥✐;♦86♦♣✐❡ ❛✉❣♠❡♥8❡ ❞♦♥❝
❞❡ ✵ U ✶✱✷✪✱ U ❝♦♠♣❛6❡6 ❛✈❡❝ ❧❡; ✵✱✼✪ ❢♦✉6♥✐; ♣❛6 ❧✬❛❥✉;8❡♠❡♥8 K✉❛❞6❛8✐K✉❡ ✭❋✐❣✳
✾✵
✺✳✷ ❘$%✉❧(❛(%
❋✐❣✉$❡ ✺✳✶✷ ✕ ❘$%✐❞✉% %✐%♠✐/✉❡% %②♥(❤$(✐/✉❡% ♣♦✉6 ❧✬❡♥%❡♠❜❧❡ ❞❡% ♠♦❞9❧❡% ❣$♦✲
❞②♥❛♠✐/✉❡% ❡( ❞❡% ♠♦❞9❧❡% $❧❛%(✐/✉❡% $(✉❞✐$%✳ ❊♥ ❤❛✉(✱ ❧❡% %♣❡❝(6❡% ❞❡ 6$%✐❞✉%
%✐%♠✐/✉❡% ❞❡% (6♦✐% ♠♦❞9❧❡% ❣$♦❞②♥❛♠✐/✉❡% ♣♦✉6 ❧❡ ❢❡6 ❤❝✱ ❞❡ ❣❛✉❝❤❡ @ ❞6♦✐(❡ ✿
❨♦"✲❘❛♥✱ ❨♦"✲❙()❛( ❡( ❨♦"✲*❚❡①✳ ▲❡% ❧✐❣♥❡% ❞✉ ♠✐❧✐❡✉ ✭❢❡6 ❝❝✮ ❡( ❞✉ ❜❛% ✭❢❡6 ❝❢❝✮
♣6$%❡♥(❡♥( ❧❡% %♣❡❝(6❡% ❞❡ 6$%✐❞✉% %✐%♠✐/✉❡% ❞❡% ❞❡✉① ♠♦❞9❧❡% ❣$♦❞②♥❛♠✐/✉❡% ✿
❨♦"✲❘❛♥ @ ❣❛✉❝❤❡ ❡( ❨♦"✲❙()❛( @ ❞6♦✐(❡✳ ▲❡% 6$%✐❞✉% %✐%♠✐/✉❡% %②♥(❤$(✐/✉❡% %♦♥(
✐♥❞✐/✉$% ♣❛6 ❞❡% ♣♦✐♥(% ❞❡ ❝♦✉❧❡✉6% ❞✐✛$6❡♥(❡%✱ ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧❛ ♣6♦❢♦♥❞❡✉6 ❞❡
6❡(♦✉6♥❡♠❡♥( ❞❡% 6❛✐% %✐%♠✐/✉❡% ❝♦66❡%♣♦♥❞❛♥(% ✿ ❞❡% ♣❧✉% %✉♣❡6✜❝✐❡❧% ✭❥❛✉♥❡✮ ❛✉①
♣❧✉% ♣6♦❢♦♥❞% ✭♥♦✐6✮✳
✺✳✶✶✮✳ ❈♦♠♠❡ ❧❡% ♣6♦♣6✐$($% $❧❛%(✐/✉❡% %♦♥( ♣6❡%/✉❡ ❤♦♠♦❣9♥❡% ♣♦✉6 ✉♥❡ ❣❛♠♠❡
❞❡ ♣6♦❢♦♥❞❡✉6 ❞♦♥♥$❡✱ ❧❛ ❞✐%♣❡6%✐♦♥ ❡%( (69% ❢❛✐❜❧❡✳
J♦✉6 ❧❡ ♠♦❞9❧❡ ❨♦"✲❙()❛( ❛✈❡❝ ❧❡ ❢❡6 ❤❝✱ ❧✬$✈♦❧✉(✐♦♥ ❡%( ♠♦✐♥% ♥❡((❡✳ ❖♥ ♥❡
6❡(6♦✉✈❡ ♣❛% ❝♦♠♣❧9(❡♠❡♥( ❧❛ ❝♦✉❝❤❡ ✐%♦(6♦♣❡ %✉♣❡6✜❝✐❡❧❧❡ ❛✈❡❝ ❞❡% 6$%✐❞✉% ♥✉❧%
✾✶
❆!!▲■❈❆❚■❖◆ ➚ ❉❊❙ ▼❖❉➮▲❊❙ ❆❳■❙❨▼➱❚❘■◗❯❊❙ ❚❨!❊❙
✭✈✐7✐❜❧❡7 ♣❛= >=❛♥7♣❛=❡♥❝❡ 7♦✉7 ❧❡7 =C7✐❞✉7 =♦✉❣❡7✮✳ ▲❛ ❝♦✉❝❤❡ 7✉♣❡=✜❝✐❡❧❧❡ ❛ ✉♥❡
C♣❛✐77❡✉= ✜①C❡ K ✶✺✵ ❦♠✳ ▲❡7 ✜❣✉=❡7 ❞❡ vP ❧❡7 ♣❧✉7 ❛♥✐7♦>=♦♣❡7 7♦♥> 7✐>✉C❡7 ❥✉7>❡ ❡♥
❞❡77♦✉7 ❞❡ ❝❡>>❡ ❝♦✉❝❤❡ 7✉♣❡=✜❝✐❡❧❧❡✳ ▲❡7 =❛✐7 ❥❛✉♥❡7 ❧❡7 ♣❧✉7 ♣=♦❢♦♥❞7 C❝❤❛♥>✐❧❧♦♥✲
♥❡♥> ❝❡>>❡ =C❣✐♦♥ ❢♦=>❡♠❡♥> ❛♥✐7♦>=♦♣❡ ❡♥>=❡ ✸✵ ❡> ✼✵
◦
✱ ❝❡ W✉✐ ❡①♣❧✐W✉❡ ❧❡7 =❛✐7 >=X7
=❛♣✐❞❡7 7✉♣❡=✜❝✐❡❧❧❡7✳ ❈♦♠♠❡ ❧❡ ❞❡❣=C ❞✬❛♥✐7♦>=♦♣✐❡ ❞C❝=♦Z> ❛✈❡❝ ❧❛ ♣=♦❢♦♥❞❡✉=✱ ❧❡7
=❛✐7 ♣❧✉7 ♣=♦❢♦♥❞7 7♦♥❞❡♥> ❞❡ ♣❧✉7 ❡♥ ♣❧✉7 ❞❡ ♠❛>C=✐❡❧7 ♣❡✉ ❛♥✐7♦>=♦♣❡ ❛✉ ❝♦✉=7 ❞❡
❧❡✉=7 >=❛❥❡>7✳ ▲❡7 =C7✐❞✉7 7♦♥> ❞♦♥❝ ❞❡ ♣❧✉7 ❡♥ ♣❧✉7 ♥C❣❛>✐❢7✱ ♠❛=W✉❛♥> ❞❡7 ✈✐>❡77❡7
❞❡ ♣=♦♣❛❣❛>✐♦♥ ❧❡♥>❡7✳
!♦✉= ❧❡ ♠♦❞X❧❡ ❨♦"✲$❚❡①✱ ✐❧ ♥✬② ❛ ♣❛7 ❞❡ ❝♦✉❝❤❡ ✐7♦>=♦♣❡ ❞❡ 7✉=❢❛❝❡✳ ❖♥ ❛
❞♦♥❝ ❞C❥K ✉♥❡ ❞✐7♣❡=7✐♦♥ ♣♦✉= ❧❡7 =C7✐❞✉7 7✉♣❡=✜❝✐❡❧7✳ ❖♥ ♦❜7❡=✈❡ W✉❡ ❧✬❛♥✐7♦>=♦♣✐❡
❛✉❣♠❡♥>❡ ❛✈❡❝ ❧❛ ♣=♦❢♦♥❞❡✉=✱ ❝❡ W✉✐ 7✬❡①♣❧✐W✉❡ ♣❛= ❧✬❡①✐7>❡♥❝❡ ❞✬✉♥ ❝♦❡✉= C❣❛❧❡♠❡♥>
❛♥✐7♦>=♦♣❡✳
❈❛" ❞✉ ❢❡' ❝✉❜✐+✉❡
▲❡7 =C7✐❞✉7 7✉♣❡=✜❝✐❡❧7 7♦♥> =❡7♣♦♥7❛❜❧❡7 ❞❡ ❧❛ ❣=❛♥❞❡ ❞✐7♣❡=7✐♦♥ ♦❜7❡=✈C❡ 7✉= ❧❛
❋✐❣✳ ✺✳✶✶✳ ❈✬❡7> ❡♥ ❡✛❡> ♣♦✉= ❝❡>>❡ ♣=❡♠✐X=❡ ❣❛♠♠❡ ❞❡ ♣=♦❢♦♥❞❡✉=7 7✉♣❡=✜❝✐❡❧❧❡7
W✉✬♦♥ C❝❤❛♥>✐❧❧♦♥♥❡ ❧❡ ♣❧✉7 ✭❡♥ ♣=♦♣♦=>✐♦♥7✮ ❧❛ ③♦♥❡ >=X7 ❛♥✐7♦>=♦♣❡7✱ 7♦✉7 ❧❛ 7✉=❢❛❝❡
✐7♦>=♦♣❡✳ ❊♥7✉✐>❡✱ ❧✬❛♥✐7♦>=♦♣✐❡ ♥❡ ❝❡77❡ ❞❡ ❞✐♠✐♥✉❡= ❛✈❡❝ ❧❛ ♣=♦❢♦♥❞❡✉=✱ K ♠❡7✉=❡
W✉✬♦♥ C❝❤❛♥>✐❧❧♦♥♥❡ ❞❡ ♣❧✉7 ❡♥ ♣❧✉7 ❞❡ ♠❛>C=✐❛✉ ✐7♦>=♦♣❡✳
✺✳✷✳✸✳✸ ❇✐❧❛♥
❖♥ ♣❡✉> =C7✉♠❡= ♥♦7 ♦❜7❡=✈❛>✐♦♥7 ❞❡ ❧❛ ♠❛♥✐X=❡ 7✉✐✈❛♥>❡✳ !♦✉= ❧❡ ❢❡= ❝✉❜✐W✉❡✱ ✐❧
♥❡7> ♣❛7 ♣♦77✐❜❧❡ ❞✬♦❜>❡♥✐= ✉♥❡ ❛♥✐7♦>=♦♣✐❡ ❢♦=>❡ ❛✈❡❝ ❝❡7 ♠♦❞X❧❡7 C❧❛7>✐W✉❡7✳ !♦✉=
❧❡ ♠♦❞X❧❡ ❨♦"✲❘❛♥✱ ✐❧ ♥✬② ❛ ♠_♠❡ ❛✉❝✉♥❡ ❛♥✐7♦>=♦♣✐❡ ❣❧♦❜❛❧❡ ♠❡7✉=❛❜❧❡✳ !♦✉= ❧❡
♠♦❞X❧❡ ❨♦"✲❙,-❛, ❡♥ =❡✈❛♥❝❤❡✱ ✐❧ ② ❛ ✉♥❡ ❛♥✐7♦>=♦♣✐❡ ♠❡7✉=❛❜❧❡✱ ❜✐❡♥ W✉❡ ❢❛✐❜❧❡✳
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45◦
P
❡♥ ❢♦♥❝.✐♦♥ ❞❡
∆V
V
∣
∣
c−a
P
✳ #♦✉$ ❝❤❛2✉❡ ♠♦❞:❧❡
-❧❛7.✐2✉❡✱ ♦♥ ❝♦♥♥❛I. ❧❛ ✈❛❧❡✉$ ❞❡ ❧✬❛♥✐7♦.$♦♣✐❡ ❣❧♦❜❛❧❡✳ ❖♥ ♣$♦❝:❞❡ ✜♥❛❧❡♠❡♥. K
✉♥❡ ✐♥.❡$♣♦❧❛.✐♦♥ ❜✐❧✐♥-❛✐$❡ ❞❡ ❧✬❛♥✐7♦.$♦♣✐❡ ❣❧♦❜❛❧❡✱ ❛✜♥ ❞✬❡①.$❛♣♦❧❡$ ❧✬❛♥✐7♦.$♦♣✐❡
❡♥.$❡ ❧❡7 ♠♦❞:❧❡7 -❧❛7.✐2✉❡7 ❡. ❛✐♥7✐ ❝♦♥7.$✉✐$❡ ✉♥❡ ❝❛$.❡ ❞✬❛♥✐7♦.$♦♣✐❡ ❝♦♠♣❧:.❡✳
#♦✉$ ❧❡ ♠♦❞:❧❡ ❨♦"✲❘❛♥✱ ❧❛ ❝❛$.❡ ♦❜.❡♥✉❡ ❡7. ♣$-7❡♥.-❡ ❡♥ ❋✐❣✳ ✻✳✹✳ ❖♥ ♦❜7❡$✈❡
✉♥❡ .❡♥❞❛♥❝❡ ❞❛♥7 ❧✬-✈♦❧✉.✐♦♥ ❞❡ ❧✬❛♥✐7♦.$♦♣✐❡ ❣❧♦❜❛❧❡ ❡♥ ❢♦♥❝.✐♦♥ ❞❡7 ♣❛$❛♠:.$❡7
-❧❛7.✐2✉❡7 ❞❡7 ♠♦❞:❧❡7 -❧❛7.✐2✉❡7✱ 2✉✐ ❡7. ❝❛$❛❝.-$✐7.✐2✉❡ ❞✉ ♠♦❞:❧❡ ❣-♦❞②♥❛♠✐2✉❡
$❡♣$-7❡♥.-✳
#❛$ ❧❛ 7✉✐.❡✱ ♥♦✉7 ❝❤♦✐7✐77♦♥7 ❞✬❡✛❡❝.✉❡$ ✉♥❡ ✐♥.❡$♣♦❧❛.✐♦♥ ♣❛$ ✈♦✐7✐♥7 ♣$♦❝❤❡7
❛✈❡❝ ✉♥❡ ❣$✐❧❧❡ ❞❡ ✶✺✵ ♣♦✐♥.7✳ ■❧ 7✬❛❣✐77❛✐. ♣♦✉$ ♥♦✉7 ❞✉ ♠❡✐❧❧❡✉$ ❝♦♠♣$♦♠✐7 ❡♥.$❡
❧❡ ❧✐77❛❣❡ ❞❡7 ❧✐❣♥❡7 ❞❡ ❝♦♥.♦✉$ ❡. ❧❛ ❥✉7.❡77❡ ❞❡ ❧❛ $❡♣$-7❡♥.❛.✐♦♥✳
✻✳✷✳✷ ▼$%❤♦❞❡ ❞❡ %✐+❛❣❡ ❛❧$❛%♦✐+❡
◆♦✉7 ❛✈♦♥7 ♣$♦❞✉✐. ♣❧✉7 ❞❡ ✸✵✵✵ ♠♦❞:❧❡7 -❧❛7.✐2✉❡7 7②♥.❤-.✐2✉❡7 ❛✜♥ ❞❡ ❝♦✉✈$✐$
.♦✉.❡7 ❧❡7 ❢♦$♠❡7 .❤-♦$✐2✉❡♠❡♥. 7.❛❜❧❡7 ❞❡ ♠♦❞:❧❡7 -❧❛7.✐2✉❡7 ❡. -.✉❞✐❡$ ♣$-❝✐7-✲
♠❡♥. ❧✬✐♠♣❛❝. ❞❡ ❝❡❧❧❡7✲❝✐ 7✉$ ❧❛ $-♣♦♥7❡ 7✐7♠♦❧♦❣✐2✉❡ ❞❡ ❧❛ ❣$❛✐♥❡✳ ◆♦✉7 ❛✈♦♥7
♣♦✉$ ❝❡❧❛ ✉.✐❧✐7- ✉♥❡ ❛♣♣$♦❝❤❡ ❛❧-❛.♦✐$❡ ❛✈❡❝ ✉♥ .✐$❛❣❡ ❞❡ .②♣❡ ▼♦♥.❡✲❈❛$❧♦ 7✉$ ❧❡7
❝♦♥7.❛♥.❡7 -❧❛7.✐2✉❡7 ❞✉ ♠♦♥♦❝$✐7.❛❧✳
✶✵✸
C11 − C12 > 0
C11 + C12 + C33 > 0
(C11 + C12)C33 − 2C213 > 0
C44 > 0
C11 − C12 > 0
C11 + 2C12) > 0
C44 > 0
±15%
K = 1384, 4
G = 166.4
K G cIJ
cIJ
±15%
❆!!▲■❈❆❚■❖◆ ➚ ❉❊❙ ▼❖❉➮▲❊❙ ❆❳■❙❨▼➱❚❘■◗❯❊❙ ❚❨!❊❙ ❊◆ ➱❚❯❉❊
!❆❘❆▼➱❚❘■◗❯❊
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❋✐❣✉$❡ ✻✳✻ ✕ ❱✐9❡;;❡ ♠♦②❡♥♥❡ ❞❡; ♦♥❞❡; P ❛✉ ;❡✐♥ ❞❡; ♣♦✐♥9; ❞❡ ♠❛✐❧❧❛❣❡ ❞❛♥; ❧❛
❣F❛✐♥❡ ❡♥ ❢♦♥❝9✐♦♥ ❞❡ ❧❛ ✈✐9❡;;❡ ♠♦②❡♥♥❡ ❞❡ ❍✐❧❧ ❝♦FF❡;♣♦♥❞❛♥9❡ ♣♦✉F ❧✬❡♥;❡♠❜❧❡
❞❡; ♠♦❞M❧❡; N❧❛;9✐O✉❡; ♣♦✉F ❧❡; ♠♦❞M❧❡; ❣N♦❞②♥❛♠✐O✉❡; ❨♦"✲❘❛♥ ✭❛✮✱ ❨♦"✲❙*+❛*
✭❜✮ ❡9 ❨♦"✲-❚❡① ✭❝✮✳
❍✉♠❜❡F9✱ ✶✾✾✺✱ ▼❛99❤✐❡; ❡9 ❛❧✳✱ ✷✵✵✶❪ ✭❝❢ ❙❡❝9✐♦♥ ✷✳✷✳✸✮✳ ◆♦✉; N✈❛❧✉♦♥; ❡♥;✉✐9❡ ❧❛
❧❡♥9❡✉F ❞❛♥; ❧❛ ❞✐F❡❝9✐♦♥ ❞❡ ♣F♦♣❛❣❛9✐♦♥ ❞❡; F❛✐; ❡♥ FN;♦❧✈❛♥9 ❧✬❊O✳ ✷✳✶✽ ✭♣❛❣❡ ✸✻✮✳
❈❡99❡ ♠N9❤♦❞❡ ;✉♣♣♦;❡ ✉♥❡ ❛♣♣F♦①✐♠❛9✐♦♥ ❞❡ 9②♣❡ ❱♦✐❣9✱ ♦] ❧❡ ❞N♣❧❛❝❡♠❡♥9
❞✬♦♥❞❡ ✐♠♣♦;❡ ✉♥❡ ❞N❢♦F♠❛9✐♦♥ ✉♥✐❢♦F♠❡✳ ❈❡❧❛ ♣❡✉9 ^9F❡ _ ❧✬♦F✐❣✐♥❡ ❞✬✐♥;9❛❜✐❧✐9N;
♥✉♠NF✐O✉❡; ♥♦♥✲♥N❣❧✐❣❡❛❜❧❡; ❞❛♥; ♥♦9F❡ ♠♦❞M❧❡ O✉❡ ♥♦✉; ❡;9✐♠♦♥; ✐❝✐ ❞❛♥; ❧❡ ❝❛;
❞✉ ❢❡F ❤❝✳
▲❛ ❋✐❣✳ ✻✳✻ ♣FN;❡♥9❡ ❧❛ ✈✐9❡;;❡ ♠♦②❡♥♥❡ ❞❡; ♦♥❞❡; P ❞❛♥; ❧❛ ❣F❛✐♥❡ ❡♥ ❢♦♥❝9✐♦♥
❞❡ ❧✬❛♥✐;♦9F♦♣✐❡ ♠♦♥♦❝F✐;9❛❧❧✐♥❡ ♣♦✉F 9♦✉; ❧❡; ♠♦❞M❧❡; N❧❛;9✐O✉❡; O✉❡ ♥♦✉; ❛✈♦♥;
❣N♥NFN; ❧♦F; ❞✉ 9✐F❛❣❡ ❞❡ ▼♦♥9❡✲❈❛F❧♦✳ !♦✉F ❝❤❛O✉❡ ❝♦✉♣❧❡ N❧❛;9✐O✉❡✲❣N♦❞②♥❛♠✐O✉❡
❡9 ♣♦✉F ❝❤❛O✉❡ ♣♦✐♥9 ❞❡ ♠❛✐❧❧❛❣❡✱ ♥♦✉; ♣F♦❝N❞♦♥; ❛✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞❡; vP ✱
♦❜9❡♥✉❡; ♣❛F ❧❛ FN;♦❧✉9✐♦♥ ❞❡ ❧✬NO✉❛9✐♦♥ ❞❡ ❈❤F✐;9♦✛❡❧ ❞❛♥; ❧✬❡♥;❡♠❜❧❡ ❞❡; ♦F✐❡♥✲
9❛9✐♦♥; ❞✐;❝FN9✐;N❡; ❞❡ ❧✬❡;♣❛❝❡✳ ◆♦✉; ❝❛❧❝✉❧♦♥; ❡♥✜♥ ❧❛ ♠♦②❡♥♥❡ vP ❝♦FF❡;♣♦♥❞❛♥9
_ ❧✬❡♥;❡♠❜❧❡ ♠♦❞M❧❡ ❣N♦❞②♥❛♠✐O✉❡✲♠♦❞M❧❡ N❧❛;9✐O✉❡ ❝♦♥;✐❞NFN❡ ❡♥ ♠♦②❡♥♥❛♥9 ❧❡;
vP ❛✉① ♣♦✐♥9; ❞❡ ♠❛✐❧❧❛❣❡✳ ❉❡ ♠❛♥✐MF❡ ❣N♥NF❛❧❡✱ ♦♥ ❝♦♥;9❛9❡ ❜✐❡♥ ✉♥ ❜♦♥ ❛❝❝♦F❞
❡♥9F❡ ❝❡; vP ♠♦②❡♥♥❡; ✭❛;;✐♠✐❧N❡; ❱♦✐❣9✮ ❡9 ❧❡; vP ❞❡ ❍✐❧❧ ❝♦FF❡;♣♦♥❞❛♥9❡;✳
▲❡; ❞✐✣❝✉❧9N; ❛♣♣❛F❛✐;;❡♥9 ❧♦F;O✉✬♦♥ N9✉❞✐❡ ♣❧✉; ❡♥ ❞N9❛✐❧ ❧✬N✈♦❧✉9✐♦♥ ❞❡; ✈✐9❡;;❡;
❞❡; ♦♥❞❡; P ❛✉ ;❡✐♥ ❞✉ ♠❛✐❧❧❛❣❡ ♣♦✉F ✉♥❡ ♠^♠❡ ❛;;♦❝✐❛9✐♦♥ ♠♦❞M❧❡ ❣N♦❞②♥❛♠✐O✉❡✲
♠♦❞M❧❡ N❧❛;9✐O✉❡✳ ▲❛ ❋✐❣✳ ✻✳✼ ♣FN;❡♥9❡ ❧❛ ❞✐✛NF❡♥❝❡ ❡♥9F❡ ❧❡; ✈✐9❡;;❡; ♠♦②❡♥♥❡; ❞❡;
♦♥❞❡; P ♠❛①✐♠❛❧❡ ❡9 ♠✐♥✐♠❛❧❡ ❡♥9F❡ ❧❡; ♣♦✐♥9; ❞❡ ❧❛ ❣F✐❧❧❡ ❞❡ FN❢NF❡♥❝❡ ❡♥ ❢♦♥❝9✐♦♥
❞❡ ∆V/V |c−aP ❛♥❞ ∆V/V |
45◦
P ♣♦✉F ❧❡; 9F♦✐; ♠♦❞M❧❡; ❣N♦❞②♥❛♠✐O✉❡;✳ !♦✉F ❝❡F9❛✐♥;
♠♦❞M❧❡; N❧❛;9✐O✉❡; ♠❛❧❢♦F♠N;✱ ❝❡❧❧❡✲❝✐ ♣❡✉9 ❛99❡✐♥❞F❡ ❞❡; ✈❛❧❡✉F; ❛❜NF❛♥9❡; ❥✉;O✉✬_
4 km.s−1✳ ❊♥ ❝♦♥;NO✉❡♥❝❡✱ ❝❡❧❛ ❝FN❡ ✉♥❡ ✐♥;9❛❜✐❧✐9N ♥❡99❡ ❞❛♥; ❧❡ ❝❛❧❝✉❧ ❞❡; FN;✐❞✉;
❞❡ 9❡♠♣; ❞❡ 9F❛❥❡9 O✉✐ ♥❡ ♣FN;❡♥9❡ ♣❛; ❞✬❛♠N❧✐♦F❛9✐♦♥ ♣♦;;✐❜❧❡✱ ❤♦F♠✐; ❧❡ ❝❛❧❝✉❧
❞❡; ♠♦②❡♥♥❡; ❞❡ ❍✐❧❧ ✉♥✐O✉❡♠❡♥9✱ ❝❡ O✉✐ ♥✬❡;9 ♣❛; ♣♦;;✐❜❧❡ ❛❝9✉❡❧❧❡♠❡♥9✳
❆ 9✐9F❡ ❞✬❡①❡♠♣❧❡✱ ♦♥ ♠♦♥9F❡ ❡♥ ❋✐❣✳ ✻✳✽ ❞❡✉① ♣F♦✜❧; ❞❡ FN;✐❞✉; ;✐;♠✐O✉❡;
♦❜9❡♥✉; ♣♦✉F ❧❡ ♠^♠❡ ♠♦❞M❧❡ ❣N♦❞②♥❛♠✐O✉❡✱ ❧❛ ♠^♠❡ ♣❤❛;❡ ❝F✐;9❛❧❧✐♥❡ ✭❞✉ ❢❡F
❤❝✱ ❡♥ ❧✬♦❝❝✉F❡♥❝❡✮ ❡9 ❞❡; ♠♦❞M❧❡; N❧❛;9✐O✉❡; ❞✐✛NF❡♥9; ♠❛✐; ❛✉① ♣❛F❛♠M9F❡; N❧❛;✲
9✐O✉❡; 9FM; ♣F♦❝❤❡;✳ ▲❡; FN;✐❞✉; ;✐;♠✐O✉❡; ;②♥9❤N9✐O✉❡; _ ❞F♦✐9❡ ❝♦FF❡;♣♦♥❞❡♥9 _
✶✵✻
✻✳✷ #$✐♥❝✐♣❡ ❞❡ ❧✬-.✉❞❡ ♣❛$❛♠-.$✐2✉❡
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❋✐❣✉$❡ ✻✳✼ ✕ ✭❛✱❞✱❣✮ ❉✐✛-$❡♥❝❡ ❡♥.$❡ ❧❡7 ✈✐.❡77❡7 ♠♦②❡♥♥❡7 ❞❡7 ♦♥❞❡7 P ♠❛①✐✲
♠❛❧❡ ❡. ♠✐♥✐♠❛❧❡ ❡♥.$❡ ❧❡7 ♣♦✐♥.7 ❞❡ ❧❛ ❣$✐❧❧❡ ❞❡ $-❢-$❡♥❝❡ ❡♥ ❢♦♥❝.✐♦♥ ❞✉ ♥♦♠❜$❡
❛❞✐♠❡♥7✐♦♥♥❡❧ ∆V/V |c−aP ✳ ✭❜✱❡✱❤✮ ❉✐✛-$❡♥❝❡ ❡♥.$❡ ❧❡7 ✈✐.❡77❡7 ♠♦②❡♥♥❡7 ❞❡7 ♦♥✲
❞❡7 P ♠❛①✐♠❛❧❡ ❡. ♠✐♥✐♠❛❧❡ ❡♥.$❡ ❧❡7 ♣♦✐♥.7 ❞❡ ❧❛ ❣$✐❧❧❡ ❞❡ $-❢-$❡♥❝❡ ❡♥ ❢♦♥❝.✐♦♥
❞❡ ∆V/V |45◦P ✳ ✭❝✱❢✱✐✮ ❉✐7.$✐❜✉.✐♦♥ 7.❛.✐7.✐2✉❡ ❞❡ ❝❡7 ❞✐✛❡$❡♥❝❡7✳ ▲❡7 $-7✉❧.❛.7 7♦♥.
♣$-7❡♥.-7 ♣♦✉$ ❧❡7 .$♦✐7 ♠♦❞A❧❡7 ❣-♦❞②♥❛♠✐2✉❡7 ✿ ❨♦.✲❘❛♥ ✭❛✱❜✱❝✮✱ ❨♦.✲❙34❛3 ✭❞✱❡✱❢✮
❛♥❞ ❨♦.✲5❚❡① ✭❤✱✐✱❥✮✳
✉♥ ♠♦❞A❧❡ -❧❛7.✐2✉❡ ♠❛❧❢♦$♠-✱ ❛✈❡❝ ❞❡7 ✈✐.❡77❡7 ♠♦②❡♥♥❡7 2✉✐ ✈❛$✐❡♥. ❜❡❛✉❝♦✉♣
7✉$ ❧❡ ♠❛✐❧❧❛❣❡ ❞❡ $-❢-$❡♥❝❡✳ ▲❡ ♠♦❞A❧❡ ❞❡ ❣❛✉❝❤❡ ❡7. 2✉❛♥. E ❧✉✐ ❜✐❡♥ ❢♦$♠- ❡.
❧❡7 ✈✐.❡77❡7 ♠♦②❡♥♥❡7 ✈❛$✐❡♥. .$A7 ♣❡✉ 7✉$ ❧❛ ❣$✐❧❧❡✳ ❈❡7 ❞❡✉① ♠♦❞A❧❡7 -❧❛7.✐2✉❡7✱
♣♦✉$.❛♥. .$A7 ♣$♦❝❤❡7✱ ♦♥. ❞♦♥❝ ❞❡7 ❝♦♠♣♦$.❡♠❡♥.7 ❞✐✛-$❡♥.7✳ ❉❛♥7 ❧❛ 7✉✐.❡ ❞✉
.$❛✐.❡♠❡♥.✱ ♦♥ ♥❡ ♣$❡♥❞ ♣❧✉7 ❡♥ ❝♦♠♣.❡ ❧❡ ♠♦❞A❧❡ ❞❡ ❞$♦✐.❡✱ ♠❛❧❢♦$♠-✱ ❡. ♦♥ ❢❛✐.
❞❡ ♠G♠❡ ♣♦✉$ .♦✉7 ❧❡7 ❛✉.$❡7 ♠♦❞A❧❡7 -❧❛7.✐2✉❡7 2✉✐ ♣♦77A❞❡♥. ❝❡ .②♣❡ ❞❡ ❝♦♠✲
♣♦$.❡♠❡♥.✳ ◆♦✉7 ❡✛❡❝.✉♦♥7 ❛✐♥7✐ ✉♥ ✜❧.$❛❣❡ 7✉$ ♥♦7 ♠♦❞A❧❡7 -❧❛7.✐2✉❡7✱ ❝♦♥7✐7.❛♥.
E $❡.✐$❡$ ❞❡ ❧✬-.✉❞❡✱ ♣♦✉$ ✉♥ ♠♦❞A❧❡ ❣-♦❞②♥❛♠✐2✉❡ ❞♦♥♥-✱ .♦✉. ♠♦❞A❧❡ -❧❛7.✐2✉❡
♣$-7❡♥.❛♥. ✉♥❡ ❞✐✛-$❡♥❝❡ 7✉♣-$✐❡✉$❡ ❛✉ 7❡✉✐❧ ❞-✜♥✐ ♣$-❛❧❛❜❧❡♠❡♥. E 1km.s−1✳ ▲❛
❋✐❣✳ ✻✳✼ ♠♦♥.$❡ 2✉❡ ♣♦✉$ ♣❧✉7 ❞❡ ✽✾ ✪ ❞❡ ♥♦7 ♠♦❞A❧❡7 -❧❛7.✐2✉❡7✱ ❝❡..❡ ❞✐✛-$❡♥❝❡
❞❡♠❡✉$❡ ❞❛♥7 ✉♥❡ ❣❛♠♠❡ ❛❝❝❡♣.❛❜❧❡ ❡♥.$❡ ✵ ❡. ✶km.s−1✳ ❈❡..❡ ❞-♠❛$❝❤❡ $❡✈✐❡♥.
❞♦♥❝ E -❧✐♠✐♥❡$ ❧❡7 ✶✶ ✪ $❡7.❛♥.7 ❞❡ 7❡.7 ❞❡ ❝♦♥7.❛♥.❡7 -❧❛7.✐2✉❡7 ♠❛❧❢♦$♠-7✳
✶✵✼
V pmin−
V pmax ≥ 1km.s−1 V pmin − V pmax < 1km.s−1
✻✳✷ #$✐♥❝✐♣❡ ❞❡ ❧✬-.✉❞❡ ♣❛$❛♠-.$✐2✉❡
❋✐❣✉$❡ ✻✳✶✵ ✕ ❈♦♠♣❛$❛✐8♦♥ ❞❡8 8♣❡❝.$❡8 ❞❡ $-8✐❞✉8 8✐8♠✐2✉❡8 ♣♦✉$ ❞❡8 ♠♦❞9❧❡8
❜✐❡♥ ❢♦$♠-8 .$98 ♣$♦❝❤❡8 ❡♥ .❡$♠❡ ❞❡ ♣❛$❛♠9.$❡8 -❧❛8.✐2✉❡8✳ ▲❡8 ♠♦❞9❧❡8 8♦♥. ❝❡✉①
❞❡ ❧❛ ❋✐❣✳ ✻✳✾✳
✶✵✾
❆!!▲■❈❆❚■❖◆ ➚ ❉❊❙ ▼❖❉➮▲❊❙ ❆❳■❙❨▼➱❚❘■◗❯❊❙ ❚❨!❊❙ ❊◆ ➱❚❯❉❊
!❆❘❆▼➱❚❘■◗❯❊
♥❛❧❡♠❡♥9 ❝❡ ♥❡ ;♦♥9 ♣❛; ❧❡; ✈❛❧❡✉@; ❡①❛❝9❡; ❞❡; ❝♦♥;9❛♥9❡; C❧❛;9✐E✉❡; ❞✉ ♠♦❞F❧❡ E✉✐
;♦♥9 ❧❡; ♣❧✉; ✐♠♣♦@9❛♥9❡;✱ ♠❛✐; ❜✐❡♥ ❧❛ ❢♦@♠❡ ❞✬❛♥✐;♦9@♦♣✐❡ E✉✬❡❧❧❡; ❡①♣@✐♠❡♥9✳ ❈❡@✲
9❛✐♥; ❞❡ ❝❡; ♠♦❞F❧❡;✱ ♣@♦❝❤❡; ❡♥ 9❡@♠❡; ❞❡ ❢♦@♠❡ ❞❡ ❧✬❛♥✐;♦9@♦♣✐❡ ♠♦♥♦❝@✐;9❛❧❧✐♥❡✱
;♦♥9 ♣♦✉@9❛♥9 9@F; C❧♦✐❣♥C; ❡♥ ❝❡ E✉✐ ❝♦♥❝❡@♥❡ ❧❡; ✈❛❧❡✉@; ❞❡; cIJ ✳ !✉✐;E✉❡ ❝✬❡;9
❜✐❡♥ ❧❛ ❢♦@♠❡ ❞❡ ❧✬❛♥✐;♦9@♦♣✐❡ E✉✐ ❝♦♠♣9❡✱ ❝❡❧❛ ✈❛❧✐❞❡ ❡♥ ♣@✐♥❝✐♣❡ ♥♦9@❡ ❞C♠❛@❝❤❡
❞✬✉♥❡ C9✉❞❡ ♣❛@❛♠C9@✐E✉❡ ♦O ;❡✉❧❡ ❧❛ ❢♦@♠❡ ❡9 ❧✬❛♠✐9✉❞❡ ❞❡ ❧✬❛♥✐;♦9@♦♣✐❡ ❞✉ ❝@✐;9❛❧
❞❡ ❢❡@ ❝♦♠♣9❡✳
▲♦❝❛❧✐&❛'✐♦♥ ❞❡& ♠♦❞,❧❡& ♠❛❧❢♦.♠/& ❡' ❡✛❡' ❞✉ ✜❧'.❛❣❡ ❡♥ vP &✉. ❧❡& ./&✉❧✲
'❛'& ❞✬✐♥'❡.♣♦❧❛'✐♦♥
❖♥ @❡♠❛@E✉❡ E✉✬✐❧ ❡①✐;9❡ ✉♥❡ @C♣❛@9✐9✐♦♥ ♣@C❝✐;❡ ❞❡; ♠♦❞F❧❡; ♠❛❧❢♦@♠C; ❡♥ ❢♦♥❝✲
9✐♦♥ ❞❡; ♥♦♠❜@❡; ❛❞✐♠❡♥;✐♦♥♥❡❧; ❞✉ ❢❡@ ❤❝ ❝♦@@❡;♣♦♥❞❛♥9;✳ ▲❡✉@ ❧♦❝❛❧✐;❛9✐♦♥ ❡;9
✐♥❞✐E✉C❡ ❞❛♥; ❧❛ ❋✐❣✳ ✻✳✶✶ ♣❛@ ❞❡; ♣♦✐♥9; @♦✉❣❡;✳ ❖♥ ♦❜;❡@✈❡ ✉♥❡ ❞✐❝❤♦9♦♠✐❡ ❡♥9@❡
❧❡ ❤❛✉9 ❞✉ ♣@♦✜❧ ❞❡ ❧✬❡♥;❡♠❜❧❡ ❞❡; ♠♦❞F❧❡; C❧❛;9✐E✉❡; ✭❋✐❣✳ ✻✳✺✮✳ ●❧♦❜❛❧❡♠❡♥9✱ X
E✉❡❧E✉❡; ❡①❝❡♣9✐♦♥; ♣@F;✱ ♦♥ ❝♦♥;9❛9❡ E✉❡ ❧❡; ♠♦❞F❧❡; ♣@C;❡♥9❛♥9 ✉♥ ♣❛@❛♠F9@❡
∆V/V |45◦P > 0 ;♦♥9 ♣❧✉; ;✉;❝❡♣9✐❜❧❡; ❞❡ ♣♦;❡@ ❞❡; ♣@♦❜❧F♠❡; ❡♥ 9❡@♠❡; ❞❡ ❝❛❧❝✉❧✳
❈❡❧❛ ♥✬❡;9 ♣❛; ;❛♥; ❝♦♥;CE✉❡♥❝❡ ;✉@ ❧✬✐♥9❡@♣♦❧❛9✐♦♥✱ ❝♦♠♠❡ ❧❡ ♠♦♥9@❡ ❧❛ ❋✐❣✳
✻✳✶✷✳ ▲❡ @✐;E✉❡ ❡;9 ❞✬✐♠♣♦;❡@ ✉♥ ✜❧9@❛❣❡ 9@♦♣ ❧♦✉@❞ E✉✐ ♣@♦❞✉✐@❛✐9 ✉♥❡ ❢♦@9❡ ❞❡♥;✐9C
❞❡ ♠♦❞F❧❡; C❧❛;9✐E✉❡; ♣@C;❡♥9❛♥9 ✉♥❡ ❝❧♦❝❤❡ ♥C❣❛9✐✈❡ ✭∆V/V |45◦P < O✮ ❡9 9@F; ♣❡✉
♣♦✉@ ❧✬✐♥✈❡@;❡✳ ❈✬❡;9 ❝❡ E✉✐ ;❡ ♣❛;;❡ ♣❛@ ❡①❡♠♣❧❡ ;✐ ♦♥ ♣❧❛❝❡ ❧❡ ✜❧9@❡ X ✵✱✷km.s−1✳
▲❡ ✜❧9@❡ E✉❡ ❧✬♦♥ ❛ ❝❤♦✐;✐ ❡;9 ❞❡ ✶km.s−1✱ ❝❡ E✉✐ ❡;9 ✉♥ ❝♦♠♣@♦♠✐; ❛❝❝❡♣9❛❜❧❡✳
!@C❝✐;♦♥; E✉❡ ❝❤❛E✉❡ ♠♦❞F❧❡ ♣❛@❛♠C9@✐E✉❡ ✜❧@C ♣❛@ ❝❡ ❜✐❛✐; ♣@C;❡♥9❛✐9 ❞❡;
✈❛❧❡✉@; ❞❡ ❝♦♥;9❛♥9❡; C❧❛;9✐E✉❡; 9@F; C❧♦✐❣♥C❡; ❞❡; ✈❛❧❡✉@; ♣✉❜❧✐C❡; ♣♦✉@ ε✲❋❡ ❡9
C9❛✐9 ❡♥ ❝♦♥;CE✉❡♥❝❡ ❛;;❡③ ♣❡✉ @C❛❧✐;9❡;✳
❊' 8✉✬❡♥ ❡&'✲✐❧ ❞❡ ❧❛ &'❛❜✐❧✐'/ ♥✉♠/.✐8✉❡ ❞❛♥& ❧❡ ❝❛& ❞✉ ❢❡. ❝✉❜✐8✉❡ ❄
◆♦✉; ♥❡ ❧✬❛✈♦♥; ♣❛; 9❡;9C❡ ♣❛@ ♠❛♥E✉❡ ❞❡ 9❡♠♣;✳ ◆C❛♥♠♦✐♥;✱ ✐❧ ;❡♠❜❧❡ C✈✐❞❡♥9
C9❛♥9 ❞♦♥♥C❡; ❧❡; 9❡①9✉@❡; ❝♦♠♣❧❡①❡; ♦❜9❡♥✉❡; ♣♦✉@ ❧❡ ❢❡@ ❝✉❜✐E✉❡ E✉✬✐❧ ❢❛✐❧❧❡ ;✬❛9✲
9❡♥❞@❡ X ❝❡ E✉✬✉♥ ❝❡@9❛✐♥ ♥♦♠❜@❡ ❞❡ ♠♦❞F❧❡; C❧❛;9✐E✉❡;✳ ❯♥❡ ❢♦✐; ❝❡99❡ C9❛♣❡ ♠✐;❡
❡♥ ♣❧❛❝❡✱ ♦♥ ♣♦✉@@❛ @❡9✐@❡@ ❞❡ ❧✬❛♥❛❧②;❡ C❣❛❧❡♠❡♥9 ❧❡; ♠♦❞F❧❡; C❧❛;9✐E✉❡; ♠❛❧❢♦@♠C;
♣♦✉@ ❧❡ ❢❡@ ❝✉❜✐E✉❡✳
✻✳✸ ❘$%✉❧(❛(%
✻✳✸✳✶ ▲✬❛♥✐)♦+,♦♣✐❡ )✐)♠✐0✉❡ ❞❛♥) ❧❡ ❢❡, ❤❡①❛❣♦♥❛❧
✻✳✸✳✶✳✶ ❘/&✐❞✉& &✐&♠✐8✉❡&
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❖♥ %❡ ❝♦♥❝❡♥(2❡ ♠❛✐♥(❡♥❛♥( %✉2 ❧✬$(✉❞❡ ❞❡ ❝❡% 3✉❛(2❡ ♠♦❞-❧❡% $❧❛%(✐3✉❡% ❞❡ 2$❢$2❡♥❝❡
❡( $(❡♥❞♦♥% ♥♦(2❡ $(✉❞❡ ❛✉① ❞❡✉① ❛✉(2❡% ♠♦❞-❧❡% ❣$♦❞②♥❛♠✐3✉❡%✱ ❨♦-✲❙/0❛/ ❡(
❨♦-✲2❚❡①✳ ▲❛ ❋✐❣✳ ✻✳✶✺ ❝♦♠♣❛2❡ ♥♦% 2$%✐❞✉% ❞❡ (❡♠♣% ❞❡ (2❛❥❡(% %✐♠✉❧$% ❛✉ ✜( ❞❡%
2$%✐❞✉% ❞❡ (❡♠♣% ❞❡ (2❛❥❡(% ❞✐✛$2❡♥(✐❡❧% PKP (bc − df) ❞✬■2✈✐♥❣ ❛♥❞ ❉❡✉%% ❬✷✵✶✶❪
✭❝❢ ❙❡❝(✐♦♥ ✹✳✷✳✼✳✹✱ ♣❛❣❡ ✻✺✮✳
❉❛♥% ❧❛ ❋✐❣✳ ✻✳✶✺❛✱ ♦♥ 2❡♣2$%❡♥(❡ ❧❡% ♣2♦✜❧% ❞❡ 2$%✐❞✉% %✐%♠✐3✉❡% ♦❜(❡♥✉% ❛✈❡❝ ❧❡%
♠♦❞-❧❡% ❆ ❡( ❇ ❛♣♣❧✐3✉$% ❛✉ ♠♦❞-❧❡ ❣$♦❞②♥❛♠✐3✉❡ ❨♦-✲❘❛♥✳ ❈♦♠♠❡ ♣2$❝$❞❡♠✲
♠❡♥(✱ ♦♥ 2❡(2♦✉✈❡ ✉♥❡ ❛♥✐%♦(2♦♣✐❡ ◆♦2❞✲❙✉❞ ❛✈❡❝ ❞❡% 2❛✐% ♣♦❧❛✐2❡% 2❛♣✐❞❡%✱ ❛%%♦❝✐$❡✱
♣♦✉2 ❧❡ ♠♦❞-❧❡ ❆✱ 8 ❞❡ ❧❛ ❞✐%♣❡2%✐♦♥ ✈❡2% ❧❡% ❛♥❣❧❡% ❢❛✐❜❧❡%✱ 8 ❣❛✉❝❤❡ ❞❡ ∆V/V |c−aP =
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$7✉❛(♦4✐❛❧✱ ♣4♦❞✉✐( ❞❡% ❛♥✐%♦(4♦♣✐❡% ❣❧♦❜❛❧❡% ✼ ; ✶✵ ❢♦✐% ✐♥❢$4✐❡✉4❡ ; ❧✬❛♥✐%♦(4♦♣✐❡
❞✉ ♠♦♥♦❝4✐%(❛❧ ❞❡ ❢❡4 ❤❝✳ ▲✬❛❥♦✉( ❞✬✉♥❡ (❡①(✉4❡ ❞❡ %♦❧✐❞✐✜❝❛(✐♦♥ ❞❛♥% ❧❡ ♠❛($4✐❡❧
♥♦✉✈❡❧❧❡♠❡♥( ❝4✐%(❛❧❧✐%$ ❛✈❡❝ ❨♦"✲'❚❡① ✭❋✐❣✳ ✻✳✶✼❝✮ 4$❞✉✐( ❧✬❛♥✐%♦(4♦♣✐❡ ❣❧♦❜❛❧❡
❞✬✉♥ ❢❛❝(❡✉4 ❞✬❡♥✈✐4♦♥ ≈ 3✳ ■❧ ❛♣♣❛4❛H( ❛✐♥%✐ ♥❡((❡♠❡♥( 7✉❡✱ ♠I♠❡ ❡♥ ♣4$%❡♥❝❡
❞✬✉♥❡ ❢♦4(❡ ❛♥✐%♦(4♦♣✐❡ ❧♦❝❛❧❡✱ ❧❛ %②♠$(4✐❡ %♣❤$4✐7✉❡ ❞❡ ❧❛ %✉4❢❛❝❡ ❞❡ ❝4✐%(❛❧❧✐%❛✲
(✐♦♥ ✭✐❡✳ ■❈❇✮ ♥❡ ♣❡4♠❡( ♣❛% ❧❛ ♣4♦❞✉❝(✐♦♥ ❞✬✉♥❡ ❛♥✐%♦(4♦♣✐❡ %✐%♠✐7✉❡ ❝②❧✐♥❞4✐7✉❡
%✐❣♥✐✜❝❛(✐✈❡ ♣♦✉4 ✉♥ ♠♦❞/❧❡ ❣$♦❞②♥❛♠✐7✉❡ ❞✬$❝♦✉❧❡♠❡♥( 7✉❛❞4✐♣♦❧❛✐4❡ ; ❣4❛♥❞❡
$❝❤❡❧❧❡✳ ▲❛ ❞✐%♣❡4%✐♦♥ ❡%( ❞❡ ♣❧✉% ❡♥❝♦4❡ ♣❧✉% ❢♦4(❡ 7✉❡ ♣♦✉4 ❧❡ ♠♦❞/❧❡ ❨♦"✲❙/0❛/
✭❝❡ 7✉✐ ♥✬❡%( ♣❛% ♣❡✉ ❞✐4❡ ✿ ❥✉%7✉✬; ✻✪ ❞✬$❝❛4(✲(②♣❡ ♣♦✉4 ✉♥❡ ❛♥✐%♦(4♦♣✐❡ ❣❧♦❜❛❧❡
❞✬; ♣❡✐♥❡ ✶✪ ✦✮ ❡( ❡%( $❣❛❧❡♠❡♥( 4$♣❛4(✐❡ %✉4 ❧✬❡♥%❡♠❜❧❡ ❞❡% ❛♥❣❧❡% ζ ✭❋✐❣✳ ✻✳✶✺❞✮✳
❆✐♥%✐✱ ❡♥ ❝❡ 7✉✐ ❝♦♥❝❡4♥❡ ❧❡% ♠♦❞/❧❡% $❧❛%(✐7✉❡% ♣✉❜❧✐$%✱ ♣❡✉ ❞✬❡♥(4❡ ❡✉① ♣4$%❡♥✲
(❡♥( ✉♥❡ ❛♥✐%♦(4♦♣✐❡ ♠♦♥♦❝4✐%(❛❧❧✐♥❡ $❧❛%(✐7✉❡ %✉✣%❛♥(❡ ♣♦✉4 ♣4♦❞✉✐4❡ ✉♥❡ ❛♥✐%♦(4♦♣✐❡
❣❧♦❜❛❧❡ ❞♦♥( ❧✬❛♠♣❧✐(✉❞❡ ❡%( ❝❡❧❧❡ ♦❜%❡4✈$❡ ❞❛♥% ❧❛ ❣4❛✐♥❡✳ ▲❡% 4$❝❡♥(% ❝❛❧❝✉❧% ❝♦♥✲
✈❡4❣❡♥( ❞✬❛✐❧❧❡✉4% (♦✉% ✈❡4% ❞❡% ♠♦❞/❧❡% $❧❛%(✐7✉❡% ♥❡ ♣4♦❞✉✐%❛♥( 7✉❡ ♣❡✉ ♦✉ ♣4♦✉
❞✬❛♥✐%♦(4♦♣✐❡ ❣❧♦❜❛❧❡ ; ❝❛✉%❡ ❞❡ ❧❡✉4 ❢❛✐❜❧❡ ❛♥✐%♦(4♦♣✐❡ ♠♦♥♦❝4✐%(❛❧❧✐♥❡ ❬❱♦↔❛❞❧♦
❡( ❛❧✳✱ ✷✵✵✾✱ ❙❤❛ ❛♥❞ ❈♦❤❡♥✱ ✷✵✶✵❪✳ ◆$❛♥♠♦✐♥%✱ ❝❡4(❛✐♥% ♠♦❞/❧❡% ♣4$%❡♥(❡♥( ✉♥❡
❢♦4♠❡ ❞✬❛♥✐%♦(4♦♣✐❡ ❞✉ ♠♦♥♦❝4✐%(❛❧ ❝♦♠♣❛(✐❜❧❡ ❛✈❡❝ ❧❛ ❢♦4♠❡ ❞❡ ❧✬❛♥✐%♦(4♦♣✐❡ %✐%✲
♠✐7✉❡ ✿ ✐❧ %✬❛❣✐( ❞❡% ♠♦❞/❧❡% ❞❡ ❙(❡✐♥❧❡✲◆❡✉♠❛♥♥ ❡( ❛❧✳ ❬✷✵✵✶❪ ; ✺✵✵✵ ❑ ❡( ❡♥
♣❛4(✐❝✉❧✐❡4 ❝❡❧✉✐ ❝❛❧❝✉❧$ ; ✻✵✵✵ ❑✳ ▲❡ ❢❡4 ❤❝ ❡%( ❛❧♦4% %✉✣%❛♠♠❡♥( ❛♥✐%♦(4♦♣❡ ♣♦✉4
♣4♦❞✉✐4❡ ✉♥❡ ❛♥✐%♦(4♦♣✐❡ ❝♦♠♣❛4❛❜❧❡ ❛✉① ♦❜%❡4✈❛(✐♦♥%✳
✻✳✸✳✷ ▲✬❛♥✐)♦+,♦♣✐❡ )✐)♠✐0✉❡ ♣♦✉, ❧❡ ❢❡, ❝✉❜✐0✉❡
✻✳✸✳✷✳✶ ❆♥✐(♦*+♦♣✐❡ ❣❧♦❜❛❧❡ ❡* ❛♥✐(♦*+♦♣✐❡ ♠♦♥♦❝+✐(*❛❧❧✐♥❡
\♦✉4 ❧❡ ❝4✐%(❛❧ ❝✉❜✐7✉❡✱ ♦♥ ❞$✜♥✐( ✽ ♠♦❞/❧❡% ❞❡ 4$❢$4❡♥❝❡✱ ❞♦♥( ❞❡✉① ♣✉❜❧✐$% 7✉✐
❝♦44❡%♣♦♥❞❡♥( ❛✉① ♠♦❞/❧❡% ❞❡ ❢❡4 ❝❝✱ ❱❖✶✬ ❬❱♦↔❛❞❧♦✱ ✷✵✵✼❪✱ ❡( ❝❢❝✱ ❱❖✷✬ ❬❱♦↔❛❞❧♦
❡( ❛❧✳✱ ✷✵✵✽❛❪✱ 7✉✐ ♦♥( $($ $(✉❞✐$% ❞❛♥% ❧❡ ❝❤❛♣✐(4❡ ♣4$❝$❞❡♥(✳ ▲❡% %✐① ❛✉(4❡% ♠♦❞/❧❡%
$❧❛%(✐7✉❡% ✭❆✬ ; ❋✬ ✮ %♦♥( ✐%%✉% ❞✉ (✐4❛❣❡ ❛❧$❛(♦✐4❡ ❞❡ ✸✵✵✵ ❥❡✉① ❞❡ ❝♦♥%(❛♥(❡%
cIJ ♣♦✉4 ❧❡ ♠♦♥♦❝4✐%(❛❧ ❝✉❜✐7✉❡✳ ■❧ %✬❛❣✐( ❞❡% ♠♦❞/❧❡% ♣♦✉4 ❧❡%7✉❡❧% ❧✬❛♥✐%♦(4♦♣✐❡
♠♦♥♦❝4✐%(❛❧❧✐♥❡ ❛ $($ 4❡♣4$%❡♥($❡ ❣4❛♣❤✐7✉❡♠❡♥( ❡♥ ❋✐❣✳ ❄❄✳
❊♥ ❋✐❣✳ ✻✳✶✽✱ ♦♥ ♣4$%❡♥(❡ ❧❡% 4$%✉❧(❛(% ❞❡% ❛❥✉%(❡♠❡♥(% %✐%♠♦❧♦❣✐7✉❡% ✭❊7✳ ✹✳✾✮
♣♦✉4 ❧✬❡♥%❡♠❜❧❡ ❞❡% ♠♦❞/❧❡% $❧❛%(✐7✉❡%✳ ▲❡% ♣♦%✐(✐♦♥% ❞❡% ♠♦❞/❧❡% ♣✉❜❧✐$% ❱❖✶✬ ❡(
❱❖✷✬ %♦♥( 4❡♣♦4($❡%✳ ◆♦% 4$%✉❧(❛(% ♠♦♥(4❡♥( ✉♥❡ ❛♥✐%♦(4♦♣✐❡ (4/% ❢❛✐❜❧❡ ✭❢❡4 ❝❝✮✱
✈♦✐4❡ ♠I♠❡ ♥✉❧❧❡ ✭❢❡4 ❝❢❝✮ ♣♦✉4 ❧❡ ♠♦❞/❧❡ ❨♦"✲❘❛♥✳ ❈✬❡%( ❧❡ ❝❛% ♠I♠❡ ♣♦✉4 ❞❡%
♠♦❞/❧❡% $❧❛%(✐7✉❡% ❝♦♠♠❡ ❱❖✷✬✱ ♣4$%❡♥(❛♥( ✉♥❡ ❢♦4(❡ ❛♥✐%♦(4♦♣✐❡ ♠♦♥♦❝4✐%(❛❧❧✐♥❡
❞❡ ❧✬♦4❞4❡ ❞❡ ✶✸✱✺✪✱ ♠❛✐% ♥❡ ♣4♦❞✉✐%❛♥( 7✉❡ ✸✱✸✪ ❞✬❛♥✐%♦(4♦♣✐❡ %✐%♠✐7✉❡ ✭❋✐❣✳
✷✳✶✶✮✳ ❈❡ 4$%✉❧(❛( $(❛✐( ❝❡♣❡♥❞❛♥( ❞$❥; ♣4$✈✐%✐❜❧❡ ❛✉ ✈✉ ❞❡% ✜❣✉4❡% ❞❡ ✈✐(❡%%❡% vP
❞❛♥% ❧❡ ♣❧❛♥ ♠$4✐❞✐❡♥ ❞❡ 4$❢$4❡♥❝❡ ✭❋✐❣✳ ✺✳✾ ❡( ❋✐❣✳ ✺✳✶✵✮✳ ❉❛♥% ❧❡ ❝❛% ❞✉ ❢❡4 ❝❢❝✱
❝❡❧❧❡%✲❝✐ $(❛✐❡♥( ❝♦♠♣❧/(❡♠❡♥( ✐%♦(4♦♣❡%✱ ($♠♦✐❣♥❛♥( ❞✬✉♥❡ (4/% ❢♦4(❡ ❝♦♠♣❡♥%❛(✐♦♥
❞❛♥% ❧❡ ✈♦❧✉♠❡ ❞❡% ✈❛4✐❛(✐♦♥% ❧♦❝❛❧❡% ❞❡% ✈✐(❡%%❡% ❞❡ ♣4♦♣❛❣❛(✐♦♥✳ \♦✉4 ❧❡ ❢❡4 ❝❝✱
✐❧ ❡①✐%(❛✐( ❝❡♣❡♥❞❛♥( 7✉❡❧7✉❡% ✜❣✉4❡% 7✉✐ ♥✬$(❛✐❡♥( ♣❛% ❝♦♠♣❧/(❡♠❡♥( ❛♥✐%♦(4♦♣❡%✱
♠♦♥(4❛♥( ✉♥ ❛①❡ 4❛♣✐❞❡ ❛❧✐❣♥$ ❛✈❡❝ ❧✬❛①❡ ❞❡ 4♦(❛(✐♦♥ ❞❡ ❧❛ ❚❡44❡✳ ❈✬❡%( ❝❡ 7✉✐
❡①♣❧✐7✉❡ 7✉❡ ❧❡ ♣4♦✜❧ ♥❡ %♦✐( ♣❛% ❝♦♠♣❧/(❡♠❡♥( ♥✉❧✱ ❝♦♥(4❛✐4❡♠❡♥( ; ❝❡❧✉✐ ♣♦✉4 ❧❡
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*+❣✉❧✐J*❡ ❞❡ ❝❡❧❧❡✲❝✐ ❛✈❡❝ ❧❛ ♣*♦❢♦♥❞❡✉*✱ ❡♥ ❛❝❝♦*❞ ❛✈❡❝ ❧❡, ♦❜,❡*✈❛/✐♦♥, ❞❡ ❙♦✉*✐❛✉
❬✷✵✵✸❪✱ ♠❛✐, ❝♦♥/*❡❞✐,❛♥/ ❧❡, ♦❜,❡*✈❛/✐♦♥, ,✐,♠♦❧♦❣✐7✉❡, 7✉✐ ♣*+❞✐,❡♥/ ❞❡, /*❛♥,✐✲
/✐♦♥, ❢*❛♥❝❤❡, ❡♥ /❡*♠❡ ❞✬❛♥✐,♦/*♦♣✐❡ ❡/ ❞♦♥❝ ❧❛ ♣*+,❡♥❝❡ ❞✬✉♥❡ ♣♦,,✐❜❧❡ ,♦✉,✲❣*❛✐♥❡
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❞✉ ❢❡K ❝❝ ✭❣♦✉♣❡ ❞✉ ❤❛✉C✮ ❡C ❝❢❝ ✭❣K♦✉♣❡ ❞✉ ❜❛:✮✳ !♦✉K ❝❤❛❝✉♥❡ ❞❡ ❝❡: ♣❤❛:❡:✱ ♦♥ ❝♦♠♣❛K❡ ❧❡: K9:✐❞✉: :✐:♠✐?✉❡: ♦❜C❡♥✉: ❛✈❡❝ ❧❡ ♠♦❞R❧❡
❨♦"✲❘❛♥ ✭♣K❡♠✐RK❡ ❧✐❣♥❡✮ ❡C ❧❡ ♠♦❞R❧❡ ❨♦"✲❙()❛( ✭❞❡✉①✐R♠❡ ❧✐❣♥❡✮ ❡♥ ❢♦♥❝C✐♦♥ ❞✉ ♣❛K❛♠RCK❡ ❞❡ ❑❛K❦✐ ❡C ❛❧✳ ❬✶✾✾✼❪✳
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✻✳✹ ❉✐%❝✉%%✐♦♥
❬■%❤✐✐ ❛♥❞ ❉③✐❡✇♦➠%❦✐✱ ✷✵✵✸❪✳ 9♦✉: ❨♦"✲❘❛♥✱ ;<❛♥< ❞♦♥♥; =✉✬✐❧ %❡ ❞;❣❛❣❡❛✐< ✉♥❡ ❢♦:<❡
❞✐:❡❝<✐♦♥ ❞✬♦:✐❡♥<❛<✐♦♥ ❝:✐%<❛❧❧✐♥❡ ♣:;❢;:❡♥<✐❡❧❧❡✱ ❧❡ ♠♦②❡♥♥❛❣❡ %❡ ❢❛✐< ♣❧✉<E< ♣❛: ❧✬❡①✲
✐%<❡♥❝❡ ❞✬✉♥❡ ❝♦✉❝❤❡ %✉♣❡:✜❝✐❡❧❧❡ ❞❡ ✈♦❧✉♠❡ ♥♦♥ ♥;❣❧✐❣❡❛❜❧❡ ♣:❡%=✉❡ ❛♥✐%♦<:♦♣❡✳
▲✬❛❞❞✐<✐♦♥ ❞❡ ❧❛ %<:❛<✐✜❝❛<✐♦♥ ❛✈❡❝ ❧❡ ♠♦❞L❧❡ ❨♦"✲❙()❛( ✭❋✐❣✳ ✻✳✶✼❜✮ ❛♠♣❧✐✲
✜❡ ❧✬❛♥✐%<:♦♣✐❡ ❣❧♦❜❛❧❡ ❞✬❡♥✈✐:♦♥ ✹✵✪✳ ❊♥ ❝♦♥%;=✉❡♥❝❡✱ ❧❡% ♠♦❞L❧❡% ;❧❛%<✐=✉❡% ❞❡
<②♣❡ ❆ ♣:♦❞✉✐%❡♥< ❞❡% ❞❡❣:;% ❞✬❛♥✐%♦<:♦♣✐❡ ❣❧♦❜❛❧❡ ❞✬❡♥✈✐:♦♥ ✺✪✳ ▲❛ %<:❛<✐✜❝❛<✐♦♥
❝❡♥<:❛❧✐%❡ ❧❛ ❞;❢♦:♠❛<✐♦♥ ❞❛♥% ❧❡% ❝♦✉❝❤❡% %✉♣❡:✜❝✐❡❧❧❡% ❞❡ ❧❛ ❣:❛✐♥❡ ♦U ❧❛ ▲,❖
❣;♥;:;❡ ❡%< ♣❛:<✐❝✉❧✐L:❡♠❡♥< ❢♦:<❡✳ ▲❛ ❞✐%♣❡:%✐♦♥ ❞❡% :;%✐❞✉% ❞❡ <❡♠♣% ❞❡ <:❛❥❡<
② ❡%< <:L% ✐♠♣♦:<❛♥<❡ ✭❥✉%=✉✬W ✻✪ ❞✬;❝❛:<✲<②♣❡ %✉: ❧❡% ❞♦♥♥;❡% %②♥<❤;<✐=✉❡%✮✱ ❡♥
♣❛:<✐❝✉❧✐❡: ♣♦✉: ❧❡% <:❛❥❡❝<♦✐:❡% ;=✉❛<♦:✐❛❧❡% ✭ζ = 90◦✱ ❋✐❣✳ ✻✳✶✺❝✮✳ 9❛: ❛✐❧❧❡✉:%✱ ❧❛
%<:❛<✐✜❝❛<✐♦♥ ♣❡:♠❡< ♥♦♥ %❡✉❧❡♠❡♥< ❞✬❛❝❝:♦X<:❡ ❧✬❛♥✐%♦<:♦♣✐❡ ❣❧♦❜❛❧❡ ♠❛✐% ✐♥<:♦❞✉✐<
;❣❛❧❡♠❡♥< ✉♥❡ ❞;♣❡♥❞❛♥❝❡ :❛❞✐❛❧❡ ❞❛♥% ❧✬❤;<;:♦❣;♥;✐<; ❞❡ ❧✬❛♥✐%♦<:♦♣✐❡ ❛✈❡❝ ❧❛ ♣:♦✲
❢♦♥❞❡✉:✱ ❛❧❧❛♥< ❞✬✉♥❡ ❝♦✉❝❤❡ %✉♣❡:✜❝✐❡❧❧❡ ✐%♦<:♦♣❡ W ✉♥ ❝♦❡✉: ❛♥✐%♦<:♦♣❡ ❢♦%%✐❧✐%;
❝♦♠♠❡ ❧❡ %✉❣❣L:❡♥< ❧❡% ♣:♦❣:L% ❡✛❡❝<✉;% ❡♥ ♠❛<✐L:❡ ❞✬✐♥<❡:♣:;<❛<✐♦♥ ❞❡% ♦❜%❡:✈❛✲
<✐♦♥% %✐%♠♦❧♦❣✐=✉❡%✳
❆✈❡❝ ❧❛ %<:❛<✐✜❝❛<✐♦♥ ❡< ❧❛ ♣:;<❡①<✉:❛<✐♦♥✱ ♦♥ ♦❜%❡:✈❡ ❝❡<<❡ ❢♦✐%✲❝✐ ✉♥ ♠♦②❡♥♥❛❣❡
=✉✐ %❡ ❢❛✐< ♣❛: ❧❛ ❣:❛♥❞❡ ✈❛:✐❛❜✐❧✐<; ❞❡% ▲,❖ ❧♦❝❛❧❡%✱ ❝✬❡%< ❡♥ ♣❛:<✐❝✉❧✐❡: ❧❡ ❝❛% ♣♦✉:
❨♦"✲,❚❡① ♦U ❧✬♦:✐❡♥<❛<✐♦♥ ❞❡% ❝:✐%<❛✉① ❡%< ❣❧♦❜❛❧❡♠❡♥< :❛❞✐❛❧❡✳
❈❛" ❞✉ ❢❡' ❝❝ ♦✉ ❝❢❝
▲❛ ❞✐✛;:❡♥❝❡ ❡♥<:❡ ❧❡% ❞❡✉① ♠♦❞L❧❡% ❣;♦❞②♥❛♠✐=✉❡% <❡%<;% ❡%< ✢❛❣:❛♥<❡✳ ❆❧♦:% =✉❡
❧❡ ♠♦❞L❧❡ ❨♦"✲❘❛♥ ♥❡ ♣:♦❞✉✐< =✉❛%✐♠❡♥< ❛✉❝✉♥❡ ❛♥✐%♦<:♦♣✐❡ ♠❡%✉:❛❜❧❡✱ ❧❡ ♠♦❞L❧❡
❨♦"✲❙()❛( ♣:♦❞✉✐< ✉♥❡ ❢♦:<❡ ❞✐%♣❡:%✐♦♥ ❛✈❡❝ ✉♥ ❝❡:<❛✐♥ ❞❡❣:; ❞✬❛♥✐%♦<:♦♣✐❡✱ ❜✐❡♥ =✉❡
❧❛ ✈❛❧✐❞✐<; ❞✉ ✜< %♦✐< ❝♦♥<❡%<❛❜❧❡ ❡♥ ♣❛:<✐❝✉❧✐❡: ♣♦✉: ❧❡ ❢❡: ❝❝✳ 9❛:♠✐ ❧❡% ❞❡✉① ♠♦❞✲
L❧❡% ❣;♦❞②♥❛♠✐=✉❡%✱ ♦♥ ♥❡ ♣❡✉< ❡%♣;:❡: ♣:♦❞✉✐:❡ ❞❡ ❧✬❛♥✐%♦<:♦♣✐❡ %✐%♠✐=✉❡ =✉✬❛✈❡❝
❨♦"✲❙()❛(✳ ❊♥<:❡ ❧❡% ❞❡✉① ♣❤❛%❡% ❝:✐%<❛❧❧✐♥❡%✱ ❝✬❡%< ❧❡ ❢❡: ❝❢❝ =✉✐ ♣:♦❞✉✐< ❛❧♦:% ❧❡
♣❧✉% ❣:❛♥❞ ❞❡❣:; ❞✬❛♥✐%♦<:♦♣✐❡✳
9♦✉: ❡①♣❧✐=✉❡: ❧✬;<♦♥♥❛♥<❡ ✐%♦<:♦♣✐❡ ♦❜<❡♥✉❡ ♣♦✉: ❧❡ ♠♦❞L❧❡ ❨♦"✲❘❛♥ W ♣❛:✲
<✐: ❞❡ <❡①<✉:❡% ♦:✐❡♥<;❡% ✭❋✐❣✳ ✺✳✻✮✱ ✐❧ ❢❛✉< :❡✈❡♥✐: W ❧❛ ♣:♦♣❛❣❛<✐♦♥ ❞❡% :❛✐% %✐%✲
♠✐=✉❡%✳ ▲✬✐♠♣♦:<❛♥<❡ ❞✐♠✐♥✉<✐♦♥ =✉❡ ❧✬♦♥ ♦❜%❡:✈❡ %✉: ❧❡ ❞❡❣:; ❞✬❛♥✐%♦<:♦♣✐❡ ❞❡♣✉✐%
❧✬;❝❤❡❧❧❡ ❞✉ ♠♦♥♦❝:✐%<❛❧ ❥✉%=✉✬W ❝❡❧❧❡ ❞✉ ♥♦②❛✉ ✐♥<❡:♥❡ ❡%< ❞✉❡ W ✉♥ ♠♦②❡♥♥❛❣❡ ❞❡%
✈✐<❡%%❡% ❞❡ ♣:♦♣❛❣❛<✐♦♥ ❧❡ ❧♦♥❣ ❞❡% :❛✐% ❡✛❡❝<✉; %✉: ❧✬✐♥<;❣:❛❧✐<; ❞✉ ✈♦❧✉♠❡ ❞❡ ❣:❛✐♥❡
<:❛✈❡:%;✳ ❯♥❡ ❛♥✐%♦<:♦♣✐❡ ❢♦:<❡ ❧♦❝❛❧❡✱ ❛❝=✉✐%❡ ♣❛: ❞❡% ♣:♦❝❡%%✉% ❞❡ ❞;❢♦:♠❛<✐♦♥
❡<✴♦✉ ❞❡ ❝:✐%<❛❧❧✐%❛<✐♦♥✱ ❡%< :;❞✉✐<❡ ❢♦:<❡♠❡♥< W ❧✬;❝❤❡❧❧❡ ❣❧♦❜❛❧❡ ❞❡ ❧❛ ❣:❛✐♥❡ ♣❛: ❧❡%
❛♥✐%♦<:♦♣✐❡% ❧♦❝❛❧❡% ♣❧✉% ❢❛✐❜❧❡% ✭✈♦✐:❡ ♥♦♥ ♠❡%✉:❛❜❧❡%✮ ♦U ♦:✐❡♥<;❡% ❞✐✛;:❡♠♠❡♥<
✭▲,❖ ❞✐✛;:❡♥<❡%✱ ✈♦✐:❡ ♦♣♣♦%;❡% =✉✐ %✬❛♥♥✉❧❡♥< ♠✉<✉❡❧❧❡♠❡♥<✮ ❞✬❛✉<:❡% :;❣✐♦♥%
♣❛:❝♦✉:✉❡% ♣❛: ❧❡% ♠^♠❡% :❛✐% =✉❡ %♦♥< =✉✐ ② ♦♥< ✧✈✉%✧ ❝❡<<❡ ❛♥✐%♦<:♦♣✐❡ ❧♦❝❛❧❡
❢♦:<❡ ❛✉ ♣:;❛❜❧❛❜❧❡✳ ❈♦♠♠❡ ❧❡% ❧❡♥<❡✉:% %♦♥< ♠♦②❡♥♥;❡% %✉: ❧✬❡♥%❡♠❜❧❡ ❞✉ ♣❛:❝♦✉:%
❞✬✉♥ :❛✐ %✐%♠✐=✉❡ %②♥<❤;<✐=✉❡✱ ❧❡% ❞✐✛;:❡♥❝❡% ❞❡ <❡♠♣% ❞❡ <:❛❥❡< %❡ ✈♦✐❡♥< ❡%<♦♠✲
♣;❡%✳ ❉❛♥% ❧❡ ❝❛% ❡①<:^♠❡ ❞❡% ♣❤❛%❡% ❝✉❜✐=✉❡% ❡< ❞✉ ♠♦❞L❧❡ ❨♦"✲❘❛♥✱ %✉:<♦✉< ♣♦✉:
❧❡ ❢❡: ❝❢❝✱ ♦♥ ♣❡✉< ♠^♠❡ ❡✛❛❝❡: ❝♦♠♣❧L<❡♠❡♥< ❧❡ %✐❣♥❛❧ ❞✬❛♥✐%♦<:♦♣✐❡ ♣:♦❞✉✐< ♣❛:
❞❡ ❢♦:<❡% <❡①<✉:❡% ❧♦❝❛❧❡%✳
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Troisième partie
Mécanisme de transition au cours de la
transition polymorphique α-ε dans le
fer pur
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♣❤❛"❡ ❞❛♥" ❧❛ ❣$❛✐♥❡✳ G♦✉$ ✐❧❧✉"#$❡$ ❧❛ ♣♦""✐❜✐❧✐#/ ❞✬✉♥❡ #$❛♥"❢♦$♠❛#✐♦♥ ❞❡ ♣❤❛"❡
❞❛♥" ❧❛ ❣$❛✐♥❡✱ ❥❡ ♣$❡♥❞" ❧✬❡①❡♠♣❧❡ ❞❡ ❑✉✇❛②❛♠❛ ❡# ❛❧✳ ❬✷✵✵✽❪✳ ▲❛ ❝♦♠♣♦"✐#✐♦♥
❞✉ ♣♦✐♥# #$✐♣❧❡ ❝❢❝✕❤❝✕❧✐=✉✐❞❡ ❞❛♥" ❧❡ "②"#?♠❡ ❋❡✲◆✐ "✉❣❣?$❡ =✉❡ ❧❛ "#$✉❝#✉$❡ ❞❛♥"
❧❛=✉❡❧❧❡ ❧❡ ❢❡$ ❝$✐"#❛❧❧✐"❡ B ❧✬■❈❇ ❞/♣❡♥❞❡ ❞✉ ❝♦♥#❡♥✉ ❡♥ ♥✐❝❦❡❧ ❞❛♥" ❧❡ ♥♦②❛✉ ❡①#❡$♥❡
❧✐=✉✐❞❡✳ ❙✉♣♣♦"♦♥" =✉❡ ❧❛ ♣$♦♣♦$#✐♦♥ ❞❡ ◆✐ ❞❛♥" ❧❡ ♥♦②❛✉ ❡①#❡$♥❡ ❡"# ✐♥❢/$✐❡✉$❡ B
■◆❚❘❖❉❯❈❚■❖◆
❝❡❧❧❡ ❞✉ ♣♦✐♥1 12✐♣❧❡✱ ❧❛ ❣2❛✐♥❡ 6❡2❛ ❝♦♠♣♦68❡ ❞❡ ❢❡2 ❤❡①❛❣♦♥❛❧ ❝♦♠♣❛❝1 ✭❤❝✮ ✭❋✐❣✳
✼✳✶❛✮✳ ❆ ❧✬♦♣♣♦68✱ 6✐ ❧❛ ❝♦♥❝❡♥12❛1✐♦♥ ❡♥ ◆✐ ② ❡61 6✉♣82✐❡✉2❡✱ ❛❧♦26 ❝✬❡61 6♦✉6 ❧❛
612✉❝1✉2❡ ❝❢❝ E✉❡ ❧❡ ❢❡2 ❝2✐61❛❧❧✐6❡ ❧♦26 ❞❡ ❧❛ 6♦❧✐❞✐✜❝❛1✐♦♥ ❞❡ ❧❛ ❣2❛✐♥❡ ✭❋✐❣✳ ✼✳✶❜✮✳
▼❛✐♥1❡♥❛♥1✱ ❝♦♥6✐❞82♦♥6 ✉♥ ❞❡2♥✐❡2 ❝❛6 ♦I ❧❡ ❢❡2 ❝2✐61❛❧❧✐6❡ ✐♥✐1✐❛❧❡♠❡♥1 6♦✉6 ❢♦2♠❡
❝✉❜✐E✉❡ ❢❛❝❡ ❝❡♥128❡ ❛✉ ❞8❜✉1 ❞❡ ❧❛ ❢♦2♠❛1✐♦♥ ❞❡ ❧❛ ❣2❛✐♥❡✳ ❈❡♣❡♥❞❛♥1 ❧❛ ❣2❛✐♥❡ 6❡
2❡❢2♦✐❞✐1 ♣2♦❣2❡66✐✈❡♠❡♥1 ❡1 ❧❛ 1❡♠♣82❛1✉2❡ K ❧✬■❈❇ ❞✐♠✐♥✉❡✳ ❖♥ ♣❡✉1 ❛❧♦26 2❡♣❛66❡2
✜♥❛❧❡♠❡♥1 ❞❛♥6 ❧❡ ❞♦♠❛✐♥❡ ❞❡ 61❛❜✐❧✐18 ❞✉ ❢❡2 ❤❡①❛❣♦♥❛❧ ❝♦♠♣❛❝1✱ ❝❡ E✉✐✱ ❞❛♥6 ❧❡6
61❛❞❡6 ♣❧✉6 ❛✈❛♥❝86 ❞❡ ❧❛ ❝2♦✐66❛♥❝❡ ❞✉ ♥♦②❛✉ ✐♥1❡2♥❡✱ ✐♠♣❧✐E✉❡ E✉✬♦♥ ❝2✐61❛❧❧✐6❡
❞✉ ❢❡2 ❤❝ K ❧✬■❈❇ ✭❋✐❣✳ ✼✳✶❝✮✳ ❖♥ ❛✉2❛✐1 ❛❧♦26 ✉♥❡ ❣2❛✐♥❡ ♣♦668❞❛♥1 ✉♥ ❝♦❡✉2 ❞❡
612✉❝1✉2❡ ❝✉❜✐E✉❡ ❢❛❝❡ ❝❡♥128❡ ❡♥✈❡❧♦♣♣8 ❞❛♥6 ✉♥❡ 8❝♦2❝❡ ❤❝✳ ▲❛ 1❡♠♣82❛1✉2❡ ❝♦♥✲
1✐♥✉❡2❛✐1 ❝❡♣❡♥❞❛♥1 K ❞❡6❝❡♥❞2❡✳ ❖♥ 6✬❛11❡♥❞ ❞♦♥❝ K ❝❡ E✉✬✐❧ 6❡ ❢♦2♠❡ ✉♥ ❢2♦♥1 ❞❡
12❛♥6✐1✐♦♥ ❞❡ ♣❤❛6❡ ❞✉ ❢❡2 ❝❢❝→❤❝ E✉✐ 6❡ ♣2♦♣❛❣❡ ♣2♦❣2❡66✐✈❡♠❡♥1 ❞❡ ❧✬■❈❇ ✈❡26 ❧❡
❝♦❡✉2 ❞❡ ❧❛ ❣2❛✐♥❡✳ ❖♥ ♣❡✉1 1♦✉1✲K✲❢❛✐1 ❛♣♣❧✐E✉❡2 ❧❡ ♠O♠❡ 6❝❤8♠❛ 6✉2 ✉♥❡ ❣2❛✐♥❡
❋✐❣✉$❡ ✼✳✶ ✕ ❊1✉❞❡ ❞❡ ❝❛6 ✿ 12❛♥6✐1✐♦♥ ❞❡ ♣❤❛6❡ ❝❢❝→❤❝ ❞❛♥6 ❧❛ ❣2❛✐♥❡ ✐♥❞✉✐1❡
♣❛2 ❧❡ 2❡❢2♦✐❞✐66❡♠❡♥1 68❝✉❧❛✐2❡ ✭❡①12❛✐1 ❞❡ ❑✉✇❛②❛♠❛ ❡1 ❛❧✳ ❬✷✵✵✽❪✮✳
❝2✐61❛❧❧✐6❛♥1 ✐♥✐1✐❛❧❡♠❡♥1 ❞❛♥6 ❧❛ 612✉❝1✉2❡ ❝✉❜✐E✉❡ ❝❡♥128❡ ❡1 12❛♥6✐1❛♥1 ✈❡26 ❧❡ ❢❡2
❤❡①❛❣♦♥❛❧ ❛✉ ❢✉2 ❡1 K ♠❡6✉2❡ E✉❡ ❧❛ ❣2❛✐♥❡ 2❡❢2♦✐❞✐1✳ ▲✬✐♥✈❡26❡ ❡61 8❣❛❧❡♠❡♥1 ♣♦66✐✲
❜❧❡ ❛✈❡❝ ✉♥❡ ❣2❛✐♥❡ ❞❡ 612✉❝1✉2❡ ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝1❡ 12❛♥6✐1❛♥1 ✈❡26 ✉♥❡ 612✉❝1✉2❡
❝✉❜✐E✉❡✳ ❊♥✜♥✱ ❞❛♥6 ✉♥❡ ❣2❛✐♥❡ ♥♦♥ ✜❣8❡ ❡1 E✉✐ ♣286❡♥1❡ ✉♥ ❝❡21❛✐♥ ❝❤❡♠✐♥ ❞❡ ❞8✲
❢♦2♠❛1✐♦♥✱ ❧❡6 ♠♦✉✈❡♠❡♥16 ❞❡ ❞8❢♦2♠❛1✐♦♥ ♣❡✉✈❡♥1 ❛✉66✐ 12❛♥6♣♦21❡2 ❧❡6 ❝2✐61❛✉①
❡♥ ❞❡❤♦26 ❞❡ ❧❡✉2 ❞♦♠❛✐♥❡ ❞❡ 61❛❜✐❧✐18✳ ❯♥❡ 1❡❧❧❡ ❣2❛✐♥❡ 6❡2❛✐1 ❞♦♥❝ ❧❡ 6✐Z❣❡ ❞❡
12❛♥6❢♦2♠❛1✐♦♥6 ❞❡ ♣❤❛6❡✱ 8✈❡♥1✉❡❧❧❡♠❡♥1 28♣818❡6✳
✼✳✶✳✷ ❊✛❡' (✉* ❧✬❛♥✐(♦'*♦♣✐❡
❈♦♠♠❡ ❧❛ 612✉❝1✉2❡ ❞❡ ❧❛ ❣2❛✐♥❡ 2❡61❡ ✐♥❝❡21❛✐♥❡✱ ❧✬❛♥✐6♦12♦♣✐❡ 6✐6♠✐E✉❡ ♦❜✲
6❡2✈8❡ ❬❈2❡❛❣❡2✱ ✶✾✾✷✱ ❙♦✉2✐❛✉✱ ✷✵✵✸✱ ■2✈✐♥❣ ❛♥❞ ❉❡✉66✱ ✷✵✶✶❪ 2❡61❡ ❞✐✣❝✐❧❡ K ✐♥✲
1❡2♣281❡2 ❡1 6❡6 ♦2✐❣✐♥❡6 6♦♥1 ✢♦✉❡6✳ ❖♥ ❝♦♥6✐❞Z2❡ ❣8♥82❛❧❡♠❡♥1 E✉❡ ❧✬❛♥✐6♦12♦♣✐❡
2❡✢Z1❡ ❧❡6 ♦2✐❡♥1❛1✐♦♥6 ♣28❢82❡♥1✐❡❧❧❡6 ❞❡6 ❝2✐61❛✉① E✉✐ ❝♦♠♣♦6❡♥1 ❧❡ ♥♦②❛✉ ✐♥1❡2♥❡✳
▲❡6 ❡✛❡16 ❞❡ 12❛♥6✐1✐♦♥6 ❞❡ ♣❤❛6❡ 6✉❝❝❡66✐✈❡6 6✉2 ❧❛ 1❡①1✉2❡ ❞❛♥6 ✉♥ ♣♦❧②❝2✐61❛❧
♥❡ 6♦♥1 ♣❛6 ❝♦♥♥✉6✳ a❛2 ❡①❡♠♣❧❡✱ ♦♥ ♣♦✉22❛✐1 ✐♠❛❣✐♥❡2 ✉♥ ♣♦❧②❝2✐61❛❧ ❞❡ 612✉❝✲
1✉2❡ ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝1❡ ❛②❛♥1 ❛❝E✉✐6 ✉♥❡ 1❡①1✉2❡ ♠❛2E✉8❡ ♣❛2 ❞8❢♦2♠❛1✐♦♥ ❡1
♣❡2❞❛♥1 ❝♦♠♣❧Z1❡♠❡♥1 ❝❡11❡ ✐♥❢♦2♠❛1✐♦♥ ❛✉ ❝♦✉26 ❞✬✉♥❡ 12❛♥6❢♦2♠❛1✐♦♥ ✈❡26 ✉♥❡
✶✸✷
✼✳✶ ❯♥❡ &'❛♥)✐&✐♦♥ ❞❡ ♣❤❛)❡ ❞❛♥) ❧❛ ❣'❛✐♥❡ ❄
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❞6♠♦♥&'❡♥& 5✉❡ ❧❡) &❡①&✉'❡) )♦♥& ❢♦'&❡♠❡♥& ✐♠♣❛❝&6❡) ♣❛' ❧❡) &'❛♥)❢♦'♠❛&✐♦♥) ❞❡
♣❤❛)❡✳ ❆✐♥)✐✱ ❧✬❛♥✐)♦&'♦♣✐❡ ❞✬✉♥ ♣♦❧②❝'✐)&❛❧ ♣♦✉''❛✐& ❝❤❛♥❣❡' ❞'❛)&✐5✉❡♠❡♥& )♦✉)
❧✬❡✛❡& ❞✬✉♥❡ &'❛♥)✐&✐♦♥ ❞❡ ♣❤❛)❡✳
✼✳✶✳✸ ▼♦❞'❧✐*❛,✐♦♥ ❡①♣'1✐♠❡♥,❛❧❡
❙✐ ♦♥ ✈❡✉& ❡)♣6'❡' ♣♦✉✈♦✐' ❣6♥6'❡' ❞❡) ♠♦❞T❧❡) ❞❡ ❣'❛✐♥❡) &❡①&✉'6❡) )♦✉♠✐)❡)
> ❞❡) ♣❤6♥♦♠T♥❡) ❞❡ &'❛♥)✐&✐♦♥ ❞❡ ♣❤❛)❡✱ ✐❧ ♥♦✉) ❢❛✉& ❛✉ ♣'6❛❧❛❜❧❡ ❝♦♥♥❛U&'❡ ♣'6✲
❝✐)6♠❡♥& ❧❡ ❝❤❡♠✐♥ ❞❡ &'❛♥)❢♦'♠❛&✐♦♥ ✭♦✉ ♠6❝❛♥✐)♠❡ ❞❡ &'❛♥)✐&✐♦♥✮ ❞✬✉♥❡ ♣❤❛)❡ >
❧✬❛✉&'❡✳ ❉❡ ♣❧✉)✱ ✐❧ ♥♦✉) ❢❛✉& ✈❛❧✐❞❡' ❧❡) ♣'♦❣'❛♠♠❡) ♥✉♠6'✐5✉❡) 5✉✐✱ ❝♦♥♥❛✐))❛♥&
✉♥ ♠6❝❛♥✐)♠❡ ❞❡ &'❛♥)❢♦'♠❛&✐♦♥✱ ♣❡'♠❡&&❡♥& ❞❡ )✐♠✉❧❡' )♦♥ ❡✛❡& )✉' ❧❛ &❡①&✉'❡
❞❛♥) ✉♥ ♣♦❧②❝'✐)&❛❧✳ ❈❡) 6&✉❞❡) )♦♥& ♥♦✉✈❡❧❧❡) )♦✉) ❤❛✉&❡ ♣'❡))✐♦♥✳ ❊❧❧❡) ❞❡♠❛♥❞❡♥&
❞♦♥❝ ❧❡ ❞6✈❡❧♦♣♣❡♠❡♥& ❞✬✉♥ ♣'♦&♦❝♦❧❡ ❡①♣6'✐♠❡♥&❛❧ ❡& ♥✉♠6'✐5✉❡✳ Y♦✉' ❛❜♦'❞❡'
❝❡) 5✉❡)&✐♦♥)✱ ♥♦✉) ❛✈♦♥) ❝❤♦✐)✐ ✐❝✐ ❞❡ '❡&❡♥✐' ❧❛ &'❛♥)✐&✐♦♥ α✲ε ❞❛♥) ❧❡ ❢❡'✳ ❈❡&&❡
&'❛♥)✐&✐♦♥ )❡ ♣'♦❞✉✐& > ✶✺ ●Y❛✱ ❜✐❡♥ ❡♥ ❞❡Z> ❞❡) ❝♦♥❞✐&✐♦♥) ❞❡ ♣'❡))✐♦♥ ❞❡ ❧❛ ❣'❛✐♥❡✱
❝❡♣❡♥❞❛♥& ❡❧❧❡ ♣'6)❡♥&❡ ❞❡ ♥♦♠❜'❡✉① ✐♥&6'[&) 5✉✐ ♦♥& ❛✐❣✉✐❧❧6 ♥♦&'❡ ❝❤♦✐① ✿
• ❈✬❡)& ✉♥❡ &'❛♥)❢♦'♠❛&✐♦♥ &'T) ❜✐❡♥ ❝♦♥♥✉❡ ♣✉✐)5✉❡ 6&✉❞✐6❡ ❞❡♣✉✐) ♣❧✉) ❞✬✉♥
❞❡♠✐✲)✐T❝❧❡ ❬❇❛♥❝'♦❢& ❡& ❛❧✳✱ ✶✾✺✻❪✱
• ▲❛ ♥❛&✉'❡ ♠❛'&❡♥)✐&✐5✉❡ ✭✐✳❡✳ ❞✐)♣❧❛❝✐✈❡✱ )❛♥) ♣❤6♥♦♠T♥❡ ❞❡ ❞✐✛✉)✐♦♥✱ )❡
❞6'♦✉❧❛♥& > &❡♠♣6'❛&✉'❡ ❛♠❜✐❛♥&❡ ❡& > ❞❡) ♣'❡))✐♦♥) '❡❧❛&✐✈❡♠❡♥& ❢❛✐❜❧❡)✮ ❞❡
❧❛ &'❛♥)❢♦'♠❛&✐♦♥ ❡)& 6&❛❜❧✐❡ ❬❏❛♠✐❡)♦♥ ❛♥❞ ▲❛✇)♦♥✱ ✶✾✻✷❪ ❡& ❞❡ ♥♦♠❜'❡✉①
♠6❝❛♥✐)♠❡) ♦♥& 6&6 ♣'♦♣♦)6) ❬▼❛♦ ❡& ❛❧✳✱ ✶✾✻✼✱ ❲❛♥❣ ❛♥❞ ■♥❣❛❧❧)✱ ✶✾✾✽✱ ❲❛♥❣
❡& ❛❧✳✱ ✷✵✶✸❪✱
• ❊❧❧❡ ❢❛✐& ✐♥&❡'✈❡♥✐' ✉♥ ❝❤❛♥❣❡♠❡♥& ❞✬♦'❞'❡ ❢❡''♦♠❛❣♥6&✐5✉❡ ❬❍❛)❡❣❛✇❛ ❛♥❞
Y❡&&✐❢♦'✱ ✶✾✽✸✱ ❊❦♠❛♥ ❡& ❛❧✳✱ ✶✾✾✽❪✱ ❝❝✲❋❡ 6&❛♥& ❢❡''♦♠❛❣♥6&✐5✉❡ ❡& ❤❝✲❋❡ ♥♦♥
♠❛❣♥6&✐5✉❡✱
• ▲❡ ❢❡' ❡)& ❧❡ ❝♦♠♣♦)❛♥& ♣'✐♥❝✐♣❛❧ ❞❡) ❛❝✐❡') ❡& ❝♦♥)&✐&✉❡ ❛✐♥)✐ ❧✬6❧6♠❡♥& ❢♦♥✲
❞❛♠❡♥&❛❧ ❞❡ ❧❛ ♠6&❛❧❧✉'❣✐❡ ❞✉ ❢❡'✳ ▲❡) &'❛♥)❢♦'♠❛&✐♦♥) ❞❡ ♣❤❛)❡) ② )♦♥&
'6❣✉❧✐T'❡♠❡♥& ✉&✐❧✐)6❡) ❛✜♥ ❞❡ ♠♦❞✐✜❡' ❧❡) ♣'♦♣'✐6&6) ♣❤②)✐5✉❡) ❞❡) ❛❧❧✐❛❣❡)
♠6&❛❧❧✐5✉❡)✱
• Y❛'♠✐ ❧❡) &'❛♥)✐&✐♦♥) ❞❡ ♣❤❛)❡ ❝♦♥♥✉❡) ❡& ❜✐❡♥ 6&❛❜❧✐❡) ❞❛♥) ❧❡ ❢❡'✱ ✐❧ )✬❛❣✐&
❞❡ ❧❛ )❡✉❧❡ &'❛♥)✐&✐♦♥ ❝♦♥&'e❧6❡ ♣❛' ❧❛ ♣'❡))✐♦♥ > &❡♠♣6'❛&✉'❡ ❛♠❜✐❛♥&❡ ✭❋✐❣✳
✷✳✷✮✱ ❝❡ 5✉✐ ❧❛ '❡♥❞ ✐♥&6'❡))❛♥&❡ ♣♦✉' ❧❛ ❝♦♠♣'6❤❡♥)✐♦♥ ❞❡ ❧❛ '6♣♦♥)❡ ♠6✲
❝❛♥✐5✉❡ ❞❡) ♠❛&6'✐❛✉①✱
• ❉✬✉♥ ♣♦✐♥& ❞❡ ✈✉❡ ❡①♣6'✐♠❡♥&❛❧✱ ❡❧❧❡ ❡)& '❡❧❛&✐✈❡♠❡♥& )✐♠♣❧❡ > 6&✉❞✐❡' ❝❛'
)✐&✉6❡ ❞❛♥) ✉♥❡ ❣❛♠♠❡ ❞❡ ♣'❡))✐♦♥ '❛✐)♦♥♥❛❜❧❡ ✭❡♥ ❞❡Z> ❞❡ ✷✵ ●Y❛✮ ❡& >
&❡♠♣6'❛&✉'❡ ❛♠❜✐❛♥&❡✳
✶✸✸
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❋✐❣✉$❡ ✼✳✷ ✕ ❍②./010.✐. ❞❡ /1❛♥.❢♦1✲
♠❛/✐♦♥ ❡♥/1❡ ❧❡. ♣❤❛.❡. α ❡/ ε ❞✉ ❢❡1
? ✸✵✵ ❑ ✭❋✐❣✳ ✼✳✷❜✮ ✭♠♦❞✐✜0 ❞❡ ❚❛②❧♦1
❡/ ❛❧✳ ❬✶✾✾✶❪✮✳ ▲❡. ❣❛♠♠❡. ❞❡ ♣1❡..✐♦♥
❬✈♦♥❇❛1❣❡♥ ❛♥❞ ❇♦❡❤❧❡1✱ ✶✾✾✵❪ ♦Q ❧❡.
❞❡✉① ♣❤❛.❡. α ❡/ ε ❝♦❡①✐./❡♥/ ♣♦✉1 ❧❡
.❡♥. ❞❡ /1❛♥.✐/✐♦♥ ❞✐1❡❝/ α → ε ✭❋✐❣✳
✼✳✷❝✮ ❡/ ✐♥✈❡1.❡ ε → α ✭❋✐❣✳ ✼✳✷❛✮ .♦♥/
✐♥❞✐T✉0❡.✳ ▲❡. ♠✐❧✐❡✉① /1❛♥.♠❡//❡✉1.
❛..♦❝✐0. .♦♥/ ♣10❝✐.0.✳ ▲❡. ❣❛♠♠❡. ❞❡
♣1❡..✐♦♥ ♣10.❡♥/0❡. ♣♦✉1 ❧✬❤0❧✐✉♠ ❝♦1✲
1❡.♣♦♥❞❡♥/ ❛✉① 10.✉❧/❛/. ❞❡ ❩♦✉ ❡/ ❛❧✳
❬✶✾✽✶❪✳ Xeq ❡./ ❧❛ ♣1❡..✐♦♥ ❞✬0T✉✐❧✐❜1❡
❞❡. ♣❤❛.❡. ❛✉/♦✉1 ❞❡ ❧❛T✉❡❧❧❡ ❡./ ❝❡♥✲
/10❡ ❧✬❤②./010.✐. ❞❡ /1❛♥.❢♦1♠❛/✐♦♥✳
✼✳✷ ▲❛ %&❛♥(✐%✐♦♥ α✲ε ❞❛♥( ❧❡ ❢❡&
✼✳✷✳✶ ❉♦♠❛✐♥❡ ❞❡ ♣-❡..✐♦♥ ❡/ ❤②./2-2.✐.
▲❛ /1❛♥.✐/✐♦♥ ❡./ ♠❛1/❡♥.✐/✐T✉❡✱ 10✈❡1.✐❜❧❡ ❬❇❛♥❝1♦❢/ ❡/ ❛❧✳✱ ✶✾✺✻✱ ❏❛♠✐❡.♦♥ ❛♥❞
▲❛✇.♦♥✱ ✶✾✻✷✱ ❚❛❦❛❤❛.❤✐ ❛♥❞ ❇❛..❡//✱ ✶✾✻✹❪ ❡/ ❛/❤❡1♠❛❧❡ ✭✐✳❡✳ ♣1✐♥❝✐♣❛❧❡♠❡♥/ ❝♦♥✲
/1_❧0❡ ♣❛1 ❧❛ ♣1❡..✐♦♥ ❬●✐❧❡. ❡/ ❛❧✳✱ ✶✾✼✶❪✮✳ ▲✬❛✉❣♠❡♥/❛/✐♦♥ ❞❡ ❧❛ ♣1❡..✐♦♥ ❡./ ❞♦♥❝
❛..♦❝✐0❡ ? ✉♥❡ /1❛♥.✐/✐♦♥ 1❛♣✐❞❡✳ ▲❛ /1❛♥.❢♦1♠❛/✐♦♥ ♣10.❡♥/❡ ✉♥❡ ❤②./010.✐. ❞❡
/1❛♥.❢♦1♠❛/✐♦♥ ❧❛1❣❡ ❡♥ ♣1❡..✐♦♥ ❬❇❛❧❝❤❛♥ ❛♥❞ ❉1✐❝❦❛♠❡1✱ ✶✾✻✶✱ ❈❧❡♥❞❡♥❡♥ ❛♥❞
❉1✐❝❦❛♠❡1✱ ✶✾✻✹✱ ●✐❧❡. ❡/ ❛❧✳✱ ✶✾✼✶✱ ❇❛..❡/ ❛♥❞ ❍✉❛♥❣✱ ✶✾✽✼✱ ❚❛②❧♦1 ❡/ ❛❧✳✱ ✶✾✾✶✱
❲❛♥❣ ❛♥❞ ■♥❣❛❧❧.✱ ✶✾✾✽✱ ▼✐②❛❣✐ ❡/ ❛❧✳✱ ✷✵✵✽❪ ❝❡♥/10❡ ❛✉/♦✉1 ❞✬✉♥❡ ♣1❡..✐♦♥ ❞✬0T✉✐❧✐✲
❜1❡ Xeq ≈✶✸ ●X❛ ❬❇❛♥❝1♦❢/ ❡/ ❛❧✳✱ ✶✾✺✻✱ ❇❛❧❝❤❛♥ ❛♥❞ ❉1✐❝❦❛♠❡1✱ ✶✾✻✶✱ ❚❛❦❛❤❛.❤✐
❛♥❞ ❇❛..❡//✱ ✶✾✻✹✱ ❩♦✉ ❡/ ❛❧✳✱ ✶✾✽✶✱ ✈♦♥❇❛1❣❡♥ ❛♥❞ ❇♦❡❤❧❡1✱ ✶✾✾✵✱ ❚❛②❧♦1 ❡/ ❛❧✳✱
✶✾✾✶❪ ? ❧✬❡①❝❡♣/✐♦♥ ♣1c. ❞❡. ❡①♣01✐❡♥❝❡. ❞❡ ❉1✐❝❦❛♠❡1 ❬✶✾✼✵❪✱ ●✐❧❡. ❡/ ❛❧✳ ❬✶✾✼✶❪✱
❩♦✉ ❡/ ❛❧✳ ❬✶✾✽✶❪ ♦Q ❧✬0/❛/ ❞❡ ❝♦♥/1❛✐♥/❡. 0/❛✐/ ♣❧✉. ❝♦♠♣❧❡①❡✳ ▲❛ /1❛♥.✐/✐♦♥ .✬0/❛❧❡
.✉1 ✉♥❡ ❣❛♠♠❡ ❞❡ ♣1❡..✐♦♥ ❛❧❧❛♥/ ❞❡ ✺ ? ✷✵ ●X❛ ❬❍✉❛♥❣ ❡/ ❛❧✳✱ ✶✾✽✼✱ ✈♦♥❇❛1❣❡♥
❛♥❞ ❇♦❡❤❧❡1✱ ✶✾✾✵✱ ❘✉❡✛ ❡/ ❛❧✳✱ ✶✾✾✾✱ ▼✐②❛❣✐ ❡/ ❛❧✳✱ ✷✵✵✽❪✳ ▲✬❤②./010.✐. ❞❡. ♣1♦✲
♣♦1/✐♦♥. ❞❡ ♣❤❛.❡ ❞❡ ❚❛②❧♦1 ❡/ ❛❧✳ ❬✶✾✾✶❪ ❡./ ♣10.❡♥/0❡ ❡♥ ❋✐❣✳ ✼✳✷❜✳ ▲❡. ❣❛♠♠❡.
❞❡ ♣1❡..✐♦♥. ❞❡. /1❛♥.✐/✐♦♥. α → ε ❡/ ε → α .♦♥/ ♣10❝✐.0❡. 1❡.♣❡❝/✐✈❡♠❡♥/ ❡♥ ❋✐❣✳
✼✳✷❛ ❡/ ❋✐❣✳ ✼✳✷❝ ❡♥ ❢♦♥❝/✐♦♥ ❞✉ ♠✐❧✐❡✉ /1❛♥.♠❡//❡✉1 ❞❡ ♣1❡..✐♦♥ ✉/✐❧✐.0✳ ❖♥ ♥♦/❡
T✉✬❡♥ ❝♦♥❞✐/✐♦♥. T✉❛.✐✲❤②❞1♦./❛/✐T✉❡. ❞❛♥. ❧✬❤0❧✐✉♠✱ ❧❛ /1❛♥.✐/✐♦♥ ❞❛♥. ❧❡ .❡♥. ❞✐✲
1❡❝/ α → ε .❡ ❢❛✐/ ❜1✉/❛❧❡♠❡♥/ ❛✉① ❛❧❡♥/♦✉1. ❞❡ ✶✺✱✸ ●X❛ ❡/ ♣❧✉. ♣1♦❣1❡..✐✈❡♠❡♥/
❞❛♥. ❧❡ .❡♥. ✐♥✈❡1.❡ ε → α ❡♥/1❡ ✶✵✱✻ ❡/ ✽ ●X❛✳
✶✸✹
✼✳✷ ▲❛ %&❛♥(✐%✐♦♥ α✲ε ❞❛♥( ❧❡ ❢❡&
✼✳✷✳✷ ▼$❝❛♥✐)♠❡ ❞❡ -.❛♥)❢♦.♠❛-✐♦♥
✼✳✷✳✷✳✶ ◗✉✬❡()✲❝❡ ,✉✬✉♥❡ .❡❧❛)✐♦♥ ❞✬♦.✐❡♥)❛)✐♦♥ ❄
▲♦&(0✉❡ ❧❡( (%&✉❝%✉&❡( ❝&✐(%❛❧❧✐♥❡( ❞❡( ❞❡✉① ❝♦♠♣♦(6( ♣&6(❡♥%❡♥% ✉♥❡ (✐♠✐❧✐%✉❞❡✱
❧❡ ♣❛((❛❣❡ ❞✬✉♥❡ (%&✉❝%✉&❡ : ❧✬❛✉%&❡ ♣❡✉% (❡ ❢❛✐&❡ (❛♥( 0✉✬✐❧ ② ❛✐% ✉♥ ❜♦✉❧❡✈❡&(❡✲
♠❡♥% ♥♦%❛❜❧❡✳ ▲❡( ❞6♣❧❛❝❡♠❡♥%( ❞❡( ❛%♦♠❡( (♦♥% ❢❛✐❜❧❡( ❡% ♥❡ &❡0✉✐>&❡♥% ♣❛( ✉♥❡
6♥❡&❣✐❡ ❝♦♥(✐❞6&❛❜❧❡✳ ❉❛♥( ❝❡ ❝❛( ❧❛ %&❛♥(❢♦&♠❛%✐♦♥ ♣❡✉% ❛✈♦✐& ❧✐❡✉ ❞❛♥( ❧✬6%❛%
(♦❧✐❞❡ : ❜❛((❡( %❡♠♣6&❛%✉&❡(✳ ■❧ ❡①✐(%❡ ❛❧♦&( ❞❡( &❡❧❛%✐♦♥( (✐♠♣❧❡( ❡♥%&❡ ❧❡( ❛①❡(
❝&✐(%❛❧❧♦❣&❛♣❤✐0✉❡( ❞❡( ❞❡✉① (%&✉❝%✉&❡( ♦✉ &❡❧❛%✐♦♥( ❞✬♦&✐❡♥%❛%✐♦♥(✳ ❖♥ ♣❛&❧❡&❛ ❞❡
%&❛♥(❢♦&♠❛%✐♦♥ %♦♣♦%❛❝%✐0✉❡✳ ❊%❛♥% ❞♦♥♥6 ❧❛ ♥❛%✉&❡ ♠❛&%❡♥(✐%✐0✉❡ ❞❡ ❧❛ %&❛♥(❢♦&✲
♠❛%✐♦♥ α✲ε ❬●✐❧❡( ❡% ❛❧✳✱ ✶✾✼✶❪✱ ❝❡❧❧❡✲❝✐ ❡(% ❜✐❡♥ ✉♥❡ %&❛♥(❢♦&♠❛%✐♦♥ %♦♣♦%❛❝%✐0✉❡
❡% ♣&6(❡♥%❡ ❞>( ❧♦&( ❞❡( &❡❧❛%✐♦♥( ❞✬♦&✐❡♥%❛%✐♦♥( (%&✐❝%❡( ❡♥%&❡ ❧❡( ♣❤❛(❡( α ❡% ε✳
❈❡❧❧❡(✲❝✐ (♦♥% ❞6%❡&♠✐♥6❡( ♣❛& ❧❡ ♠6❝❛♥✐(♠❡ ❞❡ %&❛♥(✐%✐♦♥✳
✼✳✷✳✷✳✷ ▼6❝❛♥✐(♠❡( ❝♦♥(✐❞6.6( ❡) .❡❧❛)✐♦♥( ❝♦..❡(♣♦♥❞❛♥)❡(
▲❛ %&❛♥(❢♦&♠❛%✐♦♥ α✲ε ❡(% ✉♥ (✉❥❡% ❝❧❛((✐0✉❡ ❞❛♥( ❧❡ ❞♦♠❛✐♥❡ ❞❡( ❤❛✉%❡( ♣&❡(✲
(✐♦♥( ❡% ✉♥ ❝❡&%❛✐♥ ♥♦♠❜&❡ ❞✬❛✉%❡✉&( (✬② (♦♥% ❡((❛②6✳ K❛&♠✐ ❝❡( %&❛✈❛✉①✱ ♦♥ ♣❡✉%
❝✐%❡& ❝❡✉① ❞❡ ▼❛♦ ❡% ❛❧✳ ❬✶✾✻✼❪ ❡% ❲❛♥❣ ❛♥❞ ■♥❣❛❧❧( ❬✶✾✾✽❪ ❡♥ ❝♦♥❞✐%✐♦♥( (%❛%✐0✉❡(
❡% ❝❡✉① ❞❡ ❍❛✇&❡❧✐❛❦ ❡% ❛❧✳ ❬✷✵✵✻❪ ❡% ❲❛♥❣ ❡% ❛❧✳ ❬✷✵✶✸❪ ❡♥ ❝♦♥❞✐%✐♦♥( ❞②♥❛♠✐0✉❡(✳
❆ %&❛✈❡&( %♦✉%❡( ❝❡( 6%✉❞❡(✱ ❧❛ ❧✐%%6&❛%✉&❡ ♣&♦♣♦(❡ ✜♥❛❧❡♠❡♥% %&♦✐( ♠6❝❛♥✐(♠❡(
♣&✐♥❝✐♣❛✉①✳
■ ✿ ▼6❝❛♥✐(♠❡ ❞❡ ❝♦♠♣.❡((✐♦♥✲(❤✉✤❡✳
❈✬❡(% ✉♥ ♠6❝❛♥✐(♠❡ ❡♥ ❞❡✉① 6%❛♣❡( ❢❛✐(❛♥% ✐♥%❡&✈❡♥✐& ✉♥❡ ❝♦♠♣&❡((✐♦♥ ✭❋✐❣✳ ✼✳✸❜✮
♣✉✐( ✉♥ &❡♠❛♥✐❡♠❡♥% ❛%♦♠✐0✉❡ (♦✉( ❢♦&♠❡ ❞❡ ❣❧✐((❡♠❡♥% ♣❧❛♥ : ♣❧❛♥ ✭❋✐❣✳ ✼✳✸❜✮✳
▲❛ (%&✉❝%✉&❡ ❝❝ ✭❡♥ ❤❛✉%✮ (✉❜✐% ✉♥❡ ❝♦♠♣&❡((✐♦♥ ❞❛♥( ❧❛ ❞✐&❡❝%✐♦♥ [001]α ❞❡ ✶✽✳✹%✱
(✉✐✈✐ ❞✬✉♥ ❣❧✐((❡♠❡♥% ♣❧❛♥ : ♣❧❛♥ ✭✐✳❡✳ (❤✉✤❡✱ ❡♠♣✐❧❡♠❡♥% ❡♥ ❝♦✉❝❤❡( ❛%♦♠✐0✉❡(
(✉❜✐((❛♥% ✉♥ ❞6❝❛❧❡♠❡♥%✮ ❞❡ %♦✉( ❧❡( ♣❧❛♥( (110)α ❞❛♥( ❧❛ ❞✐&❡❝%✐♦♥ [1̄10]α ♣♦✉&
❢♦&♠❡& ✜♥❛❧❡♠❡♥% ✉♥❡ ♠❛✐❧❧❡ ❤❝✳ ▲❡ (❤✉✤❡ ♥✬✐♥❞✉✐% ❛✉❝✉♥❡ ✈❛&✐❛%✐♦♥ ❞❡ ❧❛ ❞✐&❡❝%✐♦♥
❝&✐(%❛❧❧♦❣&❛♣❤✐0✉❡✳
■■❛ ✿ ▼6❝❛♥✐(♠❡ ❞❡ ❝✐(❛✐❧❧❡♠❡♥)✲(❤✉✤❡ (✐♠♣❧❡ ❬❇✉.❣❡.(✱ ✶✾✸✹❪✳
❯♥ ♠6❝❛♥✐(♠❡ ❝❧❛((✐0✉❡ ♣♦✉& ✉♥❡ %&❛♥(✐%✐♦♥ α✲ε ❡(% ❧❡ ♠6❝❛♥✐(♠❡ ❞❡ ❇✉&❣❡&(
%&❛❞✐%✐♦♥♥❡❧ ✭❞6✈❡❧♦♣♣6 ♦&✐❣✐♥❡❧❧❡♠❡♥% ♣♦✉& ❧❡ ③✐&❝♦♥✐✉♠✮ ❬❇✉&❣❡&(✱ ✶✾✸✹❪✳ ❈✬❡(% ✉♥
♠6❝❛♥✐(♠❡ ❡♥ ❞❡✉① 6%❛♣❡( ❢❛✐(❛♥% ✐♥%❡&✈❡♥✐& ✉♥ ❝✐(❛✐❧❧❡♠❡♥% (✉✐✈✐ ❞✬✉♥❡ &♦%❛%✐♦♥ ❡%
❞✬✉♥ (❤✉✤❡ ✭❋✐❣✳ ✼✳✸❝✮✳ ❯♥❡ ♣&❡♠✐>&❡ 6%❛♣❡ ❝♦♥(✐(%❡ : ❝✐(❛✐❧❧❡& (♦✐% ❞❛♥( ❧❛ ❞✐&❡❝%✐♦♥
[112̄0]ε ♦✉ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐&❡❝%✐♦♥ ♦♣♣♦(6❡ [1̄1̄20]ε ❞❛♥( ❧❡ ♣❧❛♥ (11̄00)ε✳ ❈❡%%❡ 6%❛♣❡
✐♥❞✉✐% ✉♥❡ &♦%❛%✐♦♥ ❞❡( ❛%♦♠❡( 0✉✐ ♣❡✉% (❡ ❢❛✐&❡ ❞❛♥( ❧❡( ❞❡✉① (❡♥( ❡% ✐♥%&♦❞✉✐%
❞❡✉① ❞✐&❡❝%✐♦♥( ❝&✐(%❛❧❧♦❣&❛♣❤✐0✉❡( ♣♦((✐❜❧❡( : ±5, 3◦ ♣❛& &❛♣♣♦&% : ❧✬❛①❡ c✳ ❆✐♥(✐✱
❧❡ ♣❧❛♥ (21̄1̄0)ε ❢♦&♠❡ ✉♥ ❛♥❣❧❡ ❞❡ 5, 3
◦
♣❛& &❛♣♣♦&% ❛✉ ♣❧❛♥ (002)α ♦&✐❣✐♥❛❧✳ ❊♥✜♥✱
✉♥ ❣❧✐((❡♠❡♥% ♣❧❛♥ : ♣❧❛♥ ✭✐✳❡✳ (❤✉✤❡✮ ❞❡ %♦✉( ❧❡( ♣❧❛♥( (110)α ❞❛♥( ❧❛ ❞✐&❡❝%✐♦♥
[1̄10]α %❡&♠✐♥❡ ❞❡ ❢♦&♠❡& ❧❛ ♠❛✐❧❧❡ ❤❝✳ ❉❡ ♣❛&% ❧❛ &♦%❛%✐♦♥ (✉❜✐❡✱ ❧❛ (%&✉❝%✉&❡ ✜♥❛❧❡
❞❡ ❤❝ ♣&6(❡♥%❡ ❞❡✉① ♦&✐❡♥%❛%✐♦♥( ♣♦((✐❜❧❡( ❛✉%♦✉& ✉♥❡ ♠_❝❧❡ (1̄12)α ❡% 0✉✐ ❞✐✛>&❡♥%
❞✬❡♥✈✐&♦♥ 10◦ ❧✬✉♥❡ ❞❡ ❧✬❛✉%&❡✳
✶✸✺
■◆❚❘❖❉❯❈❚■❖◆
❋✐❣✉$❡ ✼✳✸ ✕ ,-♦♣♦0✐2✐♦♥0 ❞❡ ♠7❝❛♥✐0♠❡0 ❞❡ 2-❛♥0✐2✐♦♥ ♣♦✉- ❧❛ 2-❛♥0❢♦-♠❛2✐♦♥ ❞❡
♣❤❛0❡ α → ε → α ✭❡①2-❛✐2 ❡2 ♠♦❞✐✜7 ❞❡ ❍❛✇-❡❧✐❛❦ ❡2 ❛❧✳ ❬✷✵✵✻❪✮✳ ▲❡0 ♣❧❛♥0 (110)α
❛♥❞ (0001)ε 0♦♥2 ❝♦♥❢♦♥❞✉0 ❛✈❡❝ ❧❡ ♣❧❛♥ ❞❡ ❧❛ ❢❡✉✐❧❧❡✳ ▲❡0 ❝❡-❝❧❡0 ❜❧❛♥❝0 ❡2 ♥♦✐-0
-❡♣-70❡♥2❡♥2 ❞❡✉① ❝♦✉❝❤❡0 ❛2♦♠✐M✉❡0 0✉♣❡-♣♦07❡0✱ -❡0♣❡❝2✐✈❡♠❡♥2 ❝♦♥❢♦♥❞✉❡ ❡2 ❛✉✲
❞❡00✉0 ❞✉ ♣❧❛♥ ❞❡ ❧❛ ♣❛❣❡✳ ▼7❝❛♥✐0♠❡ ■ ❞❡ ❝♦♠♣-❡00✐♦♥✲0❤✉✤❡ ✿ ❡♥ ✭❛✮✱ ❝♦♠♣-❡00✐♦♥
❞❡ ❧❛ ♠❛✐❧❧❡ ❝✉❜✐M✉❡ ❝❡♥2-7❡ ✭❞❡00✐♥7❡ ❡♥ ♣♦✐♥2✐❧❧7❡0✮ ❀ ❡♥ ✭❜✮ ❧❛ ♠❛✐❧❧❡ ❤❡①❛❣♦♥❛❧❡
❝♦♠♣❛❝2❡ ❡02 ❞❡00✐♥7❡ ❡♥ ♣♦✐♥2✐❧❧7❡0 ❡2 ▲❛ ❞✐-❡❝2✐♦♥ ❞✉ 0❤✉✤❡ ❡02 ✐♥❞✐M✉7❡ ♣❛- ❞❡0
✢V❝❤❡0✳ ▼7❝❛♥✐0♠❡0 ■■❛ ❡2 ■■❜ ❛✈❡❝ ❝✐0❛✐❧❧❡♠❡♥2✲0❤✉✤❡✳ ❊♥ ✭❜✮✱ ❧❡ ❞7♣❧❛❝❡♠❡♥2 2♦2❛❧
❞❡0 ❛2♦♠❡0 ❞❡ ❧❛ ♠❛✐❧❧❡ ❝✉❜✐M✉❡ ❝❡♥2-7❡ ❡02 ✐♥❞✐M✉7 ♣❛- ❞❡0 ✢V❝❤❡0 ❝♦✉-❜❡0✱ ♣❧❡✐♥❡0
♦✉ ❡♥ ♣♦✐♥2✐❧❧70✳ ▲❛ ♠❛✐❧❧❡ ❤❡①❛❣♦♥❛❧❡ ✜♥❛❧❡ ❡02 ❞❡00✐♥7❡✳ ❊♥ ♣❧✉0 ❞✉ ❝✐0❛✐❧❧❡♠♥❡♥2
❡2 ❞✉ 0❤✉✤❡✱ ❧❡ ♠7❝❛♥✐0♠❡ ■■❜ ✐♥2-♦❞✉✐2 ✉♥❡ 02-✉❝2✉-❡ ❝❢❝ ♠72❛02❛❜❧❡✳
■■❜ ✿ ▼$❝❛♥✐)♠❡ ❞❡ ❝✐)❛✐❧❧❡♠❡♥.✲)❤✉✤❡ ❛✈❡❝ ).4✉❝.✉4❡ ❝❢❝ ♠$.❛).❛❜❧❡ ❬❲❛♥❣
❛♥❞ ■♥❣❛❧❧)✱ ✶✾✾✽❪✳
❊♥ ♣❧✉0 ❞✉ ♠7❝❛♥✐0♠❡ ♣-7❝7❞❡♥2✱ ▼❛♦ ❡2 ❛❧✳ ❬✶✾✻✼❪ ❛ ♣-♦♣♦07 ✉♥ 0❡❝♦♥❞ ❝❤❡♠✐♥ ❞❡
2-❛♥0❢♦-♠❛2✐♦♥ ❡♥ 2-♦✐0 72❛♣❡0 ❢❛✐0❛♥2 ✐♥2❡-✈❡♥✐- ❧❡0 ❞❡✉① 72❛♣❡0 ❞✉ ♠7❝❛♥✐0♠❡ ■■❛
✭❋✐❣✳ ✼✳✸❝✮ ❡2 ✉♥ ♣❛00❛❣❡ -❛♣✐❞❡ ❞❛♥0 ✉♥❡ 02-✉❝2✉-❡ ❝❢❝ ♠72❛02❛❜❧❡ ❛✈❛♥2 ❞❡ ❢♦-♠❡-
❧❛ ♠❛✐❧❧❡ ❤❡①❛❣♦♥❛❧❡✳ ❆✐♥0✐✱ ❧❛ ♣-❡♠✐V-❡ 72❛♣❡ ❝♦♥0✐02❡ \ ♥♦✉✈❡❛✉ \ ❝✐0❛✐❧❧❡- 0♦✐2
❞❛♥0 ❧❛ ❞✐-❡❝2✐♦♥ [112̄0]ε ♦✉ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐-❡❝2✐♦♥ ♦♣♣♦07❡ [1̄1̄20]ε ✭❧✐❣♥❡ ✐♥❢7-✐❡✉-❡✮
❞❛♥0 ❧❡ ♣❧❛♥ ✭✶1̄✵✵✮❤❝✳ ❈❡❧❛ ✐♥2-♦❞✉✐2 ✉♥❡ -♦2❛2✐♦♥ ❞❡0 ❛2♦♠❡0 ❞❡ ±5, 3◦✳ ❊0✉✐2❡✱
♦♥ ❛ \ ♥♦✉✈❡❛✉ ✉♥ ❣❧✐00❡♠❡♥2 ♣❧❛♥ \ ♣❧❛♥ ✭✐✳❡✳ 0❤✉✤❡✮ ❞❡ 2♦✉0 ❧❡0 ♣❧❛♥0 (110)α
❞❛♥0 ❧❛ ❞✐-❡❝2✐♦♥ [1̄10]α✳ ◆7❛♥♠♦✐♥0 ❝♦♥2-❛✐-❡♠❡♥2 ❛✉ ♠7❝❛♥✐0♠❡ ■■❜✱ ✐❧ ❡①✐02❡ ✉♥❡
2-♦✐0✐V♠❡ 72❛♣❡ 0✉♣♣❧7♠❡♥2❛✐-❡ ❛✈❛♥2 ❞❡ ❢♦-♠❡- ❧❛ ♠❛✐❧❧❡ ❤❝✳ ❆♣-V0 ❧❡ 0❤✉✤❡ ❡2
❧❛ -♦2❛2✐♦♥✱ ❧❛ ♠❛✐❧❧❡ ❡02 ❞702❛❜✐❧✐07❡ ❡2 0❡ 2-❛♥0❢♦-♠❡ 2-❛♥0✐2✐✈❡♠❡♥2 ❞❛♥0 ✉♥❡
02-✉❝2✉-❡ ❝❢❝ ♠72❛02❛❜❧❡✳ ❊♥ ❞❡-♥✐❡- ❧✐❡✉✱ ❧❡ ❢❡- ❝❢❝ 0❡ 2-❛♥0❢♦-♠❡ ✜♥❛❧❡♠❡♥2 ❡♥ ❢❡-
❤❝✳ ▲❡0 ♦-✐❡♥2❛2✐♦♥0 ✜♥❛❧❡0 ❞❡0 ♠❛✐❧❧❡0 ❤❝ 0♦♥2 -✐❣♦✉-❡✉0❡♠❡♥2 ❧❡0 ♠]♠❡0 M✉❡ ♣♦✉-
❧❡ ♠7❝❛♥✐0♠❡ ■■❛ ❛✈❡❝ ✉♥❡ ♠^❝❧❡ (1̄12)α ❡2 ❞❡✉① ♦-✐❡♥2❛2✐♦♥0 ♣♦00✐❜❧❡0 7❝❛-27❡0 ❞❡
10◦✳ ,♦✉- ❝❤❛❝✉♥ ❞❡ ❝❡0 ♠7❝❛♥✐0♠❡0✱ ❧❡0 -❡❧❛2✐♦♥0 2♦♣♦2❛❝2✐M✉❡0 ♦♥2 727 ❝❛❧❝✉❧7❡0
❡2 0♦♥2 ♣-70❡♥27❡0 ❞❛♥0 ❧❡ ❚❛❜✳ ✼✳✶✳
✶✸✻
✼✳✷ ▲❛ %&❛♥(✐%✐♦♥ α✲ε ❞❛♥( ❧❡ ❢❡&
❚❛❜❧❡ ✼✳✶ ✕ ▼3❝❛♥✐(♠❡( ❞❡ %&❛♥(✐%✐♦♥ α → ε✳ 6♦✉& ❧❛ %&❛♥(❢♦&♠❛%✐♦♥ ✐♥✈❡&(❡✱
❧❡( 3%❛♣❡( ❞✉ ❝❤❡♠✐♥ ❞❡ %&❛♥(✐%✐♦♥ (♦♥% ❧❡( ♠<♠❡( ❡♥ ♦&❞&❡ ✐♥✈❡&(❡✳ ▲❡( &❡❧❛%✐♦♥(
❞✬♦&✐❡♥%❛%✐♦♥ ❡♥%&❡ ❧❡( ♣❤❛(❡( α ❡% ε (♦♥% ✐♥❞✐>✉3❡(✳ ▲❡( ♥♦%❛%✐♦♥( ❞❡( ♠3❝❛♥✐(♠❡(
■✱ ■■❛ ❡% ■■❜ (♦♥% ❝❡❧❧❡( ❞3✜♥✐❡( ♣❛& ❍❛✇&❡❧✐❛❦ ❡% ❛❧✳ ❬✷✵✵✻❪ ❡% ❝♦&&❡(♣♦♥❞❡♥% ❛✉①
♥♦%❛%✐♦♥( ■✱ ■■ ❡% ■■■ ❞❡ ❲❛♥❣ ❛♥❞ ■♥❣❛❧❧( ❬✶✾✾✽❪✳
▼3❝❛♥✐(♠❡ ✭♥♦%❛%✐♦♥✮
❲❛♥❣ ❛♥❞ ■♥❣❛❧❧( ❬✶✾✾✽❪ ■ ■■ ■■■
❍❛✇&❡❧✐❛❦ ❡% ❛❧✳ ❬✷✵✵✻❪ ■ ■■❛ ■■❜
◆♦♠❜&❡ ❞✬3%❛♣❡( ✷ ✸
❈❤❡♠✐♥ ❞❡ %&❛♥(✐%✐♦♥ ❈♦♠♣&❡((✐♦♥✱
❙❤✉✤❡
❈✐(❛✐❧❧❡♠❡♥%✱
❙❤✉✤❡
❈✐(❛✐❧❧❡♠❡♥%✱
❙❤✉✤❡✱
α → γ✲❋❡
♠3%❛(%❛❜❧❡
❘❡❧❛%✐♦♥( ❞✬♦&✐❡♥%❛%✐♦♥
(0002)ε‖(110)α (0002)ε‖(110)α
[21̄1̄0]ε‖[110]α [112̄0]ε‖[1̄11̄]α
(21̄1̄0)ε‖(002)α (11̄00)ε‖(1̄1̄2)α
[0002]ε‖[110]α [0002]ε‖[110]α
◆♦♠❜&❡ ❞❡ ✈❛&✐❛♥%( ✶✷ ✷✹
✼✳✷✳✷✳✸ ◗✉✬❡()✲❝❡ ,✉✬✉♥ ✈❛0✐❛♥) ❄
❉❛♥( ❧❛ ♣❧✉♣❛&% ❞❡( ❝❛( ♣♦✉& ✉♥❡ %&❛♥(✐%✐♦♥ (♦❧✐❞❡✲(♦❧✐❞❡✱ ❧❡( ❝&✐(%❛✉① ❞❡ ❧❛
♥♦✉✈❡❧❧❡ ♣❤❛(❡ ♣❡✉✈❡♥% ♣&3(❡♥%❡& ✉♥❡ (②♠3%&✐❡ ❝&✐(%❛❧❧✐♥❡ ❞✐✛3&❡♥%❡ ❞❡ ❧❛ ♣❤❛(❡ >✉✐
❞✐(♣❛&❛[%✳ ❈✬❡(% ❧❡ ❝❛( ✐❝✐ ♣♦✉& ❧❛ %&❛♥(❢♦&♠❛%✐♦♥ α✲ε ❞❛♥( ❧❡ ❢❡&✳ ▲❛ (②♠3%&✐❡ ❞❡ ❧❛
♣❤❛(❡ ❞✐(♣❛&❛✐((❛♥% ❝&3❡ ❛❧♦&( ♣❧✉(✐❡✉&( ✈❛&✐❛♥%( (②♠3%&✐>✉❡♠❡♥% 3>✉✐✈❛❧❡♥%( ❞❡(
&❡❧❛%✐♦♥( ❞✬♦&✐❡♥%❛%✐♦♥(✳ ■❧ (✬❛❣✐% ❞❡( ❞✐✛3&❡♥%❡( ♦&✐❡♥%❛%✐♦♥( ♣♦((✐❜❧❡( ❞❡( ❝&✐(%❛✉①
❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ♣❤❛(❡ ♣&3(❡♥%❛♥% ❧❛ ♠<♠❡ ❞3✈✐❛%✐♦♥ ❢❛✐❜❧❡ ♠❛✐( ♥♦♥ ♥3❣❧✐❣❡❛❜❧❡ ♣❛&
&❛♣♣♦&% \ ❧✬♦&✐❡♥%❛%✐♦♥ ✐❞3❛❧❡✳ ❈❡( ✈❛&✐❛♥%( (♦♥% %♦✉( 3>✉✐✈❛❧❡♥%( ♣❛& &❛♣♣♦&% \
❧❛ (②♠3%&✐❡ ❝&✐(%❛❧❧✐♥❡ ❞❡ ❧✬❛♥❝✐❡♥♥❡ ♣❤❛(❡✳ ❈✬❡(% ♣♦✉&>✉♦✐ ❡♥ %❤3♦&✐❡✱ %♦✉( (♦♥%
3>✉✐♣&♦❜❛❜❧❡(✳
❉❡ ♠❛♥✐]&❡ ❣3♥3&❛❧❡✱ ❧❡( &❡❧❛%✐♦♥( ❞✬♦&✐❡♥%❛%✐♦♥ ❡♥%&❡ ❧❛ (%&✉❝%✉&❡ ❝✉❜✐>✉❡ ❝❡♥✲
%&3❡ ❡% ❧❛ (%&✉❝%✉&❡ ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝%❡ ❢♦♥% >✉❡ ❧♦&(>✉✬♦♥ ❝♦♠♣&✐♠❡ ❧❛ ♠❛✐❧❧❡
❝❝✱ ✐❧ ❡①✐(%❡ ✻ ♣&✐♥❝✐♣❛✉① ✈❛&✐❛♥%( ❞✬♦&✐❡♥%❛%✐♦♥✳ ❊♥(✉✐%❡✱ ❝❤❛>✉❡ ♠3❝❛♥✐(♠❡ ❞❡
%&❛♥(✐%✐♦♥ ♣❡✉% ❛♣♣♦&%❡& ❞❡( ❞❡( ❝&✐%]&❡( ❞✬♦&✐❡♥%❛%✐♦♥( (✉♣♣❧3♠❡♥%❛✐&❡(✳ ▲❡ (❤✉✤❡
♣❛& ❡①❡♠♣❧❡ ❞♦✉❜❧❡ ❧❡ ♥♦♠❜&❡ ❞❡ ✈❛&✐❛♥%( ♣♦✉& ❧❛ %&❛♥(❢♦&♠❛%✐♦♥ ❞✐&❡❝%❡ α → ε
♣✉✐(>✉✬✐❧ ♣❡✉% (❡ ♣&♦❞✉✐&❡ ❞❛♥( ❧❡( ❞❡✉① (❡♥(✳ ❆✐♥(✐ ♣♦✉& ❧❡ ♠3❝❛♥✐(♠❡ ■ ❞❡
❝♦♠♣&❡((✐♦♥✲(❤✉✤❡✱ ♦♥ %&♦✉✈❡ ✻ ✭ε → α✮ ♦✉ ✶✷ ✭α → ε✮ ✈❛&✐❛♥%( ✭✐✳❡✳ ♦&✐❡♥%❛✲
%✐♦♥( 3>✉✐✈❛❧❡♥%❡( ❞✐✛3&❡♥%❡( ♣♦((✐❜❧❡( ❞❡ ❝&✐(%❛✉① ✜❧(✮ \ ♣❛&%✐& ❞✬✉♥❡ ♦&✐❡♥%❛%✐♦♥
❞♦♥♥3❡ ❞✬✉♥ ❣&❛✐♥ ❞❡ ❧❛ ♣❤❛(❡ ♣❛&❡♥%✳ ▲❡( ♠3❝❛♥✐(♠❡( ■■❛ ❡% ■■❜ ✐♥%&♦❞✉✐(❡♥% >✉❛♥%
\ ❡✉① ✉♥❡ 3%❛♣❡ (✉♣♣❧3♠❡♥%❛✐&❡ ❞❡ &♦%❛%✐♦♥ >✉✐ ❞♦✉❜❧❡ ❧❛ >✉❛♥%✐%3 ❞❡ ✈❛&✐❛♥%( ❡%
♣♦&%❡ ❧❡ ♥♦♠❜&❡ ❞✬♦&✐❡♥%❛%✐♦♥( ♣♦((✐❜❧❡( \ ✶✷ ❞❛♥( ❧❡ (❡♥( ❞✐&❡❝% ε → α ❡% ✷✹ ❞❛♥(
❧❡ (❡♥( ✐♥✈❡&(❡ α → ε ✭❚❛❜✳ ✼✳✶✮✳
❉❛♥( ♥♦%&❡ 3%✉❞❡✱ ♥♦✉( ❝❤♦✐(✐((♦♥( ❞❡ ♥♦✉( ❝♦♥❝❡♥%&❡& (✉& ❧❡ ♠3❝❛♥✐(♠❡ ■■❛
✶✸✼
■◆❚❘❖❉❯❈❚■❖◆
❬❇✉+❣❡+.✱ ✶✾✸✹❪✳ ❈♦♠♠❡ ❧❡ .❤✉✤❡ ♥✬✐♥>+♦❞✉✐> ♣❛. ❞❡ ❝❤❛♥❣❡♠❡♥> ❞❡ ❞✐+❡❝>✐♦♥
❝+✐.>❛❧❧♦❣+❛♣❤✐C✉❡✱ .❡✉❧. ✻ ✭ε → α✮ ❡> ✶✷ ✭α → ε✮ ✈❛+✐❛♥>. ♣❡✉✈❡♥> I>+❡ ❞✐.❝❡+♥J.
❡♥ ❞✐✛+❛❝>✐♦♥ ❞❡. +❛②♦♥. ❳✳ ▲❡. +❡❧❛>✐♦♥. ❞✬♦+✐❡♥>❛>✐♦♥ ♣♦✉+ ❧❡. ✶✷ ✈❛+✐❛♥>. α → ε
✭❝❝→❤❝✮ ❞J>❡❝>❛❜❧❡. ❡♥ ❞✐✛+❛❝>✐♦♥ .♦♥> ❞J❝+✐>❡. ❞❛♥. ❧❡ ❚❛❜✳ ✼✳✷✳ ❈❡. ♠I♠❡. ✈❛+✐✲
❚❛❜❧❡ ✼✳✷ ✕ ❱❛+✐❛♥>. ❡> +❡❧❛>✐♦♥. ❞✬♦+✐❡♥>❛>✐♦♥ ❡♥>+❡ ❧❡. ♣❧❛♥. ❝+✐.>❛❧❧♦❣+❛♣❤✐C✉❡.
✭✶❡ ❝♦❧♦♥♥❡✮ ❡> ❧❡. ❞✐+❡❝>✐♦♥. ✭✷❡ ❝♦❧♦♥♥❡✮ ❞❡ ❝❝✲ ❡> ❤❝✲❋❡ ❛✉ ❝♦✉+. ❞❡ ❧❛ >+❛♥.✐>✐♦♥
cc → hc✱ ♣♦✉+ ❧❡ ♠J❝❛♥✐.♠❡ ❞❡ ❇✉+❣❡+. ❬✶✾✸✹❪✳ ❈♦❧♦♥♥❡ ❞❡ ❞+♦✐>❡ ✿ ✶✷ ✈❛+✐❛♥>.
❝❝→❤❝✳
❘❡❧❛>✐♦♥. ❞✬♦+✐❡♥>❛>✐♦♥ ♣♦✉+ ❧❛ >+❛♥.✐>✐♦♥ α ↔ ε
V❧❛♥. ❝+✐.>❛❧❧♦❣+❛♣❤✐C✉❡. ❉✐+❡❝>✐♦♥. ❝+✐.>❛❧❧♦❣+❛♣❤✐C✉❡. ❱❛+✐❛♥>. ❝❝→❤❝
(110)α ‖ (0001)ε
[11̄1]α ‖ [21̄1̄0]ε ❱✶✳✶
[1̄11]α ‖ [21̄1̄0]ε ❱✶✳✷
(101)α ‖ (0001)ε
[111̄]α ‖ [21̄1̄0]ε ❱✷✳✶
[11̄1̄]α ‖ [21̄1̄0]ε ❱✷✳✷
(011)α ‖ (0001)ε
[111̄]α ‖ [21̄1̄0]ε ❱✸✳✶
[11̄1]α ‖ [21̄1̄0]ε ❱✸✳✷
(1̄10)α ‖ (0001)ε
[111]α ‖ [21̄1̄0]ε ❱✹✳✶
[111̄]α ‖ [21̄1̄0]ε ❱✹✳✷
(1̄01)α ‖ (0001)ε
[11̄1]α ‖ [21̄1̄0]ε ❱✺✳✶
[111]α ‖ [21̄1̄0]ε ❱✺✳✷
(01̄1)α ‖ (0001)ε
[111]α ‖ [21̄1̄0]ε ❱✻✳✶
[1̄11]α ‖ [21̄1̄0]ε ❱✻✳✷
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❝♦✉14 ❞❡ ❧✬❡①♣$1✐❡♥❝❡✱ ♥♦✉4 ❛✈♦♥4 ✐♥4$1$ ❞❡4 4♣❤C1❡4 ❞❡ 1✉❜✐4 ❞✬✉♥ ❞✐❛♠C%1❡ ❡♥%1❡
✸ ❡% ✺µ♠ A ❧✬✐♥%$1✐❡✉1 ❞✉ ❥♦✐♥%✳ ■❧ 4✬❛❣✐% ❞✬✉♥ %1C4 ❜♦♥ ❝❛❧✐❜1❛♥% ❞❡ ❧❛ ♣1❡44✐♦♥ ❛✉①
✶✹✸
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
❋✐❣✉$❡ ✽✳✸ ✕ ❙❝❤7♠❛ ❞❡ ❝❤❛<❣❡✲
♠❡♥? ❡? ♣❤♦?♦ ❞✬✉♥ 7❝❤❛♥?✐❧❧♦♥
❞❡ ♥♦?<❡ 7?✉❞❡✳ ❊❝❤❛♥?✐❧❧♦♥ ❂
❢❡✉✐❧❧❡ ❞❡ ❢❡< ❞❡ ✷✺µ♠ ❞✬7♣❛✐J✲
J❡✉<✳ ■♥❞❡♥?❛?✐♦♥ ❞✉ ❥♦✐♥? ❡♥ <❤❡✲
♥✐✉♠ ✭❘❡✮ N ✉♥❡ 7♣❛✐JJ❡✉< ❞❡
✹✵µ♠ ✳ ▲❡ <✉❜✐J ❡J? ✉?✐❧✐J7 ❝♦♠♠❡
♠❛<R✉❡✉< ❞❡ ♣<❡JJ✐♦♥✳ ❉❛♥J ❝❡?
❡①❡♠♣❧❡ ❞❡ ❝❤❛<❣❡♠❡♥?✱ ❧❡ ♠✐✲
❧✐❡✉ ?<❛♥J♠❡??❡✉< ❞❡ ♣<❡JJ✐♦♥ ❡J?
❧✬❤7❧✐✉♠✳ ✭❛✮ ❙❝❤7♠❛ ?<❛♥J✈❡<✲
J❛❧ ❞✉ ❝❤❛<❣❡♠❡♥?✳ ▲❡ ?<♦✉ ♣❡<❝7
❞❛♥J ❧❡ ❥♦✐♥? ❡♥ <❤7♥✐✉♠ ♠❡J✉<❡
≈✶✵✵µ♠ ❞❡ ❞✐❛♠W?<❡✳ ✭❜✮ %❤♦?♦
❞❡ ❧✬7❝❤❛♥?✐❧❧♦♥ ❝♦<<❡J♣♦♥❞❛♥? ❛✉
J❝❤7♠❛ ✭❛✮✳ ✭❝✮ %❤♦?♦ ❞❡ ❧✬7❝❤❛♥✲
?✐❧❧♦♥ ❛♣<WJ ❛✉❣♠❡♥?❛?✐♦♥ ❞❡ ❧❛
♣<❡JJ✐♦♥✳ ▲❡ ?<♦✉ J✬❡J? ❜❡❛✉❝♦✉♣
<❡❢❡<♠7✳ ▲❛ ♣<❡JJ✐♦♥ ❡J? ❞❡ ≈
✶✷ ●%❛✱ ❧✬❤7❧✐✉♠ ❡J? ❡♥ ?<❛✐♥ ❞❡
J❡ J♦❧✐❞✐✜❡< ❡? ❧❡ ?<♦✉ ♥✬7✈♦❧✉❡
♣❧✉J✳ ❉❡J ❢<❛♥❣❡J ❞✬✐♥?❡<❢7<❡♥❝❡J
J♦♥? ❧❛ ♣<❡✉✈❡ ❞❡ ❧✬❛♣♣❧✐❝❛?✐♦♥
❞❡ ❝♦♥?<❛✐♥?❡J J✉< ❧❡J ❢❛❝❡J ❞❡J
❞✐❛♠❛♥?J✳
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❣❛♠♠❡J ❞❡ ♣<❡JJ✐♦♥ ❛✉①R✉❡❧❧❡J ♥♦✉J ♦♣7<♦♥J✱ ❡♥?<❡ ✺ ❡? ✷✵ ●%❛✳ ❊♥ ❡✛❡?✱ ❉❡✇❛❡❧❡
❡? ❛❧✳ ❬✷✵✵✻❪ ❡J?✐♠❡ J❛ ♣<7❝✐J✐♦♥ Prubis = PreelleDAC±0, 05 ●%❛ ❥✉JR✉✬N ✶✵ ●%❛✱ J❡✉✐❧
N ♣❛<?✐< ❞✉R✉❡❧ ❝❡❧❧❡✲❝✐ ❞✐♠✐♥✉❡ <7❣✉❧✐W<❡♠❡♥? ♠❛✐J ❧❡♥?❡♠❡♥? ♣♦✉< ❛??❡✐♥❞<❡ ±✶✱✺
●%❛ ♣♦✉< ❞❡J ♣<❡JJ✐♦♥J PreelleDAC ❞❡ ❧✬♦<❞<❡ ❞❡ ✶✵✵ ●%❛ ❬❉❡✇❛❡❧❡ ❡? ❛❧✳✱ ✷✵✵✽❪✳
▲❡ ❤✉?❝❤ 7?❛♥? 7R✉✐♣7 ❞✬✉♥ J♣❡❝?<♦♠W?<❡ ♣♦✉< ♠❡J✉<❡< ❧❛ ✢✉♦<❡J❝❡♥❝❡ ❞✉ <✉❜✐J
❝♦♠♠❛♥❞7 N ❞✐J?❛♥❝❡✱ ?♦✉?❡J ❧❡J ♠❡J✉<❡J ♣❡✉✈❡♥? ?♦✉❥♦✉<J `?<❡ <7❛❧✐J7❡J ❞❡♣✉✐J ❧❛
J❛❧❧❡ ❞❡ ❝♦♥?<a❧❡ ❛✜♥ ❞❡ ♥❡ ♣❛J ✐♥?❡<<♦♠♣<❡ ✐♥✉?✐❧❡♠❡♥? ❧❡ ❝♦✉<J ❞❡ ❧✬❡①♣7<✐❡♥❝❡✳
❉❛♥J ♥♦?<❡ 7?✉❞❡✱ ♥♦✉J J♦✉❤❛✐?✐♦♥J ❡♥ ♣<❡♠✐❡< ❧✐❡✉ J✉✐✈<❡ ❧✬7✈♦❧✉?✐♦♥ ❞❡J ?❡①✲
?✉<❡J ❞❛♥J ❞❡J ❝♦♥❞✐?✐♦♥J ❧❡J ♣❧✉J ❤②❞<♦J?❛?✐R✉❡J ♣♦JJ✐❜❧❡J ❛✜♥ ❞❡ ♥❡ ♣❛J ❝♦♠♣❧✐✲
R✉❡< ❧✬✐♥?❡<♣<7?❛?✐♦♥ ❞❡J ❞♦♥♥7❡J✳ ❈✬❡J? ♣♦✉<R✉♦✐ ❧❡ ❝❤♦✐① ❞❡ ♠✐❧✐❡✉ ?<❛♥J♠❡??❡✉<
♣♦✉< ❝♦♥✜♥❡< ❧✬7❝❤❛♥?✐❧❧♦♥ ❡J? ❢♦♥❞❛♠❡♥?❛❧✳ ❈✬❡J? ?♦✉? ♥❛?✉<❡❧❧❡♠❡♥? R✉❡ ❧✬❤7❧✐✉♠✱
✉♥ ❣❛③ <❛<❡✱ J✬❡J? ✐♠♣♦J7 N ♥♦✉J ♣✉✐JR✉✬✐❧ ❡J? ✐♥❝♦♥?❡J?❛❜❧❡♠❡♥? ❧❡ ♠✐❧✐❡✉ ?<❛♥J♠❡?✲
?❡✉< ❧❡ ♣❧✉J ❤②❞<♦J?❛?✐R✉❡ ❛✉① ♣<❡JJ✐♦♥J ❛✉①R✉❡❧❧❡J ♥♦✉J ♦♣7<♦♥J ❬❩♦✉ ❡? ❛❧✳✱ ✶✾✽✶✱
✈♦♥❇❛<❣❡♥ ❛♥❞ ❇♦❡❤❧❡<✱ ✶✾✾✵✱ ❇♦❡❤❧❡< ❡? ❛❧✳✱ ✶✾✾✵✱ ❚❛②❧♦< ❡? ❛❧✳✱ ✶✾✾✶✱ ❚❛❦❡♠✉<❛✱
✷✵✵✶✱ ❚❛?❡✐✇❛ ❛♥❞ ❍❛❣❛✱ ✷✵✵✾✱ ❑❧♦?③ ❡? ❛❧✳✱ ✷✵✵✾❪ ♠`♠❡ ❛♣<WJ J❛ J♦❧✐❞✐✜❝❛?✐♦♥ N ✶✷✳✶
●%❛✳ ❊♥ ❞❡✉①✐W♠❡ ❧✐❡✉✱ ♥♦✉J ❛✈♦♥J ✈♦✉❧✉ 7?✉❞✐❡< ❧❡J ❡✛❡?J ❞❡ ♥♦♥✲❤②❞<♦J?❛?✐❝✐?7 J✉<
❧❛ ?<❛♥J✐?✐♦♥✱ ❞❛♥J ❧✬♦♣?✐R✉❡ ❞✬❡①♣❧♦<❡< ❧❡J ♣<♦♣<✐7?7J ♣❤②J✐R✉❡J ❞❡ ❧❛ ?<❛♥J❢♦<♠❛?✐♦♥
α ↔ ε✳ ◆♦✉J ❛✈♦♥J ❞♦♥❝ ❝❤♦✐J✐ ✉♥ ❞❡✉①✐W♠❡ ♠✐❧✐❡✉ ?<❛♥J♠❡??❡✉< ?<❛❞✐?✐♦♥♥❡❧ ✭♣♦✉<
❧❡J ❡①♣7<✐❡♥❝❡J ❡♥ ❉❆❈✮✱ ✉♥ ♠7❧❛♥❣❡ ✹ ✿✶ ❞❡ ♠7?❤❛♥♦❧✲7?❤❛♥♦❧✱ ❧✐R✉✐❞❡ ❛✉① ❝♦♥✲
✶✹✹
✽✳✶ ▼$%❤♦❞❡
❋✐❣✉$❡ ✽✳✹ ✕ ❉$♣❡♥❞❡♥❝❡ ❞❡ ❧✬$❝❛3%✲%②♣❡ 6%❛♥❞❛3❞ σ ✭✜❣✉3❡6 ♣3✐♥❝✐♣❛❧❡6✮✱ ✈❛3✐❛%✐♦♥
♠♦②❡♥♥❡ ❞❡ ❧✬$✈♦❧✉%✐♦♥ ❞❡ ❧❛ ❧✐❣♥❡ ❘✶ ❡% ❞❡ ❧❛ ♠♦②❡♥♥❡ ❘✶✲❘✷ ♣♦✉3 ✉♥ ♠$❧❛♥❣❡
✹ ✿✶ ♠❡%❤❛♥♦❧✲❡%❤❛♥♦❧ ✭C ❣❛✉❝❤❡✮ ❡% ❧✬❤$❧✐✉♠ ✭C ❞3♦✐%❡✮✳ ▼♦❞✐✜$ ❞❡ ❑❧♦%③ ❡% ❛❧✳
❬✷✵✵✾❪✳
❞✐%✐♦♥6 ❛♠❜✐❛♥%❡6 ❬❏❛②❛3❛♠❛♥✱ ✶✾✽✸✱ M✐❡3♠❛3✐♥✐ ❛♥❞ ❇3❛✉♥✱ ✶✾✼✸✱ ✈♦♥❇❛3❣❡♥ ❛♥❞
❇♦❡❤❧❡3✱ ✶✾✾✵✱ ❑❧♦%③ ❡% ❛❧✳✱ ✷✵✵✾❪✳ ❈❡ ♠✐❧✐❡✉ %3❛♥6♠❡%%❡✉3 ❡6% Q✉❛6✐✲❤②❞3♦6%❛%✐Q✉❡
❥✉6Q✉❡ ✶✵ ●M❛ ❬❑❧♦%③ ❡% ❛❧✳✱ ✷✵✵✾❪✳ ❆✉ ❞❡❧C✱ ✐❧ 6❡ 6♦❧✐❞✐✜❡ ❡% ❧❛ ❝♦♥%3❛✐♥%❡ ❞✐✛$3❡♥✲
%✐❡❧❧❡ ❛✉ 6❡✐♥ ❞❡ ❧✬$❝❤❛♥%✐❧❧♦♥ ❛✉❣♠❡♥%❡ 3❛♣✐❞❡♠❡♥%✳ ❉❛♥6 ❧❛ ❋✐❣✳ ✽✳✹✱ ♥♦✉6 ♣3$6❡♥✲
%♦♥6 ❧❛ ❞$♣❡♥❞❛♥❝❡ ❞❡ ❧✬$❝❛3%✲%②♣❡ 6%❛♥❞❛3❞ ❘✶✲❘✷ ✭❡♥%3❡ ❧❡6 ♣3❡66✐♦♥6 ♠❡6✉3$❡6
6✉3 ❞✐✛$3❡♥%6 3✉❜✐6✮ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ♣3❡66✐♦♥ ❤②❞3♦6%❛%✐Q✉❡ ♣♦✉3 ❝❤❛Q✉❡ ♠✐❧✐❡✉
%3❛♥6♠❡%%❡✉3 ♦X ❘✶ ❡% ❘✷ 6♦♥% ❧❡6 ♣✐❝6 ❞❡ ✢✉♦3❡6❝❡♥❝❡ ❞✉ 3✉❜✐6✳ ❈❡%%❡ ✜❣✉3❡ ♠❡%
❡♥ 3❡❧✐❡❢ ❧❡6 ❣❛♠♠❡6 ❞❡ Q✉❛6✐✲❤②❞3♦6%❛%✐❝✐%$ ❞❡ ❝❤❛❝✉♥ ❞❡6 ♠✐❧✐❡✉① %3❛♥6♠❡%%❡✉36
❝❤♦✐6✐6✳
✽✳✶✳✸ $%♦'♦❝♦❧❡ ❡①♣-%✐♠❡♥'❛❧
❊♥ %♦✉%✱ ♥♦✉6 ❛✈♦♥6 ❡✛❡❝%✉$ %3♦✐6 6$3✐❡6 ❞✬❡①♣$3✐❡♥❝❡6 ❞♦♥% ❧❡6 ♣❛3❛♠\%3❡6 6♦♥%
♣3$❝✐6$6 ❞❛♥6 ❧❡ ❚❛❜✳ ✽✳✶✳ M♦✉3 ❝❤❛Q✉❡ 6$3✐❡ ❞✬❡①♣$3✐❡♥❝❡6✱ ♥♦✉6 ❛✈♦♥6 ❡✛❡❝%✉$
%3♦✐6 ❝②❝❧❡6 ❝♦♠♣❧❡%6 ❡♥ ♣3❡66✐♦♥ ❛✉%♦✉3 ❞❡ ❧❛ %3❛♥6✐%✐♦♥ α ↔ ε ❡♥%3❡ ✺ ❡% ✷✺
●M❛ ♥✉♠$3♦%$6 ❞❡ ❈✶ C ❈✸✳ ▲❛ ❞✉3$❡ ❡% ❧❛ ❢3$Q✉❡♥❝❡ ❞❡6 ♣❛❧✐❡36 ❞❡ ♣3❡66✐♦♥ ❛ $%$
❛❞❛♣%$❡ ❡♥ ❢♦♥❝%✐♦♥ ❞✉ 6%❛❞❡ ❞❡ ❧❛ %3❛♥6❢♦3♠❛%✐♦♥✳ M❡♥❞❛♥% ❧❡6 %3❛♥6✐%✐♦♥6 ✭❝❢ ❋✐❣✳
✼✳✷✱ ♣❛❣❡ ✶✸✹✮✱ ❧❛ ❢3$Q✉❡♥❝❡ ❞❡ ❝♦❧❧❡❝%❡ $%❛✐% ❞✬✉♥❡ ✐♠❛❣❡ ❞❡ ❞✐✛3❛❝%✐♦♥ ✭❋✐❣✳ ✽✳✺✮
%♦✉6 ❧❡6 ✵✱✺ ●M❛ ❛✈❡❝ ✉♥ %❡♠♣6 ❞✬❛❝Q✉✐6✐%✐♦♥ ✜①$ C ✶✵6 6✉3 ❧❛ ❝❛♠$3❛ ❈❈❉✳
❊♥ ❞❡❤♦36 ❞❡6 ❣❛♠♠❡6 ❞❡ ♣3❡66✐♦♥ ❞❡ %3❛♥6✐%✐♦♥✱ ❧❛ ❢3$Q✉❡♥❝❡ ❞❡ ❝♦❧❧❡❝%❡ $%❛✐%
3$❞✉✐%❡ C ✉♥❡ ❞✐✛3❛❝%✐♦♥ %♦✉6 ❧❡6 ✶ C ✷ ●M❛✳ ▲❡6 ♣❧❛Q✉❡6 ✐♠❛❣❡6 ♣♦✉✈❛✐❡♥% %♦✉% ❛✉
✶✹✺
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
❚❛❜❧❡ ✽✳✶ ✕ %❛6❛♠896❡; ❞❡; ;=6✐❡; ❞✬❡①♣=6✐❡♥❝❡;✳
▼❉❆❈ ▼✐❧✐❡✉ 96❛♥;♠❡99❡✉6 ❊♣❛✐;;❡✉6 =❝❤❛♥9✐❧✲
❧♦♥
❉✐❛♠❛♥9;
▲❚❈✵✻ ♠=9❤❛♥♦❧✲=9❤❛♥♦❧
✹ ✿✶
✷✺µ♠ ✸✵✵µ♠
▲❚❈✵✾ ❤=❧✐✉♠ ✷✺µ♠ ✷✺✵✴✸✵✵µ♠
▲❚❈✵✻♣ ❤=❧✐✉♠ ✺µ♠ ✷✺✵✴✸✵✵µ♠
❋✐❣✉)❡ ✽✳✺ ✕ ❙❝❤=♠❛ ❞❡ ♣6✐♥❝✐♣❡ ❞❡ ❞✐✛6❛❝9✐♦♥ ❞❡; 6❛②♦♥; ❳ ;♦✉; 6❛②♦♥♥❡♠❡♥9
;②♥❝❤6♦96♦♥✳ ▲❛ ♣❤♦9♦ ♠♦♥96❡ ✉♥❡ ▼❉❆❈ ❝♦♥9❡♥❛♥9 ✉♥ =❝❤❛♥9✐❧❧♦♥ ❞❡ ❢❡✉✐❧❧❡ ❞❡
❢❡6 ❡9 ❝❤❛6❣=❡ V ❧✬❤=❧✐✉♠ ❡♥96❡ ❞❡✉① ❝♦❧❧❡❝9❡; ❞✬✐♠❛❣❡;✳ 2θ ❝♦66❡;♣♦♥❞ ❛✉ ❞✐❛♠896❡
❞✉ ❝W♥❡ ❞❡ ❉❡❜②❡✲❙❝❤❡66❡6 ❛;;♦❝✐= V ❝❤❛Y✉❡ ♣✐❝ ❞❡ ❞✐✛6❛❝9✐♦♥ ❞❡ ❧✬=❝❤❛♥9✐❧❧♦♥✳ η
❡;9 ❧✬❛♥❣❧❡ ❞❡ ❞✐✛6❛❝9✐♦♥ ;✉6 ❧❡ ❞=9❡❝9❡✉6✳
❧♦♥❣ ❞❡ ❧✬❡①♣=6✐❡♥❝❡ Z96❡ ❝♦♥;✉❧9=❡; ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧ ❞❡ ❞✐✛6❛❝9✐♦♥ ❋✐9✷❞ ✐♥;9❛❧❧= ;✉6
❧❡; ♦6❞✐♥❛9❡✉6; ❞✬■❉✷✼✳ ❆ 9✐96❡ ❞✬❡①❡♠♣❧❡✱ ✉♥❡ ✐♠❛❣❡ ❞❡ ❞✐✛6❛❝9✐♦♥ ❛✈❡❝ ❝♦❡①✐;9❡♥❝❡
❞❡; ♣❤❛;❡; ❤❝ ❡9 ❝❝ ❡;9 ♣6=;❡♥9=❡ ❞❛♥; ❧❛ ❋✐❣✳ ✽✳✻✳ ▲❡ ❢❛✐9 Y✉❡ ❧❡; ❛♥♥❡❛✉① ❞❡
❞✐✛6❛❝9✐♦♥ ♥❡ ;♦✐❡♥9 ♣❛; ❝♦♥9✐♥✉; ❡;9 ❝❛6❛❝9=6✐;9✐Y✉❡ ❞✬✉♥❡ 9❡①9✉6❡ ♦6✐❡♥9=❡✳
❉❡; ❡①❡♠♣❧❡; ❞❡ ♣✐❝; ❞❡ ♣6♦✜❧; ❞❡ ❞✐✛6❛❝9✐♦♥ ♠♦②❡♥; ❞❛♥; ❧✬❤=❧✐✉♠ ;♦♥9 ♣6=;❡♥✲
9=; ❡♥ ❋✐❣✳ ✽✳✼ ♣♦✉6 ❧❛ ♣❤❛;❡ ❞❡ ❝❤❛6❣❡♠❡♥9 ❈✸✳✶ ❞✉ ❝②❝❧❡ ❈✸✳
✶✹✻
✽✳✶ ▼$%❤♦❞❡
❋✐❣✉$❡ ✽✳✻ ✕ ■♠❛❣❡ ❞❡
❞✐✛2❛❝%✐♦♥ ❝♦❧❧❡❝%$❡ ❛✉ ❝♦✉27
❞✉ ❝②❝❧❡ ❈✸✳✶ ❞❛♥7 ❍❡ <
✉♥❡ ♣2❡77✐♦♥ ❞❡ ✶✺✱✹ ●B❛
< ❧✬$D✉✐❧✐❜2❡ ❡♥%2❡ ❧❡7 ❞❡✉①
♣❤❛7❡7✱ ❝❝ ❡% ❤❝✳
❋✐❣✉$❡ ✽✳✼ ✕ ❊✈♦❧✉%✐♦♥ ❞❡ ❧❛ ♣♦7✐%✐♦♥ ❞❡7 ♣✐❝7 ❞❡ ❞✐✛2❛❝%✐♦♥ ❧♦27 ❞❡ ❧❛ %2❛♥7✐%✐♦♥
α → ε✳ ❈❡7 ❞♦♥♥$❡7 ❝♦22❡7♣♦♥❞❡♥% ❛✉① ❞✐✛2❛❝%✐♦♥7 ♦❜%❡♥✉❡7 ♣♦✉2 ❧❛ ♣2❡♠✐J2❡
▼❉❆❈ ❝❤❛2❣$❡ < ❧✬❤$❧✐✉♠✱ ▲❚❈✵✾✱ ❧♦27 ❞❡ ❧❛ ♠♦♥%$❡ ❞✉ %2♦✐7✐J♠❡ ❝②❝❧❡ ❞❡ ♣2❡77✐♦♥✱
❈✸✳✶✳ ▲❛ %2♦✐7✐J♠❡ ❧✐❣♥❡ ♥♦✐2❡ ❡♥ ♣❛2%❛♥% ❞✉ ❤❛✉% ❝♦22❡7♣♦♥❞ ❛✉ ❞✐✛2❛❝%♦❣2❛♠♠❡
♠♦②❡♥♥$ 7✉2 η ❞❡ ❧✬✐♠❛❣❡ ❞❡ ❞✐✛2❛❝%✐♦♥ ❞❡ ❧❛ ❋✐❣✳ ✽✳✻✳ ▲❡7 ♣✐❝7 ❞❡ ❞✐✛2❛❝%✐♦♥ 7♦♥%
2$❢$2❡♥❝$7 ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ♣❤❛7❡ ❝2✐7%❛❧❧✐♥❡ ❡% ❞❡7 ✐♥❞✐❝❡7 ❞❡ ▼✐❧❧❡2 ❞❡7 ♣❧❛♥7
❝2✐7%❛❧❧♦❣2❛♣❤✐D✉❡7 ❝♦22❡7♣♦♥❞❛♥%7✳ B♦✉2 ❧❛ ♣❤❛7❡ ❤❡①❛❣♦♥❛❧❡✱ ❧❛ ❝♦22❡7♣♦♥❞❛♥❝❡
❡♥%2❡ ❧❛ ♥♦%❛%✐♦♥ ❞✬✐♥❞✐❝❡7 ❞❡ ▼✐❧❧❡2 < %2♦✐7 ❝❤✐✛2❡7✱ ✭❤❦❧✮✱ ❡% ❧❛ ♥♦%❛%✐♦♥ ❞❡ ❇2❛✈❛✐7✲
▼✐❧❧❡2 < D✉❛%2❡ ❝❤✐✛2❡7 ✭❤❦✐❧✮ ❡7% ❧❛ 7✉✐✈❛♥%❡ ✿ ✐❂✲✭❤✰❦✮✳ ❖♥ ❛ ❞♦♥❝ (100) ‖ (101̄0)✱
(002) ‖ (0002)✱ (101) ‖ (101̄1)✱ (102) ‖ (101̄2) ❡% (103) ‖ (101̄3)✳
❆ ❧✬$✈✐❞❡♥❝❡✱ %2❛✈❛✐❧❧❡2 ✉♥✐D✉❡♠❡♥% 7✉2 ❧❡7 ❞✐✛2❛❝%♦❣2❛♠♠❡7 ✶❉ ♠♦②❡♥7 ✐♠✲
♣♦7❡2❛✐% ✉♥❡ ♣❡2%❡ ✐♠♣♦2%❛♥%❡ ❞✬✐♥❢♦2♠❛%✐♦♥ ❛♥❣✉❧❛✐2❡ ♥❡ ♣❡2♠❡%%❛♥% ♣❛7 ✉♥❡
❛♥❛❧②7❡ ❞❡ %❡①%✉2❡✳ ❞❛♥7 ♥♦%2❡ ❝❛7 ♦\ ❧❡7 %❡①%✉2❡7 7♦♥% ♦2✐❡♥%$❡7✳ B♦✉2 ❝❡ ❢❛✐2❡✱
♥♦✉7 ❛✈♦♥❝ %2❛✈❛✐❧❧$ ❞✐2❡❝%❡♠❡♥% 7✉2 ❧❡7 ✐♠❛❣❡7 ❞❡ ❞✐✛2❛❝%✐♦♥ ✷❉ ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧
▼❆❯❉ ❬▲✉%%❡2♦%%✐ ❡% ❛❧✳✱ ✶✾✾✾✱ ▲✉%%❡2♦%%✐ ❛♥❞ ❇♦2%♦❧♦%%✐✱ ✷✵✵✸✱ ❲❡♥❦ ❡% ❛❧✳✱ ✷✵✵✹✱
■7❝❤✐❛ ❡% ❛❧✳✱ ✷✵✵✺✱ ▲♦♥❛2❞❡❧❧✐ ❡% ❛❧✳✱ ✷✵✵✺✱ ▲✉%%❡2♦%%✐ ❡% ❛❧✳✱ ✷✵✵✼❪✳
✶✹✼
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
✽✳✶✳✹ ❚%❛✐(❡♠❡♥( ❞❡- ❞♦♥♥/❡-
✽✳✶✳✹✳✶ $%✐♥❝✐♣❡
◆♦✉3 ❛✈♦♥3 ❞♦♥❝ 9:❛✐9< ♥♦3 ❞♦♥♥<❡3 ❛✈❡❝ ▼❆❯❉ ❛✜♥ ❞✬❡①9:❛✐:❡ ✉♥ ❝❡:9❛✐♥
♥♦♠❜:❡ ❞✬✐♥❢♦:♠❛9✐♦♥3 ✉9✐❧❡3 ♣♦✉: ❧❛ 3✉✐9❡ ❞❡ ♥♦9:❡ <9✉❞❡ 9❡①9✉:❛❧❡ ✿
• ❊✈♦❧✉9✐♦♥ ❞❡3 ♣:♦♣♦:9✐♦♥3 ❞❡ ♣❤❛3❡✱
• %❛:❛♠I9:❡3 ❞❡ ♠❛✐❧❧❡✱
• ❚❛✐❧❧❡3 ❞❡ ❣:❛✐♥3✱
• ✭❧❛39 ❜✉9 ♥♦9 ❧❡❛39✮ ❚❡①9✉:❡3✳
▲❡ ❧♦❣✐❝✐❡❧ ❢❛✐9 ❛♣♣❡❧ N ❧❛ ♠<9❤♦❞❡ ❘✐❡9✈❡❧❞ O✉✐ ❝♦♥3✐39❡ N ❛✣♥❡: ❞✐:❡❝9❡♠❡♥9 ❧❡3
♣❛:❛♠I9:❡3 ♠✐❝:♦39:✉❝9✉:❛✉① ❞❡3 ♣❤❛3❡3 ❝:✐39❛❧❧✐♥❡3 3❛♥3 ♣❛33❡: ♣❛: ❧✬✐♥9<❣:❛9✐♦♥
❞❡3 ♣✐❝3 ❞❡ ❞✐✛:❛❝9✐♦♥ ❞✉ ❞✐✛:❛❝9♦❣:❛♠♠❡ ♠♦②❡♥✳
❉❡3 :❛♣♣❡❧3 3✉: ✶✮ ❧❡3 ❝♦♥✈❡♥9✐♦♥3 ❞✬❛♥❣❧❡3 ❞✬❊✉❧❡:✱ ❡9 ✷✮ ❧❛ ❝♦♥39:✉❝9✐♦♥
❞❡3 ✜❣✉:❡3 ❞❡ ♣U❧❡ 3♦♥9 ❢♦✉:♥✐3 ❡♥ ❆♥♥❡①❡✳
 ♦✉# ❡♥ &❛✈♦✐# ♣❧✉& ✿ ❯♥ ♣♦✇❡:♣♦✐♥9 ❡①♣❧✐❝❛9✐❢ ❞❡ ❧❛ ♠<9❤♦❞❡ ❘✐❡9✈❡❧❞
❡39 ❞✐3♣♦♥✐❜❧❡ 3✉: ❧❡ 3✐9❡ ❤!!♣✿✴✴✇✇✇✳❝❝♣✶✹✳❛❝✳✉❦✴❝❝♣✴✇❡❜✲♠✐22♦24✴
❧✉!!❡2♦!!✐✴⑦❧✉!!❡2♦✴❧❛❜♦2❛!♦2✐♦♠❛!❡2✐❛❧✐✴❘✐❡!✈❡❧❞✳♣❞❢ ❡9 ✈♦✉3
9:♦✉✈❡:❡③ ✉♥ 9✉9♦:✐❡❧ ❝♦♠♣❧❡9 ❞✉ ❧♦❣✐❝✐❡❧ ▼❆❯❉ 3✉: ❤!!♣✿✴✴♠❡2❦❡❧✳
③♦♥❡♦✳♥❡!✴❘❉❳✴✐♥❞❡①✳♣❤♣❄♥❂▼❛✉❞✳❘❛❞✐❛❧❉✐❢❢2❛❝!✐♦♥ ✳
✽✳✶✳✹✳✷ ❊①❡♠♣❧❡ ❞✬❛✣♥❡♠❡♥4
❖♥ ❛✣♥❡ 3✉: ▼❆❯❉ ❧✬✐♠❛❣❡ ❞❡ ❞✐✛:❛❝9✐♦♥ ❝♦::❡3♣♦♥❞❛♥9 N ✉♥❡ ♠❡3✉:❡ ❡✛❡❝✲
9✉<❡ N ✉♥❡ ♣:❡33✐♦♥ :✉❜✐3 ❞❡ ✶✺✱✹ ●%❛ ❛✉ ❝♦✉:3 ❞❡ ❈✸✳✶ ❞❛♥3 ▲❚❈✵✾ ✭❍❡✮ ✭❝❢ ❋✐❣3✳
✽✳✻ ❡9 ✽✳✼✮✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛: ❛✣♥❡: 9♦✉: N 9♦✉: ❞❛♥3 ε ❡9 α ❧✬✐♥9❡♥3✐9< ✐♥❝✐❞❡♥9❡✱
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✭A ❣✳✮ ❡( ▲❚❈✵✻ ✭A ❞✳✮✳ ▲❡% ♣❤❛%❡% ❞❡ ♠♦♥($❡ ❡♥ ♣5❡%%✐♦♥ %♦♥( ✐♥❞✐D✉$❡% ♣❛5 ❞❡%
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A ❧✬❤$❧✐✉♠✱ ♦♥ ♥✬♦❜%❡5✈❡ ❞❡ 5$❡❧ %❛✉( ❞❡ ✈♦❧✉♠❡ D✉❡ ♣♦✉5 ❧❛ (5❛♥%✐(✐♦♥ ❞✐5❡❝(❡✳ ❉❛♥%
❧❡ %❡♥% ✐♥✈❡5%❡ ❡♥ 5❡✈❛♥❝❤❡✱ (♦✉( %❡ ♣❛%%❡ ❝♦♠♠❡ %✐ ❧❛ (5❛♥%❢♦5♠❛(✐♦♥ %❡ ❢❛✐%❛✐(
♣❧✉% ❣5❛❞✉❡❧❧❡♠❡♥(✳ ❆✉ ❝♦✉5% ❞❡ ❧✬❡①♣$5✐❡♥❝❡✱ ♥♦✉% ❛✈♦♥% 5❡♠❛5D✉$ ❧✬❡①✐%(❡♥❝❡ ❞❡
❣5❛✐♥% ♠$(❛%(❛❜❧❡% ❞❡ ❢❡5 ε ♣❡5%✐%(❛♥( ❜✐❡♥ ❡♥ ❞❡❤♦5% ❞❡ ❧❛ ❣❛♠♠❡ ❞❡ ♣5❡%%✐♦♥ ❞❡
(5❛♥%✐(✐♦♥✳ ❆✉ ❢✉5 ❡( A ♠❡%✉5❡ ❞❡% ❝②❝❧❡%✱ ❧❛ ♣5❡%%✐♦♥ ❞❡ ❞✐%♣❛5✐(✐♦♥ ❞❡ ❝❡% ❣5❛✐♥%
$(❛✐( ♣❧✉% ❜❛%%❡✳ S♦✉5 ❧❡ (5♦✐%✐X♠❡ ❝②❝❧❡✱ ✐❧ 5❡%(❛✐( ❡♥❝♦5❡ ❞❡% ❣5❛✐♥% ❞❡ ❢❡5 ε A ✹
●S❛✳ ■❧ ❡%( ♣5♦❜❛❜❧❡ D✉❡ ❝❡ %♦✐( ❝❡% ❣5❛✐♥% D✉✐ ✐♥❞✉✐%❡♥( ❧❛ ❞✐%♣❛5✐(✐♦♥ ❛♣♣❛5❡♥(❡
❞✉ %❛✉( ❞❡ ✈♦❧✉♠❡ ❞❛♥% ❧❡ ♠$(❤❛♥♦❧✲$(❤❛♥♦❧✳
✶✺✶
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
✽✳✷✳✷✳✷ ❚❛✐❧❧❡( ❞❡ ❣+❛✐♥(
▲❛ 2❛✐❧❧❡ ❞❡7 ❝9✐72❛❧❧✐2❡7 ❞:♣❡♥❞ ♣9✐♥❝✐♣❛❧❡♠❡♥2 ❞❡ ❧❛ ❧❛9❣❡✉9 @ ♠✐✲❤❛✉2❡✉9 ❞❡7
♣✐❝7 ❞❡ ❞✐✛9❛❝2✐♦♥✳ ❙❛♥7 ❝❛❧✐❜9❛2✐♦♥ ♣9♦♣9❡ ♣9:❛❧❛❜❧❡✱ G✉❡ ♥♦✉7 ♥✬❛✈♦♥7 ♣❛7 ❡❢✲
❢❡❝2✉:❡✱ ✐❧ 7✬❛❣✐2 ♣❧✉7 ❞✬✉♥ ♣❛9❛♠K29❡ ♠❛2❤:♠❛2✐G✉❡ G✉❡ ❞✬✉♥❡ ✈:9✐2❛❜❧❡ ❡72✐♠❛✲
2✐♦♥ ❞❡7 2❛✐❧❧❡7 ❞❡ ❣9❛✐♥7✳ ❈❡❧❛ ♥❡ ♣❡9♠❡2 ♣❛7 ❞✬✐♥2❡9♣9:2❛2✐♦♥ G✉❛♥2✐2❛2✐✈❡ ❞❡ ❝❡7
♣❛9❛♠K29❡7✳ ❖♥ ♣❡✉2 2♦✉2 ❞❡ ♠M♠❡ 9❡♣9:7❡♥2❡9 ❧❡✉9 :✈♦❧✉2✐♦♥ ❡♥ ❢♦♥❝2✐♦♥ ❞❡ ❧❛
♣9❡77✐♦♥ ❛✜♥ ❞❡ ♣♦✉✈♦✐9 ❞:✜♥✐9 ✉♥❡ 2❡♥❞❛♥❝❡✳ ▲❡7 9:7✉❧2❛27 ❞❡7 2❛✐❧❧❡7 ❞❡7 ❝9✐72❛❧✲
❧✐2❡7 ♣♦✉9 ▲❚❈✵✾ ✭❝♦❧♦♥♥❡ ❞❡ ❣❛✉❝❤❡✮ ❡2 ▲❚❈✵✻ ✭❝♦❧♦♥♥❡ ❞❡ ❞9♦✐2❡✮ 7♦♥2 ♣9:7❡♥2:7
❡♥ ❋✐❣✳ ✽✳✶✷✳ ❉❛♥7 ❧❡7 ❞❡✉① ❝❛7✱ ♦♥ ♦❜7❡9✈❡ ❞❡7 2❛✐❧❧❡7 ❞❡ ❣9❛✐♥7 ✈❛9✐❛♥2 ❡♥29❡ ✺✵
❋✐❣✉$❡ ✽✳✶✷ ✕ ❊✈♦❧✉2✐♦♥ ❞❡ ❧❛ 2❛✐❧❧❡ ❞❡7 ❝9✐72❛❧❧✐2❡7 ❞❡ ❢❡9 α ❡2 ε ♣♦✉9 ❧❡7 29♦✐7 ❝②❝❧❡7
♣♦✉9 ▲❚❈✵✾ ✭@ ❣❛✉❝❤❡✮ ❡2 ▲❚❈✵✻ ✭@ ❞9♦✐2❡✮✳ ▲❡7 ♣❤❛7❡7 ❞❡ ♠♦♥2:❡ ❡♥ ♣9❡77✐♦♥ 7♦♥2
✐♥❞✐G✉:❡7 ♣❛9 ❞❡7 ♠❛9G✉❡✉97 ✈✐❞❡7✱ ❧❡7 ♣❤❛7❡7 ❞❡ ❞:❝♦♠♣9❡77✐♦♥ 7♦♥2 ❡♥ ❣9✐7✳
❡2 ✹✺✵➴✳ ❖♥ 9❡♠❛9G✉❡ G✉❡ ❧❡7 2❛✐❧❧❡7 ❞❡ ❝9✐72❛❧❧✐2❡7 ❞❡ ❢❡9 ε 7♦♥2 ❣:♥:9❛❧❡♠❡♥2 ♣❧✉7
♣❡2✐2❡7 G✉❡ ♣♦✉9 ❧❛ ♣❤❛7❡ α✳ ❉❡ ♠❛♥✐K9❡ ❣:♥:9❛❧❡✱ ♦♥ ♦❜7❡9✈❡ G✉❡ ❧❡7 2❡♥❞❛♥❝❡7
7♦♥2 7❡♥7✐❜❧❡♠❡♥2 ❧❡7 ♠M♠❡7 ♣♦✉9 ❧❡7 ❞❡✉① ♣❤❛7❡7 ❝9✐72❛❧❧✐♥❡7 ♣♦✉9 ✉♥ ♠M♠❡ ♠✐❧✐❡✉
29❛♥7♠❡22❡✉9 ❜✐❡♥ G✉❡ ❝❡ 7♦✐2 ♣❧✉7 ❛♣♣❛9❡♥2 ♣♦✉9 ❧❡ ❢❡9 α✳ ■❧ ❡①✐72❡ ❞❡7 ❞✐✛:9❡♥❝❡7
♥❡22❡7 ❞❡ 2❡♥❞❛♥❝❡ ❡♥29❡ ❧✬❤:❧✐✉♠ ❡2 ❧❡ ♠:2❤❛♥♦❧✲:2❤❛♥♦❧✳ %♦✉9 ▲❚❈✵✾✱ ♦♥ ✈♦✐2
✉♥❡ 7✉♣❡9♣♦7✐2✐♦♥ ❛♣♣9♦①✐♠❛2✐✈❡ ❞❡7 ❝♦✉9❜❡7 ❞❡ 2❛✐❧❧❡7 ❞❡ ❣9❛✐♥7 7❡❧♦♥ ✉♥❡ 2❡♥✲
❞❛♥❝❡ G✉✐ ❡72 9❡♠✐♥✐7❝❡♥2❡ ❞❡ ❧✬❤②72:9:7✐7 ❞❡ 29❛♥7❢♦9♠❛2✐♦♥ ✭❋✐❣✳ ✽✳✶✵✮✳ ❉❛♥7 ❧❡
♠:2❤❛♥♦❧✲:2❤❛♥♦❧✱ ❧❡7 2❛✐❧❧❡7 ❞❡ ❣9❛✐♥7 ❞✐♠✐♥✉❡♥2 ❝②❝❧❡ ❛♣9K7 ❝②❝❧❡ ❡2 ❧✬:✈♦❧✉2✐♦♥
♥✬❡72 ♣❛7 72❛❜❧❡✱ ❝♦♥29❛✐9❡♠❡♥2 @ ❝❡ G✉✐ :2❛✐2 ♦❜7❡9✈: ♣♦✉9 ❧✬❤②72:9:7✐7✳
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✽✳✷ ❘$%✉❧(❛(%
❋✐❣✉$❡ ✽✳✶✸ ✕ ❈♦♠♣❛1❛✐%♦♥ ❞❡%
✜❣✉1❡% ❞❡ ♣8❧❡ ❡①♣$1✐♠❡♥(❛❧❡ ✭;
❣❛✉❝❤❡✮ ❡( ✜❧(1$❡ ✭; ❞1♦✐(❡✮ ♣♦✉1 ❧❡%
♣❧❛♥% ❝1✐%(❛❧❧♦❣1❛♣❤✐?✉❡% ✶✶✵ ❞❡ ❧✬❡①✲
❡♠♣❧❡ ❞❡ ❧❛ ❋✐❣✳ ✽✳✾✳ ▲✬$❝❤❡❧❧❡ ❞❡
❝♦✉❧❡✉1 ❡%( ❧❛ ♠F♠❡✳
✽✳✷✳✸ ❚❡①'✉)❡* ♦❜*❡)✈.❡*
▲❡% (❡①(✉1❡% ♦❜(❡♥✉❡% %♦♥( ❝♦♠♣❧❡①❡% ❡( (1H% ♦1✐❡♥($❡%✳ ❆✜♥ ❞❡ %✐♠♣❧✐✜❡1 ♥♦%
1$%✉❧(❛(%✱ ♦♥ ✜❧(1❡ ❧❡% (❡①(✉1❡% ❡①♣$1✐♠❡♥(❛❧❡% ♣♦✉1 ♠❡((1❡ ❡♥ 1❡❧✐❡❢ ❧❡% ♦1✐❡♥(❛✲
(✐♦♥% ♣1$♣♦♥❞$1❛♥(❡% ; ❧✬❛✐❞❡ ❞✬✉♥ ✜❧(1❡ ❣❛✉%%✐❡♥ ❞❡ ❧❛1❣❡✉1 ✭❋✐❣✳ ❄❄✮✳ ▲❡% ❖❉❋%
?✉✬♦♥ 1$❝✉♣H1❡ ; ❧❛ %♦1(✐❡ ❞❡ ▼❆❯❉ ❝♦♥(✐❡♥♥❡♥( ✉♥ ♥♦♠❜1❡ ❞✬♦1✐❡♥(❛(✐♦♥% ❝1✐%(❛❧✲
❧♦❣1❛♣❤✐?✉❡% ❞✐%❝1H(❡% (1H% ❣1❛♥❞ ❡( ❞♦♥❝ (1H% ❞$(❛✐❧❧$✳ ◆♦✉% 1$❞✉✐%♦♥% ❝❡ ♥♦♠❜1❡
❞✬♦1✐❡♥(❛(✐♦♥% ; ✸✵✵✵✳ ❈❡❧❛ ♣❡1♠❡( ❞❡ ✜❧(1❡1 ❧❡% ♦1✐❡♥(❛(✐♦♥% ♣1$❢$1❡♥(✐❡❧❧❡% ♣1✐♥✲
❝✐♣❛❧❡% ❡♥ ❧✐%%❛♥( ❧❡% ♦1✐❡♥(❛(✐♦♥% %❡❝♦♥❞❛✐1❡% ♣♦✉1 ❢❛❝✐❧✐(❡1 ❧❛ ❝♦♠♣❛1❛✐%♦♥ ❡♥(1❡
❧❡% (❡①(✉1❡% %✐♠✉❧$❡% ❡( ❧❡% (❡①(✉1❡% ♠❡%✉1$❡%✳ ▲❡% 1$%✉❧(❛(% ❞❡% ❛✣♥❡♠❡♥(% ❞❡%
(❡①(✉1❡% ♦❜%❡1✈$❡% ✭✐✳❡✳ ❡①♣$1✐♠❡♥(❛❧❡% ♦✉ ♠❡%✉1$❡%✮ ♣♦✉1 ❧❡% ♣❤❛%❡% ♣✉1❡% %♦♥(
♣1$%❡♥($% ❡♥ ❋✐❣✳ ✶✵✳✽✳
❋✐❣✉$❡ ✽✳✶✹ ✕ ❋✐❣✉1❡% ❞❡ ♣8❧❡% ♦❜%❡1✈$❡% ♣♦✉1 ❧❡ ❢❡1 α ❡( ε ❛✉ ❝♦✉1% ❞❡% ❞✐❢✲
❢$1❡♥(❡% $(❛♣❡% ❞❡ ❧✬❡①♣$1✐❡♥❝❡✳ ❈✶✱ ❈✷ ❡( ❈✸ ✿ ❝②❝❧❡% ❈✶✱ ❈✷ ❡( ❈✸✳ ✭✳✶✮ ✜❣✉1❡%
❛♣1H% ❝♦♠♣1❡%%✐♦♥✱ ✭✳✷✮ ✜❣✉1❡% ❛♣1H% ❞$❝♦♠♣1❡%%✐♦♥✳ ❊♥ ❤❛✉(✱ ❡①♣$1✐❡♥❝❡ ❞❛♥%
❧✬❤$❧✐✉♠ ✭▲❚❈✵✾✮ ✭❛✮✳ ❊♥ ❜❛%✱ ❡①♣$1✐❡♥❝❡ ❞❛♥% ❧❡ ♠$(❤❛♥♦❧✲$(❤❛♥♦❧ ✭▲❚❈✵✻✮ ✭❜✮✳
▲❡% ✐♥(❡♥%✐($% %♦♥( ❡①♣1✐♠$❡% ❡♥ ♠✳1✳❞ ✭♠✉❧(✐♣❧❡% ♦❢ ❛ 1❛♥❞♦♠ ❞✐%(1✐❜✉(✐♦♥✮✳
▲❛ (❡①(✉1❡ ✐♥✐(✐❛❧❡ ❞❡ ❧❛ ❢❡✉✐❧❧❡ ❞❡ ❢❡1 ✭❞$❜✉( ❞❡ ❈✶✳✶✮ ❡%( ✉♥❡ (❡①(✉1❡ ✐♥❞✉%(1✐❡❧❧❡
(②♣✐?✉❡ ❞❡ ❧❛♠✐♥❛❣❡ ❬❲❡♥❦ ❛♥❞ ❍♦✉((❡✱ ✷✵✵✹❪✳ ❊❧❧❡ ❡%( ❧❛ ♠F♠❡ ❜✐❡♥ ?✉❡ ❧$❣H1❡✲
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❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
♠❡♥4 4♦✉7♥8❡ ♣♦✉7 ❧❡; ❞❡✉① ♠✐❧✐❡✉① 47❛♥;♠❡44❡✉7;✳ ❈✬❡;4 ❧♦❣✐D✉❡ ♣✉✐;D✉❡ ❧❡; ❞❡✉①
8❝❤❛♥4✐❧❧♦♥; ♣7♦✈✐❡♥♥❡♥4 ❞❡ ❧❛ ♠H♠❡ ❢❡✉✐❧❧❡ ❞❡ ❢❡7✳ ▲❡; 4❡①4✉7❡; ❞❡ 47❛♥;❢♦7♠❛4✐♦♥
❞❡ ❢❡7 ❝✉❜✐D✉❡ ❝❡♥478 ✭❝❝✮ ;♦♥4 ✐;;✉❡; ❞❡; ❞✐✛7❛❝4✐♦♥; ❞❡ ❞8❜✉4 ❞❡ ❝❤❛D✉❡ ❝②❝❧❡
✭❛✈❛♥4 ❧❡; ❝❤❛7❣❡♠❡♥4; ❈❳✳✶✮✳ ▲❡; 4❡①4✉7❡; ❞❡ ❢❡7 ❤❡①❛❣♦♥❛❧ ✭❝❝✮ ❝♦77❡;♣♦♥❞❡♥4 P
✉♥ ♠❛①✐♠✉♠ ❞❡ ♣7❡;;✐♦♥ P ❧❛ ✜♥ ❞✬✉♥❡ 84❛♣❡ ❞❡ ❝❤❛7❣❡♠❡♥4 ✭♥♦48❡ ❈❳✳✷✮ ❛✈❛♥4
❞✬❡♥4❛♠❡7 ❧❛ ❞❡;❝❡♥4❡ ❡♥ ♣7❡;;✐♦♥✳ %♦✉7 ❧❛ 4❡①4✉7❡ ❞❡ ❢❡7 α P ❧❛ ✜♥ ❞✉ 47♦✐;✐S♠❡
❝②❝❧❡✱ ✐❧ 7❡;4❛✐4 ❡♥❝♦7❡ D✉❡❧D✉❡; ❣7❛✐♥; ♣❡7;✐;4❛♥4; ❞❡ ε ♠❛✐; ✐❧ ♥✬84❛✐4 ♣❛; ♣♦;;✐❜❧❡
❞❡ ❞❡;❝❡♥❞7❡ ❡♥ ❞❡UP ❞❡ ✹ ●%❛ ♣✉✐;D✉✬♦♥ 7✐;D✉❛✐4 ❞✬♦✉✈7✐7 ❧❛ ❝❡❧❧✉❧❡✳
◗✉❡❧ D✉❡ ;♦✐4 ❧❡ ♠✐❧✐❡✉ 47❛♥;♠❡44❡✉7 ❞❡ ♣7❡;;✐♦♥ ❡4 ❧❡ ❝②❝❧❡✱ ♦♥ ♦❜;❡7✈❡ ❞❡;
4❡①4✉7❡; ❞❛♥; ❧❡ ❢❡7 ε 47S; ❢♦74❡; ❡4 47S; ♦7✐❡♥48❡;✳ ▲❡; 4❡①4✉7❡; ♦❜;❡7✈8❡; ❞❛♥; ❧❡
❢❡7 α ;♦♥4 ♣❧✉; ❢❛✐❜❧❡;✱ ② ❝♦♠♣7✐; ❧❛ 4❡①4✉7❡ ✐♥✐4✐❛❧❡ ❞❡ ❧❛♠✐♥❛❣❡ ✭✐♥4❡♥;✐48 ❡♥47❡ ✵
❡4 ✷ ♠✳7✳❞✳ ♣♦✉7 ❧❡ ❢❡7 α ❝♦♥47❡ ✵ P ✻ ♠✳7✳❞✳ ❛✈❡❝ ε✮✳
❖♥ ♦❜;❡7✈❡ D✉❡ ❧❛ 47❛♥;✐4✐♦♥ ❞✐7❡❝4❡ α → ε ♣7♦❞✉✐4 ✉♥❡ ✭❍❡✮ ♦✉ ❞❡✉① ✭♠84❤❛♥♦❧✲
84❤❛♥♦❧✮ ❢❛♠✐❧❧❡✭;✮ ❞❡ ❣7❛✐♥; ♠❛❥♦7✐4❛✐7❡✭;✮✳ ◗✉❡❧ D✉❡ ;♦✐4 ❧❡ ♠✐❧✐❡✉ 47❛♥;♠❡44❡✉7
❞❡ ♣7❡;;✐♦♥✱ ♦♥ 7❡♠❛7D✉❡ ❧❡ 7❡❣7♦✉♣❡♠❡♥4 ❞❡; 78✢❡①✐♦♥; ❞❡; ❛①❡; c P ✾✵◦ ❞❡ ❧❛ ❞✐✲
7❡❝4✐♦♥ ❞❡ ❝♦♠♣7❡;;✐♦♥✳ ❉❛♥; ❧❡ ♠84❤❛♥♦❧✲84❤❛♥♦❧✱ ❧❡; ❞❡✉① ❢❛♠✐❧❧❡; ❞❡ ❣7❛✐♥; ;♦♥4
♦74❤♦❣♦♥❛❧❡;✱ ❝❡ D✉✐ ♣❡✉4 H47❡ ✉♥ ❡✛❡4 ❞❡ ❣8♦♠847✐❡ ❞❛♥; ❧❛ ❝❡❧❧✉❧❡✳ ▲❡; ✐♥4❡♥;✐48;
❞❡; 78✢❡①✐♦♥; ;♦♥4 ❧❡; ♠H♠❡;✱ ❝❡ D✉✐ ✐♥❞✐D✉❡ D✉✬❡❧❧❡; ❝♦♥4✐❡♥♥❡♥4 ❡♥✈✐7♦♥ ❧❛ ♠H♠❡
♣7♦♣♦74✐♦♥ ❞❡ ❣7❛✐♥; ❞❡ ❢❡7 ε P ❧✬❡①❝❡♣4✐♦♥ ❞✉ ❝②❝❧❡ ✶ ♦_ ❧❛ ❢❛♠✐❧❧❡ ❞❡ ❣7❛✐♥; ❞❛♥; ❧❛
❞✐7❡❝4✐♦♥ 47❛♥;✈❡7;❛❧❡ ❞❡ ❧✬8❝❤❛♥4✐❧❧♦♥ ❡;4 ❞♦♠✐♥❛♥4❡✳ ▲❡; ❛①❡; a ♠♦♥47❡♥4 D✉❛♥4 P
❡✉① ❞❡; ♦7✐❡♥4❛4✐♦♥; ♣❧✉; ❞✐✛✉;❡; ❡♥ 7❛✐;♦♥ ❞❡ ❧❛ ;②♠847✐❡ ❤❡①❛❣♦♥❛❧❡✱ ♥8❛♥♠♦✐♥;
♦♥ 7❡47♦✉✈❡ ❜✐❡♥ ❧❡; 78✢❡①✐♦♥; ♣❡7♣❡♥❞✐❝✉❧❛✐7❡; P ❝❡❧❧❡; ❞❡; ❛①❡; c✳ ❉❛♥; ❧✬❤8❧✐✉♠✱
♦♥ ❝♦♥;4❛4❡ D✉❡ ❧❛ 4❡①4✉7❡ ;✬✐♥4❡♥;✐✜❡ ❛✉ ❝♦✉7; ❞✉ 4❡♠♣;✳ ❈❡❧❛ ;✬❛❝❝♦♠♣❛❣♥❡ ❞❡
❧❛ ❞✐;♣❛7✐4✐♦♥ ❞❡; ♦7✐❡♥4❛4✐♦♥; ;❡❝♦♥❞❛✐7❡; ❞✐✛✉;❡; ❞❡; ❛①❡; c ❝❡♥478; ❛✉4♦✉7 ❞❡ ❧❛
❞✐7❡❝4✐♦♥ ❞❡ ❝♦♠♣7❡;;✐♦♥✳ ❉❛♥; ❧❡ ♠84❤❛♥♦❧✲84❤❛♥♦❧ ❡♥ 7❡✈❛♥❝❤❡✱ ❧✬✐♥4❡♥;✐48 ❞❡;
4❡①4✉7❡; ❛♣♣❛7❛`4 ;❡♥;✐❜❧❡♠❡♥4 ✐❞❡♥4✐D✉❡ ♣♦✉7 4♦✉; ❧❡; ❝②❝❧❡; P ♣❛74✐7 ❞✉ ❝②❝❧❡ ✷✳
▲❛ 47❛♥;✐4✐♦♥ ✐♥✈❡7;❡ ε → α ♥❡ ♣7♦❞✉✐4 ♣❛; ❧❡ ♠H♠❡ 4②♣❡ ❞❡ 4❡①4✉7❡ ❡♥ ❢♦♥❝✲
4✐♦♥ ❞✉ ♠✐❧✐❡✉ 47❛♥;♠❡44❡✉7✳ ❉❛♥; ❧❡ ♠84❤❛♥♦❧✲84❤❛♥♦❧✱ ❧❛ 4❡①4✉7❡ ❡;4 7❡❧❛4✐✈❡♠❡♥4
;✐♠♣❧❡ ❛✈❡❝ ✉♥❡ ♦7✐❡♥4❛4✐♦♥ ♣78❢87❡♥4✐❡❧❧❡ ❛♣♣❛7❡♥4❡ ❞❡; ❣7❛✐♥; ❞❡ ❢❡7 α ❛✈❡❝ ❧❡;
♣❧❛♥; ❧❛487❛✉① ♣❡7♣❡♥❞✐❝✉❧❛✐7❡; P ❧❛ ❞✐7❡❝4✐♦♥ ❞❡ ❝♦♠♣7❡;;✐♦♥✳ ❖♥ 7❡♠❛7D✉❡ ✉♥❡
;②♠847✐❡ ❤❡①❛❣♦♥❛❧❡ ❞❛♥; ❧❛ ❞✐;♣♦;✐4✐♦♥ ❞❡; 78✢❡①✐♦♥; ❞❡; ♣❧❛♥; 110α ❤87✐48❡; ❞❡ ❧❛
4❡①4✉7❡ 47S; ♦7✐❡♥48; ❞❡; ❣7❛✐♥; ♣❛7❡♥4; ❞❡ ❢❡7 ε✳ ❉❛♥; ❧✬❤8❧✐✉♠✱ ❧❡; ✜❣✉7❡; ❞❡ ♣a❧❡
♦❜;❡7✈8❡; ;♦♥4 ♣❧✉; ❝♦♠♣❧❡①❡; ❡4 ❧❡; ♦7✐❡♥4❛4✐♦♥; ❞8❝7✐4❡; ♣♦✉7 ❧❡; ♣❧❛♥; ❝7✐;4❛❧❧♦✲
❣7❛♣❤✐D✉❡; ♥❡ ❝♦77❡;♣♦♥❞❡♥4 ♣❛; P ❝❡❧❧❡; ♠❡;✉78❡; ❞❛♥; ❧❡ ♠84❤❛♥♦❧✲84❤❛♥♦❧✳ ❊❧❧❡;
♥❡ ♣78;❡♥4❡♥4 ❛✉❝✉♥❡ ;②♠847✐❡ ❤❡①❛❣♦♥❛❧❡ ❤87✐48❡ ❞❡ ❧❛ ♣❤❛;❡ ♠S7❡✳ ▲❡; 4❡①4✉7❡;
❞✉ ❢❡7 α ;❡♠❜❧❡♥4 ;4❛❜❧❡; ❛✉ ❝♦✉7; ❞❡; ❝②❝❧❡;✱ ♥♦4❛♠♠❡♥4 ❞❛♥; ❧❡ ❝❛; ❞✉ ♠84❤❛♥♦❧✲
84❤❛♥♦❧✳ ■❧ ❡①✐;4❡ ❝❡♣❡♥❞❛♥4 ❞❡; ❞✐✛87❡♥❝❡; ❡♥ 4❡7♠❡ ❞✬✐♥4❡♥;✐48✱ ♥♦4❛♠♠❡♥4 ♣♦✉7
❧❛ 4❡①4✉7❡ ♦❜;❡7✈8❡ ❞❛♥; ❧❡ ❢❡7 α ❛✉ ❞8❜✉4 ❞✉ ❝②❝❧❡ ✷✳ ❉❛♥; ❧✬❤8❧✐✉♠ ❝❡♣❡♥❞❛♥4✱ ❧❡
❞8♣❧❛❝❡♠❡♥4 ❞❡; ♠❛①✐♠❛; ❞✬✐♥4❡♥;✐48 ❞❛♥; ❧❡; 4❡①4✉7❡; ♦❜;❡7✈8❡; ❡♥47❡ ❧❛ 4❡①4✉7❡
❞❡ ❢❡7 α P ❧❛ ✜♥ ❞✉ ❝②❝❧❡ ✶ ❡4 ❧❛ 4❡①4✉7❡ ❞❡ ✜♥ ❞✉ ❝②❝❧❡ ✷ ♠♦♥47❡ D✉❡ ❧❡; 4❡①4✉7❡;
♥❡ ;♦♥4 ♣❛; ;4❛❜✐❧✐;8❡; ❛✈❛♥4 ❛✉ ♠♦✐♥; ❧❡ 47♦✐;✐S♠❡ ❝②❝❧❡ ❡♥ ♣7❡;;✐♦♥✳ ❊♥ 78;✉♠8✱
♦♥ ♥♦4❡ D✉❡ ♣♦✉7 ❝❤❛D✉❡ ♠✐❧✐❡✉ 47❛♥;♠❡44❡✉7 ✐❧ ② ❛ ✉♥❡ ;4❛❜✐❧✐;❛4✐♦♥ ❞❡; 4❡①4✉7❡;
❞❡ 47❛♥;❢♦7♠❛4✐♦♥ ❞✉ ❢❡7 α P ♣❛74✐7 ❞❡ ❧❛ ✜♥ ❞✉ ❝②❝❧❡ ❈✷✳✷✳
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❋✐❣✉$❡ ✽✳✶✺ ✕ ❊&✉❞❡ ❞❡ ❝❛, ✿ ❞;✜♥✐&✐♦♥ ❞✬✉♥❡ ♦*✐❡♥&❛&✐♦♥ ♣*;❢;*❡♥&✐❡❧❧❡ ✉♥✐:✉❡
❛*❜✐&*❛✐*❡ ♣♦✉* ✉♥ ♣♦❧②❝*✐,&❛❧ ❞❡ ❢❡* α ✭❛✮ ❡& ε ✭❜✮✳ ▲❡, ✜❣✉*❡, ❞❡ ♣R❧❡ ❞❡ ❝❡,
♣❤❛,❡, ,♦♥& *❡♣♦*&;❡, I ❞*♦✐&❡✳ ✭❘❉✱❚❉✱◆❉✮✳
,❛❧❡, ✭❚❉✮ ❞✉ *❡♣V*❡ ♣*✐♥❝✐♣❛❧ ❞❡ ❧✬;❝❤❛♥&✐❧❧♦♥ ,♦♥& *❛♣♣❡❧;❡, ❡♥ ❤❛✉&✳ ▲❛ ❞✐*❡❝&✐♦♥
♥♦*♠❛❧❡ ❝♦**❡,♣♦♥❞❛♥& I ❧❛ ❞✐*❡❝&✐♦♥ ❞❡ ❝♦♠♣*❡,,✐♦♥ ❡,& ♣❡*♣❡♥❞✐❝✉❧❛✐*❡ ❛✉ ♣❧❛♥
❞❡ ❧❛ ❢❡✉✐❧❧❡✳ ❆ ❞*♦✐&❡✱ ❥❡ ♣*;,❡♥&❡ ❧❡, ✜❣✉*❡, ❞❡ ♣R❧❡ ♣❛*❢❛✐&❡, ❞❡, ♣❧❛♥, ❝*✐,&❛❧✲
❧♦❣*❛♣❤✐:✉❡, ♣*✐♥❝✐♣❛✉① ♣♦✉* ❝❡, ;❝❤❛♥&✐❧❧♦♥, ✜❝&✐❢,✳ ▲❡, ♦*✐❡♥&❛&✐♦♥, ,♦♥& ♥❡&&❡,
❡& ❝❛*❛❝&;*✐,&✐:✉❡, ❞✬✉♥ ❛❧✐❣♥❡♠❡♥& ❞❡, ♣R❧❡, ❧❛&;*❛✉① ❞✉ ❢❡* α ❡& ❜❛,❛✉① ❞✉ ❢❡*
ε ♣❡*♣❡♥❞✐❝✉❧❛✐*❡♠❡♥& I ❧✬❛①❡ ❞❡ ❝♦♠♣*❡,,✐♦♥✳ ▲❡, ,②♠;&*✐❡, ❝✉❜✐:✉❡, ❡& ❤❡①❛❣♦✲
♥❛❧❡, ❛♣♣❛*❛✐,,❡♥& ❝❧❛✐*❡♠❡♥&✳ ❏✬❡✛❡❝&✉❡ ♠❛✐♥&❡♥❛♥& ✉♥❡ &*❛♥,❢♦*♠❛&✐♦♥ ❞❡ ♣❤❛,❡
,✉* ❝❡, ❞❡✉① ;❝❤❛♥&✐❧❧♦♥,✳ ❙✉* ❧✬;❝❤❛♥&✐❧❧♦♥ ❝✉❜✐:✉❡✱ ❥❡ ♣*♦❝V❞❡ I ❧❛ ,✐♠✉❧❛&✐♦♥ ❞❡
❧❛ &*❛♥,❢♦*♠❛&✐♦♥ ❞❛♥, ❧❡ ,❡♥, ❞✐*❡❝& α → ε I ❧✬❛✐❞❡ ❞❡ ♥♦&*❡ ♠♦❞V❧❡ ❞❡ &*❛♥,✐&✐♦♥✳
❈❡❧✉✐✲❝✐ ❡,& ♣✉*❡♠❡♥& ♠;❝❛♥✐:✉❡ ❡& ♥❡ ♣*❡♥❞ ❡♥ ❝♦♠♣&❡ :✉❡ ❧❡, *❡❧❛&✐♦♥, ❞✬♦*✐✲
❡♥&❛&✐♦♥ ❡♥&*❡ ❧❡, ❞❡✉① ♣❤❛,❡,✳ [♦✉* ❧✬;❝❤❛♥&✐❧❧♦♥ ❤❡①❛❣♦♥❛❧ ✐❞;❛❧✱ ❥❡ ,✐♠✉❧❡ ❝❡&&❡
❢♦✐,✲❝✐ ❧❛ &*❛♥,❢♦*♠❛&✐♦♥ ❞❛♥, ❧❡ ,❡♥, ✐♥✈❡*,❡ ε → α✳
✶✺✺
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
▲❡2 3❡❧❛6✐♦♥2 ❣;♦♠;63✐=✉❡2 3❡❧❛6✐✈❡2 ❛✉ ♠;❝❛♥✐2♠❡ ❞❡ ❇✉3❣❡32 ✭❚❛❜✳ ✼✳✷✮ ✈♦♥6
❞;✜♥✐3 ✶✷ ✈❛3✐❛♥62 ♣♦22✐❜❧❡2 ❞❛♥2 ❧❡ 2❡♥2 ❞✐3❡❝6✱ ✻ ❞❛♥2 ❧❡ 2❡♥2 ✐♥✈❡32❡✳ ❏✬✐♠♣♦2❡
❝♦♠♠❡ ❝♦♥❞✐6✐♦♥ ✐♥✐6✐❛❧❡ ❧✬❤②♣♦6❤R2❡ 2❡❧♦♥ ❧❛=✉❡❧❧❡ 2❡✉❧ ✉♥ ✈❛3✐❛♥6 ❡26 ❛❝6✐✈; ♣❛3
2✐♠✉❧❛6✐♦♥✳ ❆♣3R2 ❛✈♦✐3 ❝❤♦✐2✐ ❧❡ ✈❛3✐❛♥6✱ ❥❡ 2✐♠✉❧❡ ❧❡2 ✜❣✉3❡2 ❞❡ ♣T❧❡ ❞❡ ❧❛ ♣❤❛2❡
✜❧❧❡ =✉✬♦♥ ♦❜6✐❡♥❞3❛✐6 2✐ 6♦✉2 ❧❡2 ❣3❛✐♥2 ❞❡ ❧❛ ♣❤❛2❡ ♠R3❡ ♣3♦❞✉✐2❛✐❡♥6 ❝❡ 2❡✉❧
✈❛3✐❛♥6✳ ❏❡ 3;✐6R3❡ ❝❡66❡ ;6❛♣❡ ♣♦✉3 ❝❤❛❝✉♥ ❞❡2 ✈❛3✐❛♥62✳ ❏✬♦❜6✐❡♥2 ❞♦♥❝ ✶✷ 6❡①6✉3❡2
2✐♠✉❧;❡2 ❞❛♥2 ❧❡ 2❡♥2 ❞✐3❡❝6 ❡6 ✻ ❞❛♥2 ❧❡ 2❡♥2 ✐♥✈❡32❡✳ ▲❛ ❋✐❣✳ ✽✳✶✻ ♣3;2❡♥6❡ ❧❡2
✜❣✉3❡2 ❞❡ ♣T❧❡2 ♣3♦❞✉✐6❡2 ♣♦✉3 ❝❤❛❝✉♥ ❞❡2 ✈❛3✐❛♥62 W ♣❛36✐3 ❞❡2 ❞❡✉① ;❝❤❛♥6✐❧❧♦♥2
❞✬♦3✐❡♥6❛6✐♦♥ ❛3❜✐63❛✐3❡ ♣3;2❡♥6;2 ❡♥ ✭❋✐❣✳ ✽✳✶✺✮✳
❋✐❣✉$❡ ✽✳✶✻ ✕ ❙✐♠✉❧❛6✐♦♥ ❞❡ 63❛♥2❢♦3♠❛6✐♦♥ 2❡❧♦♥ ❝❤❛=✉❡ ✈❛3✐❛♥6 W ♣❛36✐3 ❞✬✉♥❡
6❡①6✉3❡ 2✐♠♣❧❡ ❞❡ ❧❛ ♣❤❛2❡ ♣❛3❡♥6❡✳ ❊♥ ❤❛✉6 W ❣❛✉❝❤❡✱ 6❡①6✉3❡ ✐♥✐6✐❛❧❡ ❞❡ ❢❡3 ε✳
❊♥ ❜❛2 W ❣❛✉❝❤❡✱ ✜❣✉3❡2 ❞❡ ♣T❧❡2 ✉♥✐6❛✐3❡2 ❞❡2 ✻ ✈❛3✐❛♥62 ❞❡ ❢❡3 α ♣3♦❞✉✐62 ♣❛3 ❧❛
63❛♥2✐6✐♦♥ ε → α✳ ❊♥ ❤❛✉6 W ❞3♦✐6❡✱ 6❡①6✉3❡ ✐♥✐6✐❛❧❡ ♦3✐❡♥6;❡ ❞❡ ❢❡3 α✳ ❉❡22♦✉2 ✿ ❧❡2
✶✷ ✈❛3✐❛♥62 ❡6 ❧❡2 ✜❣✉3❡2 ❞❡ ♣T❧❡ ❞❡ ❢❡3 ε ❛22♦❝✐;❡2✳ ▲❡2 ♥♦6❛6✐♦♥2 ❞❡2 ✈❛3✐❛♥62 2♦♥6
❝❡❧❧❡2 ❞❡ ❚❛❜✳ ✼✳✷✳
❉❛♥2 ❧❡2 ❞❡✉① 2❡♥2 ❞❡ 63❛♥2❢♦3♠❛6✐♦♥✱ ✐❧ ❛♣♣❛3❛\6 =✉❡ ❝❤❛=✉❡ ✈❛3✐❛♥6 ♣3;2❡♥6❡
✉♥❡ 2✐❣♥❛6✉3❡ ❝❛3❛❝6;3✐26✐=✉❡ ❡♥ 6❡3♠❡ ❞✬♦3✐❡♥6❛6✐♦♥2 ❝3✐26❛❧❧✐♥❡2✳ ❈♦♠♠❡ ♦♥ ❡26
✶✺✻
✽✳✸ ❊✛❡& ❞❡ ❧❛ &*❛♥,❢♦*♠❛&✐♦♥ ,✉* ❧❛ &❡①&✉*❡ ❞✉ ❢❡* ♣♦❧②❝*✐,&❛❧❧✐♥
❞❛♥, ✉♥ ❝❛, ✐❞6❛❧ ❛✈❡❝ ❞❡, &❡①&✉*❡, &*8, ♦*✐❡♥&6❡,✱ ♦♥ ♣❡✉& ,6♣❛*❡* ❧❡, ✈❛*✐❛♥&,
❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ &❡①&✉*❡ ✜♥❛❧❡✳ ▲❡, ✈❛*✐❛♥&, ♣*6,❡♥&❛♥& ❞❡, ❞✐*❡❝&✐♦♥, ❝*✐,&❛❧❧♦✲
❣*❛♣❤✐?✉❡, ❞✐✛6*❡♥&❡, ✭♥♦&6, ❱❳ ❡& ❱❨✮ ♠♦♥&*❡♥& ❞❡, *6✢❡①✐♦♥, ❞✬♦*✐❡♥&❛&✐♦♥,
❞✐✛6*❡♥&❡,✳ ❉❛♥, ❝❡ ❝❛, ✐❞6❛❧✱ ♦♥ ♦❜,❡*✈❡ 6❣❛❧❡♠❡♥& ✉♥ ❧6❣❡* ❞6❝❛❧❛❣❡ ❡♥&*❡ ❧❡,
*6✢❡①✐♦♥, ❞❡, ✜❣✉*❡, ❞❡ ♣I❧❡, ❞❡, ✈❛*✐❛♥&, ♣*♦❝❤❡, ❛✈❡❝ ❧❛ ♠J♠❡ ❞✐*❡❝&✐♦♥ ❝*✐,&❛❧✲
❧♦❣*❛♣❤✐?✉❡ ✭❱❳✳✶ ❡& ❱❳✳✷✮✳ ❈❡ ♣❡&✐& ❞6♣❧❛❝❡♠❡♥& ❝♦**❡,♣♦♥❞ ❛✉ ,❤✉✤❡ ❡& ❝♦**❡✲
,♣♦♥❞ O ✉♥❡ *♦&❛&✐♦♥ ❞❡ ±5, 3◦✳
❉❛♥, ❧❛ *6❛❧✐&6✱ ✐❧ ❡,& *❛*❡ ❞❡ ♥❡ ,6❧❡❝&✐♦♥♥❡* ?✉✬✉♥ ,❡✉❧ ✈❛*✐❛♥&✳ ▲❡, ✜❣✉*❡,
❞❡ ♣I❧❡ ✜♥❛❧❡, ❛♣*8, &*❛♥,✐&✐♦♥ ,♦♥& ❛❧♦*, ❧❛ ,♦♠♠❡ ❞❡, ♦*✐❡♥&❛&✐♦♥, ❝*✐,&❛❧❧✐♥❡,
♣*♦❞✉✐&❡, ♣❛* &♦✉, ❧❡, ✈❛*✐❛♥&, ❛❝&✐✈6, ❛✉ ❝♦✉*, ❞❡ ❧❛ &*❛♥,❢♦*♠❛&✐♦♥✳ ❙✐ ♦♥ *❡♣*❡♥❞
❧✬6❝❤❛♥&✐❧❧♦♥ ❞❡ ❢❡* α ❛✈❡❝ ✉♥❡ &❡①&✉*❡ ,✐♠♣❧❡ ❞❡ ❧✬❡①❡♠♣❧❡ ❡& ?✉✬♦♥ ❝♦♥,✐❞8*❡
&♦✉, ❧❡, ✈❛*✐❛♥&, 6?✉✐♣*♦❜❛❜❧❡, ✭✐✳❡✳ ♦♥ ♥❡ ❢❛✐& ❛✉❝✉♥❡ ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥&,✮✱ ❧❡,
✜❣✉*❡, ❞❡ ♣I❧❡ ✜♥❛❧❡, ❞❡ ❧❛ ♣❤❛,❡ ❤❡①❛❣♦♥❛❧❡ ,♦♥& ❛❧♦*, ❧❛ ,♦♠♠❡ ❞❡ ❧✬❡♥,❡♠❜❧❡
❞❡, ✶✷ ♦*✐❡♥&❛&✐♦♥, ♣♦,,✐❜❧❡, ✭❋✐❣✳ ✽✳✶✼❛✳✮✳ ■❧ ❛**✐✈❡ ❝❡♣❡♥❞❛♥& ❛,,❡③ ❝♦✉*❛♠♠❡♥&
?✉❡ ❝❡*&❛✐♥, ✈❛*✐❛♥&, ,♦✐❡♥& ,6❧❡❝&✐♦♥♥6, ❛✉① ❞6♣❡♥, ❞✬❛✉&*❡, ✭❜✳✮✱ ,♦✉, ❧✬❡✛❡& ❞✬✉♥❡
❝♦♥&*❛✐♥&❡ ♣❛* ❡①❡♠♣❧❡✳ ❉❛♥, ❝❡ ❝❛,✱ ❧❡, ✜❣✉*❡, ❞❡ ♣I❧❡, ❞❡ ❧❛ ♣❤❛,❡ ε ,♦♥& ❞❡,
❝♦♠♣♦,✐&❡, ❞❡, ♦*✐❡♥&❛&✐♦♥, ❞❡, ,❡✉❧, ✈❛*✐❛♥&, ❛❝&✐✈6,✳
❋✐❣✉$❡ ✽✳✶✼ ✕ ❙✐❣♥❛&✉*❡ ❡♥ &❡①&✉*❡ ❞✬✉♥❡ ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥&✳ ▲❡, ✜❣✉*❡, ❞❡
♣I❧❡, ✜♥❛❧❡, ❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ♣❤❛,❡✱ ✐❝✐ ε✱ ♣*6,❡♥&❡♥& ✉♥❡ &❡①&✉*❡ ❞❡ &*❛♥,❢♦*♠❛&✐♦♥
?✉✐ ❞6♣❡♥❞ ❞❡, ✈❛*✐❛♥&, ❛❝&✐✈6,✳ ✭❛✮ ♣❛, ❞❡ ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥&✱ ✭❜✮ ,6❧❡❝&✐♦♥ ❞❡ ✹
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❧❛ &*❛♥,✐&✐♦♥ ,❛♥, ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥& ,✉* ❧❡, ❣*❛✐♥, *❡❥❡&6, *❡,&❛♥&,✳ ▲❡,
♥♦✉✈❡❧❧❡, ♦*✐❡♥&❛&✐♦♥, ,♦♥& ❛❥♦✉&6❡, ❛✉① ♦*✐❡♥&❛&✐♦♥, ♣*6❛❧❛❜❧❡♠❡♥& ❞6&❡*✲
♠✐♥6❡,✱ ❝*6❛♥& ❛✐♥,✐ ✉♥❡ ❖❉❋ ❞✐,❝*E&❡ ♣♦✉* ❧❛ ♥♦✉✈❡❧❧❡ ♣❤❛,❡✳ ❖♥ ❝❛❧❝✉❧❡
♣♦✉* ✜♥✐* ❧❛ &❡①&✉*❡ ,✐♠✉❧6❡ ❞❡ ❧❛ ♣❤❛,❡ ❝*✐,&❛❧❧✐♥❡ ✜❧❧❡ A ♣❛*&✐* ❞❡ ❝❡&&❡
❖❉❋✳
✽✳✸✳✸✳✶ ❈%✐'(%❡* ❞❡ *,❧❡❝'✐♦♥
❯♥❡ ❢♦%'❡ *,❧❡❝'✐♦♥ ❞❡ ✈❛%✐❛♥' ♣♦✉% ❧❛ '%❛♥*❢♦%♠❛'✐♦♥ ❞✐%❡❝'❡ α → ε
❙✐ ❧❡, *6,✉❧&❛&, ,❛♥, ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥& ♣♦✉* ❧❛ &*❛♥,✐&✐♦♥ ε → α ❞❛♥, ❧✬❤6❧✐✉♠
,♦♥& ❞❛♥, ❧✬❡♥,❡♠❜❧❡ ❝♦❤6*❡♥&, ❛✈❡❝ ❧❡, ♦❜,❡*✈❛&✐♦♥,✱ ♣♦✉* ❧❛ &*❛♥,❢♦*♠❛&✐♦♥ ✐♥✲
✈❡*,❡ ❞❛♥, ❧✬❤6❧✐✉♠ ❡& ♣♦✉* ❧✬❡♥,❡♠❜❧❡ ❞❡, ,✐♠✉❧❛&✐♦♥, ❞❛♥, ❧❡ ♠6&❤✲6&❤✱ ✐❧ ❡①✐,&❡
✉♥ 6❝❛*& ✐♠♣♦*&❛♥& ❡♥&*❡ ❧❡, &❡①&✉*❡, ,✐♠✉❧6❡, ❡& ♠❡,✉*6❡,✳ ❙❡❧♦♥ &♦✉&❡ ❧♦❣✐<✉❡ ❡&
❞❛♥, ❧❡ ❝❛, ❞✬✉♥❡ &*❛♥,✐&✐♦♥ ❞❡ ♣❤❛,❡ ❝♦♠♠❡ ❝❡❧❧❡✲❝✐ <✉✐ ♣*6,❡♥&❡ ✉♥ ❣*❛♥❞ ♥♦♠❜*❡
❞❡ ✈❛*✐❛♥&, ♣♦,,✐❜❧❡,✱ ,✬✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥& <✉✐ ,✬♦♣E*❡ ❛✉ ❝♦✉*,
❞✉ ❝②❝❧❛❣❡✱ ❧✬✐♥&❡♥,✐&6 ❞❡, &❡①&✉*❡, ❞✐♠✐♥✉❡ ♣*♦❣*❡,,✐✈❡♠❡♥& ❥✉,<✉✬A ❞❡✈❡♥✐* ❛❧6❛✲
&♦✐*❡✳ ❆ ❧✬6✈✐❞❡♥❝❡✱ ❝❡ ♥✬❡,& ♣❛, ❧❡ ❝❛, ✐❝✐✳ N♦✉* ❧❡ ❢❡* ❤❡①❛❣♦♥❛❧✱ ❧❡, &❡①&✉*❡, ❞❡
&*❛♥,❢♦*♠❛&✐♦♥ ,♦♥& &*♦♣ ✐♥&❡♥,❡, ♣♦✉* <✉✬✐❧ ♥✬② ❛✐& ❡✉ ❛✉❝✉♥❡ ,6❧❡❝&✐♦♥ ❞❡ ✈❛*✐❛♥&
A ❧✬♦*✐❣✐♥❡ ❬❙&❛♥❢♦*❞ ❛♥❞ ❇❛&❡✱ ✷✵✵✹❪✳
❉❛♥, ❧✬❡①❡♠♣❧❡ ,✐♠♣❧✐✜6 ❞❡ ❧❛ ❋✐❣✳ ✽✳✶✼✱ ♦♥ ♠♦♥&*❡ <✉✬✐❧ ❡,& &♦✉&✲A✲❢❛✐& ♣♦,,✐❜❧❡
❞❡ ❣6♥6*❡* ❞❡, &❡①&✉*❡, ❛✈❡❝ ✉♥❡ ♦*✐❡♥&❛&✐♦♥ ♣*6❢6*❡♥&✐❡❧❧❡ <✉✐ ❝♦**❡,♣♦♥❞❡ ❛✉①
♦❜,❡*✈❛&✐♦♥, ,✐ ♦♥ ,6❧❡❝&✐♦♥♥❡ ,②,&6♠❛&✐<✉❡♠❡♥& ❧❡, ✈❛*✐❛♥&, <✉✐ ♣*6,❡♥&❡♥& ✉♥
❛①❡ c ✐♥❝❧✉ ❞❛♥, ❧❡ ♣❧❛♥ ❞❡ ❧✬6❝❤❛♥&✐❧❧♦♥✱ ,♦✐& ♣❡*♣❡♥❞✐❝✉❧❛✐*❡ A ❧❛ ❞✐*❡❝&✐♦♥ ❞❡
❝♦♠♣*❡,,✐♦♥ ✭❋✐❣✳ ✽✳✶✾✮✳ N♦✉* ✉♥❡ <✉❡❧❝♦♥<✉❡ ♦*✐❡♥&❛&✐♦♥ ❝*✐,&❛❧❧♦❣*❛♣❤✐<✉❡ ❞✬✉♥
❣*❛✐♥ ❞❡ ❧❛ ♣❤❛,❡ ♠E*❡✱ ♦♥ ❝❛❧❝✉❧❡ ❞♦♥❝ ❧❡, ❛♥❣❧❡, ❞✬❊✉❧❡* ✭φ1✱Φ✱φ2✮ ❞❡, ✈❛*✐❛♥&,
<✉✐ ❧✉✐ ❝♦**❡,♣♦♥❞❡♥&✳ ❖♥ ❛♣♣❧✐<✉❡ ✉♥ ✜❧&*❡ Φ ∈ [0; Φ0]✱ ♦D Φ0 = 10◦ ❞❛♥, ❧✬❤6❧✐✉♠
✶✺✾
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
❋✐❣✉$❡ ✽✳✶✾ ✕ ❈&✐()&❡ ❞❡ ,-❧❡❝(✐♦♥ ❞❡ ✈❛&✐❛♥( ♣♦✉& ❧❛ (&❛♥,✐(✐♦♥ α → ε✳ ▲❡,
✈❛&✐❛♥(, ❞❡ ❢❡& ε ,-❧❡❝(✐♦♥♥-, ,♦♥( ❝❡✉① 9✉✐ ♣&-,❡♥(❡♥( ✉♥ ❛①❡ c ❞❛♥, ❧❡ ♣❧❛♥ ❞❡
❧✬-❝❤❛♥(✐❧❧♦♥✱ ,♦✐( ♣❡&♣❡♥❞✐❝✉❧❛✐&❡ = ❧❛ ❞✐&❡❝(✐♦♥ ❞❡ ❝♦♠♣&❡,,✐♦♥✳ ❯♥❡ ♠❛&❣❡ ❞✬❡&&❡✉&
❡,( ❛♣♣❧✐9✉-❡ ,♦✉, ❢♦&♠❡ ❞❡ ❢❡♥A(&❡ ❛♥❣✉❧❛✐&❡ ,✉& ❧❡, ❛♥❣❧❡, ❞✬❊✉❧❡& ❞❡, ✈❛&✐❛♥(,✳
❚&♦✐, ❡①❡♠♣❧❡, ❞❡ ✈❛&✐❛♥(, ,♦♥( ✐♥❞✐9✉-, = ❞&♦✐(❡✱ ❞♦♥( ✉♥ 9✉✐ ❡,( ✐♥(❡&❞✐( ♣❛& ❧❡,
❝&✐()&❡, ❞❡ ,-❧❡❝(✐♦♥ ❡( ❡,( ❞♦♥❝ ❜❛&&-✳
❡( Φ0 = 5
◦
❞❛♥, ❧❡ ♠-(❤❛♥♦❧✲-(❤❛♥♦❧✳ ▲❡, ✈❛&✐❛♥(, 9✉✐ ✈-&✐✜❡♥(, ❝❡, ❝♦♥❞✐(✐♦♥, ,♦♥(
,-❧❡❝(✐♦♥♥-❡, ❛✉ ❞-(&✐♠❡♥( ❞❡ ❝❡✉① 9✉✐ ,♦♥( = ❧✬❡①(-&✐❡✉& ❞❡ ❧❛ ❢♦✉&❝❤❡((❡ ❡( ,♦♥(
,②,(-♠❛(✐9✉❡♠❡♥( ✐❣♥♦&-,✳
❖♥ &❡♠❛&9✉❡ 9✉❡ ❧❡, ❝♦♥❞✐(✐♦♥, ,♦♥( ♣❧✉, ,(&✐❝(❡, ♣♦✉& ❧❡ ♠-(❤❛♥♦❧✲-(❤❛♥♦❧
❡( 9✉❡ ❧❡ ♥♦♠❜&❡ ❞❡ ✈❛&✐❛♥(, ❢❛✈♦&✐,-, ❡,( ❡♥❝♦&❡ ♣❧✉, ❢❛✐❜❧❡ 9✉❡ ❞❛♥, ❧✬❤-❧✐✉♠✳
❖♥ ♥♦(❡ -❣❛❧❡♠❡♥( 9✉❡✱ ❜✐❡♥ 9✉❡ ❝❡ ❝&✐()&❡ ❛♥❣✉❧❛✐&❡ ♥❡ ❞-✜♥✐,,❡ 9✉✬✉♥❡ ♣❡(✐(❡
❢❡♥A(&❡ ❞❡ ✈❛&✐❛♥(, ,-❧❡❝(✐♦♥♥❛❜❧❡,✱ ❡♥ ♠♦②❡♥♥❡ ❧❡, ❣&❛✐♥, &❡❥❡(-, ✭✐✳❡✳ ❣&❛✐♥, ♥❡
♣&-,❡♥(❛♥( ❛✉❝✉♥ ✈❛&✐❛♥( ❞✬♦&✐❡♥(❛(✐♦♥ ❢❛✈♦&❛❜❧❡✮ ♥❡ &❡♣&-,❡♥(❡♥( 9✉❡ ,❡✉❧❡♠❡♥(
✶✸% ❞✉ (♦(❛❧ ❞❡, ❣&❛✐♥, ❞❡ ❢❡& α ❛✈❛♥( (&❛♥,❢♦&♠❛(✐♦♥✳ ❈❡, ❝&✐()&❡, ❛♥❣✉❧❛✐&❡,
♦♥( -(- ❞-(❡&♠✐♥-, ❡♠♣✐&✐9✉❡♠❡♥( ❛✈❡❝ ✉♥ ❣&❛♥❞ ♥♦♠❜&❡ ❞❡ ,✐♠✉❧❛(✐♦♥,✳ ❚&♦♣
,(&✐❝(,✱ ❧❡, (❡①(✉&❡, ,✐♠✉❧-❡, ❛✉&❛✐❡♥( -(- ❜❡❛✉❝♦✉♣ (&♦♣ ✐♥(❡♥,❡, ♣❛& &❛♣♣♦&( ❛✉①
♦❜,❡&✈❛(✐♦♥,✳ ❚&♦♣ ❧❛&❣❡✱ ❡❧❧❡, ❛✉&❛✐❡♥( -(- (&♦♣ ❢❛✐❜❧❡,✳ ■❧ ,✬❛❣✐( ✐❝✐ ❞❡, ♠❡✐❧❧❡✉&,
❝♦♠♣&♦♠✐,✳ ❖♥ ❛♣♣❧✐9✉❡ ♠❛✐♥(❡♥❛♥( ❝❡, ❝&✐()&❡, ❞❡ ,-❧❡❝(✐♦♥ ❞❡ ✈❛&✐❛♥( = (♦✉(❡,
❧❡, ♦&✐❡♥(❛(✐♦♥, ❞✐,❝&)(❡, ❞❡, ❖❉❋, ♠❡,✉&-❡, ❞❡ ❢❡& α ♣♦✉& ❧❛ (&❛♥,✐(✐♦♥ α → ε =
❧❛ ❢♦✐, ❞❛♥, ❧✬❤-❧✐✉♠ ❡( ❞❛♥, ❧❡ ♠-(❤❛♥♦❧✲-(❤❛♥♦❧✳
❯♥❡ ❢❛✐❜❧❡ ()❧❡❝+✐♦♥ ❞❡ ✈❛/✐❛♥+ ♣♦✉/ ❧❛ +/❛♥(❢♦/♠❛+✐♦♥ ❞✐/❡❝+❡ ε → α
❖♥ ❝♦♥,(❛(❡ 9✉❡ ❧❡, (❡①(✉&❡, ❞❡ ❢❡& α ,✐♠✉❧-❡, ,♦♥( ❞✐✛-&❡♥(❡, ❡♥ ❢♦♥❝(✐♦♥ ❞✉
♠✐❧✐❡✉ (&❛♥,♠❡((❡✉& ❛❧♦&, 9✉❡ ❧❡, (❡①(✉&❡, ❞❡ ❧❛♠✐♥❛❣❡ ❞❡ ❧✬-❝❤❛♥(✐❧❧♦♥ ❞❡ ❞-♣❛&(
-(❛✐❡♥( ❧♦❣✐9✉❡♠❡♥( ,✐♠✐❧❛✐&❡,✳ ■❧ ② ❛ ❞♦♥❝ ♣&♦❜❛❜❧❡♠❡♥( ✉♥ ♣❤-♥♦♠)♥❡ ❞❡ ,-❧❡❝✲
(✐♦♥ ❞❡ ✈❛&✐❛♥( 9✉✐ ✐♥(❡&✈✐❡♥(✳ ❖♥ ♥♦(❡ ✉♥❡ ♦&❣❛♥✐,❛(✐♦♥ ♣❧✉, ✜♥❡ ❞❡, &-✢❡①✐♦♥,
♠❡,✉&-❡, ❞❡ ♣❧❛♥, ❝&✐,(❛❧❧♦❣&❛♣❤✐9✉❡, [001]α ♣❡&♣❡♥❞✐❝✉❧❛✐&❡♠❡♥( ❡( ❧❡ ❧♦♥❣ ❞❡ ❧❛
❞✐&❡❝(✐♦♥ ❞❡ ❝♦♠♣&❡,,✐♦♥ ❞❛♥, ❧❡ ♠-(❤❛♥♦❧✲-(❤❛♥♦❧ 9✉❡ ❞❛♥, ❧✬❤-❧✐✉♠ ♦R ❡❧❧❡, ,❡♠✲
❜❧❡♥( ♠♦✐♥, ♦&❞♦♥♥-❡,✳ ■❧ ❡,( ❞♦♥❝ ♣&♦❜❛❜❧❡ 9✉❡ ,✬✐❧ ② ❛ ,-❧❡❝(✐♦♥ ❞❡ ✈❛&✐❛♥(✱ ❝❡❧❧❡✲❝✐
,❡ ❞-&♦✉❧❡ ❞❛♥, ❧❡ ♠-(❤❛♥♦❧✲-(❤❛♥♦❧ ❡( 9✉✬❡❧❧❡ ,♦✐( = ❧✬♦&✐❣✐♥❡ ❞❡ ❝❡((❡ ♦&❣❛♥✐,❛(✐♦♥
❞❡, &-✢❡①✐♦♥,✳ ❖♥ ❞-❝&✐( ❞♦♥❝ ✉♥❡ ,-❧❡❝(✐♦♥ ❞❡ ✈❛&✐❛♥( ♣♦✉& ❧❡ ♠-(❤❛♥♦❧✲-(❤❛♥♦❧
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❞✬2H✉✐❧✐❜/❡ ❞❡ ✶✷✳✺ Q ✶✶ ●S❛ ❛%%♦❝✐2 ❡♥❝♦/❡ ✉♥❡ ❢♦✐% Q ❧❛ ♠♦✐♥% ❜♦♥♥❡ ❤②❞/♦%0❛0✐❝✐02
❞✉ ♠✐❧✐❡✉ ❬❩♦✉ ❡0 ❛❧✳✱ ✶✾✽✶✱ ✈♦♥❇❛/❣❡♥ ❛♥❞ ❇♦❡❤❧❡/✱ ✶✾✾✵✱ ❇♦❡❤❧❡/✱ ❘✳✱ ✶✾✾✸✱ ❚❛②✲
❧♦/ ❡0 ❛❧✳✱ ✶✾✾✶❪✳ ❖♥ ❝♦♥%0❛0❡ ♥2❛♥♠♦✐♥% H✉✬✐❧ ❡①✐%0❡ ✉♥❡ ❞✐✛2/❡♥❝❡ ♥♦0❛❜❧❡ ❡♥0/❡
♥♦% /2%✉❧0❛0% ❡0 ❝❡✉① ❞❡ ✈♦♥❇❛/❣❡♥ ❛♥❞ ❇♦❡❤❧❡/ ❬✶✾✾✵❪✳ ❊❧❧❡ /2%✐❞❡ ❞❛♥% ❧❡ ❢❛✐0 H✉❡✱
❞✬❛♣/Y% ♥♦% ♦❜%❡/✈❛0✐♦♥%✱ ❧✬❤②%02/2%✐% ❡%0 ♣❛/❢❛✐0❡♠❡♥0 %②♠20/✐H✉❡✳ ◗✉❡❧ H✉❡ %♦✐0 ❧❡
♠✐❧✐❡✉ 0/❛♥%♠❡00❡✉/ ❞❡ ♣/❡%%✐♦♥✱ ❧❡% ❞♦♠❛✐♥❡% ♦[ ❧❡% ❞❡✉① ♣❤❛%❡% ❝/✐%0❛❧❧✐♥❡% ❝♦❡①✲
✐%0❡♥0 %♦♥0 ❞❡ ❧✬♦/❞/❡ ❞❡ ✺●S❛✳ ❈❡❧❛ %❡♠❜❧❡ ❞♦♥❝ \0/❡ ♣❧✉% ♦✉ ♠♦✐♥% ✐♥❞2♣❡♥❞❛♥0
❞❡ ❧❛ H✉❛❧✐02 ❞❡% ❝♦♥❞✐0✐♦♥% ❞❡ H✉❛%✐✲❤②❞/♦%0❛0✐❝✐02 ❞✉ ♠✐❧✐❡✉✳
❱♦❧✉♠❡& ❞❡ ♠❛✐❧❧❡& ❡* ❊❖❙
▲✬❛❝❝♦/❞ ❡♥0/❡ ❧✬2✈♦❧✉0✐♦♥ ❞❡% ✈♦❧✉♠❡% ❞❡ ♠❛✐❧❧❡ 2❧2♠❡♥0❛✐/❡ ❡0 ❧❡% 2H✉❛0✐♦♥% ❞✬20❛0
❞❡ ❉❡✇❛❡❧❡ ❡0 ❛❧✳ ❬✷✵✵✽❪ ❞2♣❡♥❞ ♣/✐♥❝✐♣❛❧❡♠❡♥0 ❞✉ ♠✐❧✐❡✉ 0/❛♥%♠❡00❡✉/ ❞❡ ♣/❡%%✐♦♥
✉0✐❧✐%2 ❡0 ♣❛/ ❝♦♥%2H✉❡♥0 ❞❡ ❧❛ ❝♦♥0/❛✐♥0❡ ♥♦♥✲❤②❞/♦%0❛0✐H✉❡✳ S♦✉/ ❧❡ ❢❡/ α✱ ♦♥ ❝♦♥✲
%0❛0❡ H✉❡ ❧❡% ✈♦❧✉♠❡% ❞❡ ♠❛✐❧❧❡% %✉✐✈❡♥0 ❜✐❡♥ ❧✬❊❖❙ ♣✉❜❧✐2❡% H✉❡❧ H✉❡ %♦✐0 ❧❡ ♠✐❧✐❡✉
0/❛♥%♠❡00❡✉/✳ S♦✉/ ❧❛ ♣❤❛%❡ ε ♣❛/ ❝♦♥0/❡✱ ♦♥ ❛ ✉♥ ❜♦♥ ❛❝❝♦/❞ ❞❛♥% ❧✬❤2❧✐✉♠ ♠❛✐%
♣❛% ❞❛♥% ❧❡ ♠20❤❛♥♦❧✲20❤❛♥♦❧✳ ❖♥ /❡♠❛/H✉❡ H✉❡ ♥♦% ♣♦✐♥0% ❡①♣2/✐♠❡♥0❛✉① ♣♦✉/ ❧❡
❢❡/ ε %❡♠❜❧❡♥0 ❝❤❛♥❣❡/ ❞✬2H✉❛0✐♦♥ ❞✬20❛0 ❛✉ ❝♦✉/% ❞✉ ❝②❝❧❛❣❡✳ ▲❡ %❛✉0 ❞❡ ✈♦❧✉♠❡
❞❡ ♠❛✐❧❧❡ ❡♥0/❡ ❧❡% ❞❡✉① ♣❤❛%❡% ❝/✐%0❛❧❧✐♥❡% ❡%0 2❣❛❧❡♠❡♥0 ♠♦✐♥% ♠❛/H✉2 H✉❡ ❞❛♥%
❧✬❤2❧✐✉♠ ❡♥ ♣❛/0✐❝✉❧✐❡/ ♣♦✉/ ❧❛ 0/❛♥%❢♦/♠❛0✐♦♥ ✐♥✈❡/%❡ ε → α ❡♥0/❡ ✺ ❡0 ✶✵ ●S❛✳
❉❡ ♠❛♥✐Y/❡ ❣2♥2/❛❧❡✱ ♦♥ ♣❡✉0 ❛✣/♠❡/ H✉❡ ❧❡% ♠❡✐❧❧❡✉/❡% ❝♦♥❞✐0✐♦♥% ❤②❞/♦%0❛0✐H✉❡%
❞❛♥% ❧✬❤2❧✐✉♠ %♦♥0 ♠❛/H✉2❡% ♣❛/ ✉♥❡ ♠❡✐❧❧❡✉/❡ %0❛❜✐❧✐02✱ ❡0 ❞♦♥❝ /❡♣/♦❞✉❝0✐❜✐❧✐02✱
❞❡% ❝♦✉/❜❡% ❞❡ ✈♦❧✉♠❡ ❞❡ ♠❛✐❧❧❡% ❛✉ ❝♦✉/% ❞✉ ❝②❝❧❛❣❡✳
❚❛✐❧❧❡& ❞❡ ❣0❛✐♥&
❙✐ ❧❡% ✈❛❧❡✉/% ❡✛❡❝0✐✈❡% ❞❡% 0❛✐❧❧❡% ❞❡ ❣/❛✐♥% %♦♥0 ❞✐✣❝✐❧❡♠❡♥0 ✐♥0❡/♣/20❛❜❧❡%✱ ❧❡✉/
2✈♦❧✉0✐♦♥ H✉❛❧✐0❛0✐✈❡ ♣❡✉0 \0/❡ 20✉❞✐2❡✳ ❖♥ ❝♦♥%0❛0❡ ✉♥❡ ♥❡00❡ ❞✐✛2/❡♥❝❡ ❞❡ ❝♦♠✲
♣♦/0❡♠❡♥0 ❡♥ ❢♦♥❝0✐♦♥ ❞✉ ♠✐❧✐❡✉ 0/❛♥%♠❡00❡✉/✳ ▲❛ ❝♦♥0/❛✐♥0❡ ♥♦♥✲❤②❞/♦%0❛0✐H✉❡ ❡%0
❛♣♣❛/❡♠♠❡♥0 Q ❧✬♦/✐❣✐♥❡ ❞✬✉♥❡ ❞2❝/♦✐%%❛♥❝❡ ❛♣♣❛/❡♥0❡ ❞❡ ❧❛ 0❛✐❧❧❡ ❞❡% ❣/❛✐♥% ❞❡ ❢❡/
α ❞❛♥% ❧❡ ♠20❤❛♥♦❧✲20❤❛♥♦❧ ❛✉ ❝♦✉/% ❞✉ ❝②❝❧❛❣❡✱ ♦♣♣♦%2❡ Q ✉♥❡ ♣%❡✉❞♦✲❤②%02/2%✐%
❞❛♥% ❧✬❤2❧✐✉♠✳ ❉❛♥% ❧❛ ❋✐❣✳ ✽✳✷✹✱ ♦♥ ♣/2%❡♥0❡ ❧✬2✈♦❧✉0✐♦♥ ❛✉ ❝♦✉/% ❞✉ ❝②❝❧❛❣❡ ❞❡%
0❛✐❧❧❡% ❞❡ ❣/❛✐♥% ❞❡ ❢❡/ α ❡0 ε ❡♥ ♣❤❛%❡ ♣✉/❡✱ %♦✐0 ❛✉ ❞2❜✉0 ♦[ Q ❧❛ ✜♥ ❞✬✉♥ ❝②❝❧❡
❡♥ ♣/❡%%✐♦♥✳ ❖♥ ♠♦♥0/❡ 2❣❛❧❡♠❡♥0 ❧✬2✈♦❧✉0✐♦♥ ❞❡% 0❛✐❧❧❡% ❞❡ ❣/❛✐♥% ❞❡ ❢❡/ α ❡0 ε
♠♦②❡♥♥2❡% %✉/ ❧✬❡♥%❡♠❜❧❡ ❞✬✉♥ ❝②❝❧❡✱ ❡♥ ♣❤❛%❡ ♣✉/❡ ❡0 ❧♦/%H✉✬♦♥ ❛ ❝♦❡①✐%0❡♥❝❡ ❞❡%
❞❡✉① ♣❤❛%❡% ♣❡♥❞❛♥0 ❧❛ 0/❛♥%✐0✐♦♥✳
❖♥ ❛//✐✈❡ Q ❡①♣❧✐H✉❡/ ❧♦❣✐H✉❡♠❡♥0 ❧❡ ❝♦♠♣♦/0❡♠❡♥0 ♦❜%❡/✈2 ❞❛♥% ❧❡ ♠20❤❛♥♦❧✲
20❤❛♥♦❧ ♣❛/ ❧❡ ❢❛✐0 H✉❡ ❝❤❛H✉❡ 0/❛♥%❢♦/♠❛0✐♦♥ %✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥❡ ❞✐♠✐♥✉0✐♦♥ ❞❡
❧❛ 0❛✐❧❧❡ ❞❡% ❣/❛✐♥%✳ S❛/ ❡①❡♠♣❧❡✱ %✐ ❧✬2❝❤❛♥0✐❧❧♦♥ ❞❡ ❞2♣❛/0 ❛✈❛✐0 202 ♠♦♥♦❝/✐%0❛❧❧✐♥✱
❧❛ ♣/❡♠✐Y/❡ 0/❛♥%❢♦/♠❛0✐♦♥ ✈❡/% ❧❡ ❢❡/ ❤❡①❛❣♦♥❛❧ ❛✉/❛✐0 202 ❛❝❝♦♠♣❛❣♥2❡ ❞✬✉♥❡
/2❞✉❝0✐♦♥ ♥❡00❡ ❞❡ ❧❛ 0❛✐❧❧❡ ❞❡ ❣/❛✐♥% ❧✐2❡ Q ❧❛ ❢♦/♠❛0✐♦♥ ❞✬✉♥ ♣♦❧②❝/✐%0❛❧ ❞❡ ❢❡/ ε✳
▲❛ 0/❛♥%❢♦/♠❛0✐♦♥ ✐♥✈❡/%❡ ❛✉/❛✐0 ❝♦♥0✐♥✉2 ❞✬❛♠♣❧✐✜❡/ ❝❡ ♣❤2♥♦♠Y♥❡ ❡♥ ♣/♦❞✉✐%❛♥0
✉♥ ♣♦❧②❝/✐%0❛❧ ❞❡ ❢❡/ α✳ ❆✐♥%✐✱ ❧✬2✈♦❧✉0✐♦♥ ❞❛♥% ❧❡ ♠20❤❛♥♦❧✲20❤❛♥♦❧ ❞❡ ❧❛ 0❛✐❧❧❡ ❞❡
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BG❞✉❝:✐♦♥ ❞❡ :❛✐❧❧❡ ❞❡ ❣B❛✐♥✱ ♠❛✐? ❧❛ :B❛♥?❢♦B♠❛:✐♦♥ ✐♥✈❡B?❡ ♣❡B♠❡::B❛✐: ❞❡ B❡❢♦B♠❡B
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♣/✐♥❝✐♣❛❧❡♠❡♥. ❧✐2❡ 7 ❧❛ ./❛♥%❢♦/♠❛.✐♦♥✳
❯♥ ❡✛❡( ❞❡ ♠+♠♦✐.❡ (.❛♥6✐(♦✐.❡
❆ ♠❛ ❝♦♥♥❛✐%%❛♥❝❡✱ ❧✬❡✛❡. ❞❡ ♠2♠♦✐/❡ ❞❡ .❡①.✉/❡ ❞❛♥% ❧❛ ./❛♥%✐.✐♦♥ α✲ε ❞❛♥%
❧❡ ❢❡/ ❡%. ♣❡✉ /2❢2/❡♥❝2 ❡. ❛ ♣/✐♦/✐ /❡❧❛.✐✈❡♠❡♥. ❢❛✐❜❧❡ ❬❖.%✉❦❛ ❡. ❛❧✳✱ ✷✵✶✶❪✳ ❉❛♥%
♥♦% /2%✉❧.❛.%✱ ✐❧ %✬❡①♣/✐♠❡ ❞❡ ♣❧✉%✐❡✉/% ♠❛♥✐?/❡%✳ ▲✬❡✛❡. ❞❡ ♠2♠♦✐/❡ ♣❛/.✐❡❧ ❡%.
♣❛/.✐❝✉❧✐?/❡♠❡♥. ✈✐%✐❜❧❡ ❞❛♥% ❧✬❤2❧✐✉♠ ✭❋✐❣✳ ✶✵✳✽✮ ♦[ ♦♥ ♦❜%❡/✈❡ 3✉❡ ❞❛♥% ❧❡ %❡♥%
✶✼✶
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
❋✐❣✉$❡ ✽✳✷✼ ✕ ❊✛❡8 ❞❡ ♠;♠♦✐>❡ ❞❡ 8❡①8✉>❡✳ ❖♥ B✉♣♣♦B❡ ✉♥ ;❝❤❛♥8✐❧❧♦♥ ✐♥✐8✐❛❧ ❞❡
❢❡> α ❞❡ 8❡①8✉>❡ B✐♠♣❧❡ ❡8 8>IB ♦>✐❡♥8; ✭❝❢ ✜❣✉>❡B ❞❡ ♣M❧❡ ❛BB♦❝✐;❡B✮ ❛✉O✉❡❧ ♦♥ ❢❛✐8
B✉❜✐> ✉♥ ❝②❝❧❡ ❞❡ 8>❛♥B❢♦>♠❛8✐♦♥ ❝♦♠♣❧❡8 α → ε✳ ❚>♦✐B ❝❛B ✿ ✭❛✮ ♠;♠♦✐>❡ ❞❡ 8❡①8✉>❡
8♦8❛❧❡✱ ✭❜✮ ♠;♠♦✐>❡ ❞❡ 8❡①8✉>❡ ♣❛>8✐❡❧❧❡ ❡8 ✭❝✮ ♣❛B ❞✬❡✛❡8 ❞❡ ♠;♠♦✐>❡✳ %♦✉> ❝❤❛❝✉♥
❞❡B ❝❛B✱ ❧❡B ✜❣✉>❡B ❞❡ ♣M❧❡B ✐♠❛❣✐♥❛✐>❡B ❛BB♦❝✐;❡B B♦♥8 ✐♥❞✐O✉;❡B✳
❞❡ ❧❛ 8>❛♥B✐8✐♦♥ ✐♥✈❡>B❡ ε → α✱ ❧❛ 8❡①8✉>❡ ❞✉ ❢❡> α V ❧❛ ✜♥ ❞✉ ♣>❡♠✐❡> ❝②❝❧❡ ♣>;B❡♥8❡
❧❡B ♠W♠❡B ♦>✐❡♥8❛8✐♦♥B ❞❡ ♣❧❛♥B (110)α ❛✉① ♠♦②❡♥B ❛♥❣❧❡B ❞❛♥B ❧❛ ❞✐>❡❝8✐♦♥ ❧♦♥✲
❣✐8✉❞✐♥❛❧❡ O✉❡ ❝❡❧❧❡B ❞❡ ❧❛ 8❡①8✉>❡ ❞❡ ❧❛♠✐♥❛❣❡ ❞❡ ❧✬;❝❤❛♥8✐❧❧♦♥ ❞❡ ❞;♣❛>8 ✭❋✐❣✳
✽✳✷✽✮✳ ❈❡❧❧❡B✲❝✐ ♣❡>❞❡♥8 ❞❡ ❧❡✉> ✐♥8❡♥B✐8; ❞❛♥B ❧❡B ❝②❝❧❡B B✉✐✈❛♥8B ❛✉ ♣>♦✜8 ❞✬✉♥❡
♥♦✉✈❡❧❧❡ ♦>✐❡♥8❛8✐♦♥ V ≈✾✵◦ ♣❛> >❛♣♣♦>8 V ❧❛ ❞✐>❡❝8✐♦♥ ❞❡ ❝♦♠♣>❡BB✐♦♥✳ ❈❡B ♦>✐❡♥✲
8❛8✐♦♥B ❢♦BB✐❧❡B B❡♠❜❧❡♥8 ❛✈♦✐> ❝♦♠♣❧I8❡♠❡♥8 ❞✐B♣❛>✉ V ❧❛ ✜♥ ❞✉ 8>♦✐B✐I♠❡ ❝②❝❧❡✳
❉❛♥B ❧❡ B❡♥B ❞❡ ❧❛ 8>❛♥B✐8✐♦♥ ❞✐>❡❝8❡ α → ε✱ ❧✬❡✛❡8 ❞❡ ♠;♠♦✐>❡ ❡B8 ♠♦✐♥B ♣❡>❝❡♣8✐✲
❋✐❣✉$❡ ✽✳✷✽ ✕ ▲♦❝❛❧✐B❛8✐♦♥ ❞❡B ♦>✐❡♥8❛8✐♦♥B ❤;>✐8;❡B ❞❡ ❧❛ 8❡①8✉>❡ ❞❡ ❧❛♠✐♥❛❣❡ ❞❡
❧✬;❝❤❛♥8✐❧❧♦♥ ✐♥✐8✐❛❧ ♣♦✉> ❧❡ ❢❡> α ❞❛♥B ❧✬❤;❧✐✉♠ ✭▲❚❈✵✻✮✳ ▲❡B ♦>✐❡♥8❛8✐♦♥B ❢♦BB✐❧❡B
B♦♥8 ♣♦✐♥8;❡B ♣❛> ❞❡B ❡❧❧✐♣B❡B ❜❧❡✉❡B✳
❜❧❡ ;8❛♥8 ❞♦♥♥;❡B ❧❡B 8❡①8✉>❡B ❞❡ 8>❛♥B❢♦>♠❛8✐♦♥ 8>IB ♦>✐❡♥8;❡B ❞✉ ❢❡> ❤❡①❛❣♦♥❛❧✳ ■❧
B✬❡①♣>✐♠❡ ❝❡♣❡♥❞❛♥8 ❞❛♥B ❧✬❤;❧✐✉♠ B♦✉B ❧❛ ❢♦>♠❡ ❞✬✉♥❡ ❛✉❣♠❡♥8❛8✐♦♥ ♣>♦❣>❡BB✐✈❡
❞❡ ❧✬✐♥8❡♥B✐8; ❞❡ ❧❛ 8❡①8✉>❡ ❞❡ ε✲❋❡ ❛✉ ❝♦✉>B ❞❡B ❝②❝❧❡B V ♠❡B✉>❡ O✉❡ ❧❡B >;✢❡①✐♦♥B
❞❡B ♣❧❛♥B ❜❛B❛✉① ♣❡>♣❡♥❞✐❝✉❧❛✐>❡B V ❧❛ ❞✐>❡❝8✐♦♥ ❞❡ ❝♦♠♣>❡BB✐♦♥ ❞✐B♣❛>❛✐BB❡♥8 ❛✉
♣>♦✜8 ❞❡ ❝❡❧❧❡B V ✾✵
◦
O✉✐ ❝♦>>❡B♣♦♥❞❡♥8 ❛✉① ❣>❛✐♥B ❞❡ ❢❡> ε ❝♦✉❝❤;B ❞❛♥B ❧❡ ♣❧❛♥ ❞❡
❧✬;❝❤❛♥8✐❧❧♦♥✳ ❊♥ ♣❛>❛❧❧I❧❡✱ ♦♥ ♦❜B❡>✈❡ ✉♥ >❡❣>♦✉♣❡♠❡♥8 ♣>♦❣>❡BB✐❢ ❞❡B >;✢❡①✐♦♥B ❞❡B
♣❧❛♥B ♣②>❛♠✐❞❛✉① ❞❛♥B ❧❡ ♣❧❛♥ ❞❡ ❧✬;❝❤❛♥8✐❧❧♦♥ ❡8 B❡❧♦♥ ❧❛ ❞✐>❡❝8✐♦♥ 8>❛♥B✈❡>B❛❧❡✳
✶✼✷
✽✳✹ ❉✐%❝✉%%✐♦♥
▲❡% %✐♠✉❧❛/✐♦♥% ❛✈❡❝ %1❧❡❝/✐♦♥ ❞❡ ✈❛3✐❛♥/ ❞❛♥% ❧✬❤1❧✐✉♠ ❝♦♥✜3♠❡♥/ ❛✐♥%✐ ❧✬❡①✐%/❡♥❝❡
❞✬✉♥ ❢❛✐❜❧❡ ❡✛❡/ ❞❡ ♠1♠♦✐3❡✳
❖♥ 3❡♠❛3<✉❡ <✉❡ ❧❛ ❞✐%♣❛3✐/✐♦♥ ❞❡% ♦3✐❡♥/❛/✐♦♥% ❤13✐/1❡% ❞❡ ❧❛ /❡①/✉3❡ ❞❡ ❧❛♠✲
✐♥❛❣❡ ✈❛ ❞❡ ♣❛✐3 ❛✈❡❝ ❧❛ ❞✐♠✐♥✉/✐♦♥ ❞❡ ❧✬❛❧1❛ %/❛/✐%/✐<✉❡✳ ■❧% %♦♥/ ❞♦♥❝ /3A% ♣3♦❜❛✲
❜❧❡♠❡♥/ ❧✐1%✳ ❊♥ ❡✛❡/✱ ❛❧♦3% <✉✬♦♥ ♣31❞✐/ ✉♥ ❛❧1❛ ♥✉❧ D ♣❛3/✐3 ❞✉ <✉❛/3✐A♠❡ ❝②❝❧❡✱
❝❡❧❛ ❝♦33❡%♣♦♥❞ ❛♣♣3♦①✐♠❛/✐✈❡♠❡♥/ ❛✉ ♠♦♠❡♥/ ♦F ♦♥ ❡%/✐♠❡ <✉❡ ❧❡% /❡①/✉3❡% ❞❡
/3❛♥%❢♦3♠❛/✐♦♥ ❡①♣3✐♠1❡% ♣❛3 ❧❡% ♣❤❛%❡% ❝3✐%/❛❧❧✐♥❡% ❞✉ ❢❡3 ♥❡ ♣31%❡♥/❡3♦♥/ ♣❧✉%
❞✬♦3✐❡♥/❛/✐♦♥% ❝3✐%/❛❧❧♦❣3❛♣❤✐<✉❡% ❢♦%%✐❧❡% ❤13✐/1❡% ❞❡ ❧✬1❝❤❛♥/✐❧❧♦♥ ❞❡ ❞1♣❛3/✳ ▲❡
31❛33❛♥❣❡♠❡♥/ ❣3❛❞✉❡❧ ❞❡% ❣3❛✐♥% ❝②❝❧❡ ❛♣3A% ❝②❝❧❡ ❞1❝3✐/ ♣❛3 ❙❛♥❞♦✈❛❧ ❛♥❞ ❯3✲
❜❛%%❡❦ ❬✷✵✵✾❪ ❛♣♣❛3❛O/ ❞♦♥❝ ✐❝✐ ❝♦♠♠❡ ❧❡ ✈❡❝/❡✉3 ❞✬✉♥❡ %/❛❜✐❧✐%❛/✐♦♥ ♣3♦❣3❡%%✐✈❡
❞❡% /❡①/✉3❡% ❞❡ /3❛♥%❢♦3♠❛/✐♦♥✱ D ❧❛ ❢♦✐% ♣♦✉3 ❧❡ ❢❡3 α ❡/ ε✳
❉❛♥% ❧❡ ♠1/❤❛♥♦❧✲1/❤❛♥♦❧✱ ♦♥ ♦❜%❡3✈❡ 1❣❛❧❡♠❡♥/ ✉♥ ❧1❣❡3 ❡✛❡/ ❞❡ ♠1♠♦✐3❡ ❞❡
/❡①/✉3❡ ♠❛✐% ❝❡❧✉✐✲❝✐ ❡%/ ❢♦3/❡♠❡♥/ ✐♥❤✐❜1 ♣❛3 ❧❛ ❝♦♥/3❛✐♥/❡ ♥♦♥✲❤②❞3♦%/❛/✐<✉❡ ❡/
❞✐%♣❛3❛O/ ❞A% ❧❡ ❞❡✉①✐A♠❡ ❝②❝❧❡ ❡♥ ♣3❡%%✐♦♥✳ ❖♥ ❛ ❞♦♥❝ ✉♥❡ ✐331✈❡3%✐❜✐❧✐/1 ❝♦♠♣❧A/❡
❞❡% /❡①/✉3❡% ❞A% ❧❛ ✜♥ ❞✉ ♣3❡♠✐❡3 ❝②❝❧❡✱ ❝❡ <✉❡ ❝♦♥✜3♠❡ ❧✬1✈♦❧✉/✐♦♥ ❞❡% /❛✐❧❧❡% ❞❡
❣3❛✐♥% ✭❋✐❣%✳ ✽✳✶✷ ❡/ ✽✳✷✹✮✳ ❉❡ ♣❧✉%✱ ✐❧ ♥✬❡%/ ♣❛% ♥1❝❡%%❛✐3❡ ♥♦♥ ♣❧✉% ❞✬❛♣♣❧✐<✉❡3 ✉♥
❛❧1❛ ♣♦✉3 ✜//❡3 ❧❡% /❡①/✉3❡% ❡①♣13✐♠❡♥/❛❧❡% ✭❋✐❣✳ ✽✳✷✸✮✳
◗✉✬❡$%✲❝❡ (✉✐ ♣+♦✈♦(✉❡ ❧❛ ♣❡+%❡ ❞❡ ♠2♠♦✐+❡ ❄
❊♥ 31%✉♠1✱ ✐❧ ❡①✐%/❡ ❜✐❡♥ ✉♥❡ ♠1♠♦✐3❡ /❡①/✉3❛❧❡ <✉✐ ❞1♣❡♥❞ ♣3✐♥❝✐♣❛❧❡♠❡♥/ ❞❡% ❝♦♥✲
❞✐/✐♦♥% ❤②❞3♦%/❛/✐<✉❡% ❞✉ ♠✐❧✐❡✉ ❡/ %✬❛♣♣❧✐<✉❡ %✉3 ❧❡% ♣3❡♠✐❡3% ❝②❝❧❡% ❞❡ ♣3❡%%✐♦♥✳
❈❡❧❧❡✲❝✐ %✬❡%/♦♠♣❡ D ❧❛ ❢❛✈❡✉3 ❞❡% ❝②❝❧❡% %✉❝❝❡%%✐❢% ❝❛3 ❛✉ ♥✐✈❡❛✉ ♠✐❝3♦%/3✉❝/✉3❛❧✱
❧❛ /3❛♥%✐/✐♦♥ ❞❡✈✐❡♥/ ♣❡✉ D ♣❡✉ ✐331✈❡3%✐❜❧❡✳ ❈❡❧❛ %❡ /3❛❞✉✐/ D ❧❛ ❢♦✐% ❞❛♥% ❧❡% /❡①✲
/✉3❡% ❞❡ /3❛♥%❢♦3♠❛/✐♦♥ ❡/ ❞❛♥% ❧✬1✈♦❧✉/✐♦♥ ❞❡% ♣❛3❛♠A/3❡% ♠✐❝3♦%/3✉❝/✉3❛✉① ✭%❛✉❢
♣♦✉3 ❧❡% /❛✐❧❧❡% ❞❡ ❣3❛✐♥ ❞❛♥% ❧✬❤1❧✐✉♠ ♦F ❧❡ ❝♦♠♣♦3/❡♠❡♥/ %❡♠❜❧❡ ❡♥ ❛♣♣❛3❡♥❝❡
31✈❡3%✐❜❧❡✮✳ ❲❡♥❦ ❡/ ❛❧✳ ❬✷✵✵✻❪ ❡①♣❧✐<✉❡ ❝❡❧❛ ♣❛3 ❞❡% 31❛33❛♥❣❡♠❡♥/% ❡/ 31♦3✐❡♥✲
/❛/✐♦♥% ❬❘♦♠❡3♦ ❡/ ❛❧✳✱ ✷✵✵✾❜❪ ❛✉ %❡✐♥ ❞❡ ❧❛ ❢❛❜3✐<✉❡ ❝3✐%/❛❧❧✐♥❡ ❛❝❝♦♠♣❛❣♥1% ❞❡
♣3♦❝❡%%✉% ❞❡ ♠Y❝❧❛❣❡ ❡/ ❞❡ ♥✉❝❧1❛/✐♦♥ ♦3✐❡♥/1❡ ❬❏♦✉3❞❛♥ ❡/ ❛❧✳✱ ✶✾✾✶❪ ❝♦♥%✐❞13❛❜❧❡%
<✉✐ ✐♠♣♦%❡♥/ ✉♥ ♦✉❜❧✐ ♣3♦❣3❡%%✐❢ ❞❡% /❡①/✉3❡%✳
◆♦✉% ❛✈♦♥% ♣✉ ❝♦♥%/❛/❡3 ❧♦3% ❞❡ ♥♦% ❡①♣13✐❡♥❝❡% <✉❡ ♣♦✉3 ❧❡% ❝②❝❧❡% ❧❡% ♣❧✉%
❛✈❛♥❝1%✱ ✐❧ 3❡%/❛✐/ ❡♥❝♦3❡ ❞❡% ❣3❛✐♥% <✉✐ /❛3❞❛✐❡♥/ D /3❛♥%✐/✐♦♥♥❡3 ❜✐❡♥ ❡♥ ❞❡❤♦3%
❞❡ ❧❡✉3 ❞♦♠❛✐♥❡ ❞❡ %/❛❜✐❧✐/1 %✉♣♣♦%1 ✭❋✐❣✳ ✽✳✶✵✮✳ \❛3 ❡①❡♠♣❧❡✱ D ✸ ●\❛ ❛♣3A% ❈✸✳✷
❞❛♥% ❧✬❤1❧✐✉♠✱ ✐❧ 3❡%/❛✐/ ❡♥❝♦3❡ <✉❡❧<✉❡% ❣3❛✐♥% ❞❡ ❢❡3 ε ♠1/❛%/❛❜❧❡% %✉3 ❧❡% ✐♠❛❣❡%
❞❡ ❞✐✛3❛❝/✐♦♥ ❡♥ ♣3♦♣♦3/✐♦♥ /3♦♣ ❢❛✐❜❧❡% ♣♦✉3 ^/3❡ ♣3✐% ❡♥ ❝♦♠♣/❡ ❞❛♥% ❧❡ /3❛✐/❡♠❡♥/
❞❡ ❞♦♥♥1❡% ♠❛✐% %✉✣%❛♥/% ♣♦✉3 ✐♥❞✉✐3❡ ✉♥❡ ❝3♦✐%%❛♥❝❡ ♦3✐❡♥/1❡ ♥♦♥ ♥1❣❧✐❣❡❛❜❧❡✳
❯♥❡ ♦❜%❡3✈❛/✐♦♥ ✈✐❡♥/ ❡♥/13✐♥❡3 ❧❡ ❢❛✐/ <✉❡ ❧❛ ❝3♦✐%%❛♥❝❡ ♦3✐❡♥/1❡ ♣❡✉/ ^/3❡ ❧❛ ❝❛✉%❡
❞❡ ❧❛ ♣❡3/❡ ❞❡ ♠1♠♦✐3❡ ♣3♦❣3❡%%✐✈❡✳ ❈♦♠♠❡ /♦✉/❡% ❧❡% ♠❡%✉3❡% ❞❡ ❞✐✛3❛❝/✐♦♥ ♦♥/
1/1 ❛♥❛❧②%1❡% %✉3 ▼❆❯❉✱ ♥♦✉% ❛✈♦♥% ♣✉ ♣3♦❝1❞❡3 D ✉♥❡ 1/✉❞❡ ♣❧✉% ❞1/❛✐❧❧1❡ ❞❡%
/❡①/✉3❡% ✐♥/❡3♠1❞✐❛✐3❡% ❞✉ ❢❡3 α ❡/ ❞✉ ❢❡3 ε ❛✉ ❝♦✉3% ❞❡ ❧❛ /3❛♥%✐/✐♦♥✳ ▲✬❡①❡♠♣❧❡
❞♦♥♥1 ❞❛♥% ❧❛ ❋✐❣✳ ✽✳✷✾ ❡%/ ❝❡❧✉✐ ❞❡% /❡①/✉3❡% ❞❡% ♣❤❛%❡% ♠✐①/❡% ❛✉ ❝♦✉3% ❞✉ ❝②❝❧❡
❈✸ ❞❛♥% ❧✬❤1❧✐✉♠ ✭▲❚❈✵✻✮✳ ◆♦% 31%✉❧/❛/% ♠♦♥/3❡♥/ <✉❡ ❞❛♥% ❧❡% ❞❡✉① %❡♥%✱ ❧❡%
❣3❛✐♥% ❞❡ ❢❡3 ε <✉✐ ♣❡3%✐%/❡♥/ ❧❡ ♣❧✉% ❧♦♥❣/❡♠♣% ♣31%❡♥/❡♥/ ❞❡% /❡①/✉3❡% <✉✐ %♦♥/
❧❡% ♠^♠❡% <✉❡ ❝❡❧❧❡% ♦❜%❡3✈1❡% ❞❛♥% ❧✬❤1❧✐✉♠ ♠❛✐% ❜✐❡♥ ♣❧✉% ✐♥/❡♥%❡% ❡/ ❞♦♥❝ ♣❧✉%
♦3✐❡♥/1❡%✳ ❈❡ %♦♥/ ❞♦♥❝ ♣3♦❜❛❜❧❡♠❡♥/ ❝❡% ❣3❛✐♥% <✉✐ %❡3✈❡♥/ ❞❡ ♣♦✐♥/ ❞❡ ❞1♣❛3/
❞❡ ❧❛ ♥✉❝❧1❛/✐♦♥ ♦3✐❡♥/1❡ ❝♦♠♠❡ %✉❣❣131 ♣❛3 ❲❡♥❦ ❡/ ❛❧✳ ❬✷✵✵✹❪✱ ▲♦♥❛3❞❡❧❧✐ ❡/ ❛❧✳
❬✷✵✵✼❪✱ ❘♦♠❡3♦ ❡/ ❛❧✳ ❬✷✵✵✾❜❪✳ ▲❛ %1❧❡❝/✐♦♥ ❞❡ ✈❛3✐❛♥/ ❡%/ ❛✐♥%✐ ❞❡ ♣❧✉% ❡♥ ♣❧✉%
❢❛❝✐❧✐/1❡ ❛✉ ❢✉3 ❡/ D ♠❡%✉3❡ ❞❡% ❝②❝❧❡%✳
✶✼✸
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
❋✐❣✉$❡ ✽✳✷✾ ✕ ❊✈♦❧✉:✐♦♥ ❞❡ ❧❛ :❡①:✉A❡ ❞✉ ❢❡A α ❡: ε ♣❡♥❞❛♥: ❧❛ :A❛♥❢♦A♠❛:✐♦♥✳ ▲❡E
:❡①:✉A❡E E♦♥: ❡①:A❛✐:❡E ❞❡E ♠❡E✉A❡E ❞❡ ❞✐✛A❛❝:✐♦♥ ❡✛❡❝:✉H❡E ❧♦AE ❞✉ :A♦✐E✐I♠❡ ❝②❝❧❡
❞❡ ♣A❡EE✐♦♥ ❞❛♥E ❧✬❤H❧✐✉♠ ✭▲❚❈✵✾✮✳ ❊♥ ✭❛✮✱ ❧❡E :❡①:✉A❡E ❞❡ ❢❡A ε✳ ❊♥ ✭❛✮✱ ❝❡❧❧❡E ❞✉ ❢❡A
α✳ %♦✉A ❝❤❛R✉❡ ♣♦✐♥: ❞❡ ♠❡E✉A❡✱ ❧❡E ♣♦✉A❝❡♥:❛❣❡E ❞❡ ❝❤❛R✉❡ ♣❤❛E❡ E♦♥: ✐♥❞✐R✉HE✳
▲❡E H❝❤❡❧❧❡E ❞✬✐♥:❡♥E✐:HE E♦♥: ❡♥ ♠✳A✳❞ ✭♠✉❧:✐♣❧❡E ♦❢ ❛ A❛♥❞♦♠ ❞✐E:A✐❜✉:✐♦♥✮✳
❖♥ ♥♦:❡ H❣❛❧❡♠❡♥: R✉❡ ❧❡E ❣A❛✐♥E ❞❡ ❢❡A α R✉✐ ♣❡AE✐E:❡♥: ❛✉① ♣A❡EE✐♦♥E ❧❡E
♣❧✉E H❧❡✈H❡E ♠♦♥:A❡♥: ✉♥❡ :❡①:✉A❡ :AIE ♦A✐❡♥:H❡ ❡: R✉✐ A❛♣♣❡❧❧❡ ❝❡❧❧❡E R✉✬♦♥ ♦❜E❡A✈❡
❞❛♥E ❧❡ ♠H:❤❛♥♦❧✲H:❤❛♥♦❧✳ ❆✐♥E✐ ❧❛ ❝♦♥:A❛✐♥:❡ ♥♦♥✲❤②❞A♦E:❛:✐R✉❡✱ ♣❧✉E ❢♦A:❡ ❞❛♥E ❧❡
♠H:❤❛♥♦❧✲H:❤❛♥♦❧✱ ♣♦✉AA❛✐: ❛❝:✐✈❡A ✉♥❡ ♥✉❝❧H❛:✐♦♥ ♦A✐❡♥:H❡ U ♣❛A:✐A ❞❡ ❝❡E ❣A❛✐♥E✳
❈✬❡E: ❝❡❧❛ R✉✐ E❡A❛✐: U ❧✬♦A✐❣✐♥❡ ❞❡ ❧❛ EH❧❡❝:✐♦♥ ❞❡ ✈❛A✐❛♥: ♦❜E❡A✈H❡ ❞❛♥E ❧❡ E❡♥E
ε → α✳ ❈♦♠♠❡ ❝❡::❡ ❝♦♥:A❛✐♥:❡ ❡E: ♣❧✉E ❢❛✐❜❧❡ ❞❛♥E ❧✬❤H❧✐✉♠✱ ❧❛ ♥✉❝❧H❛:✐♦♥ ♦A✐❡♥:H❡✱
E✐ ❡❧❧❡ ❡①✐E:❡✱ ❡E: ❜✐❡♥ ♣❧✉E ❢❛✐❜❧❡ ❡: ♥❡ E✉✣: ❛❧♦AE ♣❛E ♣♦✉A ✐♥❞✉✐A❡ ✉♥❡ EH❧❡❝:✐♦♥
❞❡ ✈❛A✐❛♥: R✉✐ E♦✐: ❞H:❡❝:❛❜❧❡ ❡♥ ❛♥❛❧②E❡ :❡①:✉A❛❧❡✳
❙✐ ♦♥ A❡♣A❡♥❞ ❧❡ ❝♦♥❝❡♣: ❞❡ ✈♦❧✉♠❡ ✏❛✈❡✉❣❧❡✑✱ ♦♥ ♣❡✉: ❡①♣❧✐R✉❡A ❧❡ A❡:❛A❞ ❞❡
♣❡A:❡ ❞❡ ♠H♠♦✐A❡ ❞❛♥E ❧✬❤H❧✐✉♠ ♣❛A ❧❛ ♣A♦♣❛❣❛:✐♦♥ ❞❡ ❧❛ ♣❡A:❡ ❞❡ ♠H♠♦✐A❡ E✉✲
♣❡A✜❝✐❡❧❧❡ ❡♥ ♣A♦❢♦♥❞❡✉A R✉✐ ✈❛ ❞❡ ♣❛✐A❡ ❛✈❡❝ ❧❡E AH♦A✐❡♥:❛:✐♦♥E ❝A✐E:❛❧❧✐♥❡E ❡: ❧❛
♥✉❝❧H❛:✐♦♥ ♦A✐❡♥:H❡✳ ❆✉EE✐ ✉♥ ♠♦❞I❧❡ ♣✉A❡♠❡♥: ♠H❝❛♥✐R✉❡ ❝♦♠♠❡ ❧❡ ♥Z:A❡ ❡: R✉✐
♥❡ ♣A❡♥❞ ❡♥ ❝♦♠♣:❡ R✉❡ ❧❡E A❡❧❛:✐♦♥E ❣H♦♠H:A✐R✉❡E ❡♥:A❡ ♣❤❛E❡ ♠IA❡ ❡: ❡♥❢❛♥:
♣❡A♠❡: ❜✐❡♥ ❞✬❡①♣❧✐R✉❡A ❧❛ ♣❡A:❡ ❞❡E ✐♥❢♦A♠❛:✐♦♥E ❞❡ :❡①:✉A❡ ✐♥✐:✐❛❧❡ ♠❛✐E ♣❛E ❧❡✉A
❝♦♥E❡A✈❛:✐♦♥✱ ❞✬♦[ ❧❛ ♥H❝❡EE✐:H ❞✬❛♣♣❧✐R✉❡A ✉♥ ❛❧H❛ E✉♣♣❧H♠❡♥:❛✐A❡ ❡: ❧❛ ❞✐✣❝✉❧:H
R✉❡ ❧✬♦♥ A❡♥❝♦♥:A❡ U A❡♣A♦❞✉✐A❡ ✜❞I❧❡♠❡♥: ❧❡E :❡①:✉A❡E ❞❡ :A❛♥E❢♦A♠❛:✐♦♥ ♣❡♥❞❛♥:
❧❡E ❝②❝❧❡E ❧✐♠✐:❡E✳
❯♥ ✈♦❧✉♠❡ ❛✈❡✉❣❧❡ ♦* ❧❛ +,❛♥-❢♦,♠❛+✐♦♥ α✲ε ❡-+ ,1✈❡,-✐❜❧❡ ❄
✶✼✹
✽✳✹ ❉✐%❝✉%%✐♦♥
❉❛♥% ❧❡ ✈♦❧✉♠❡ ❝❡♥/0❛❧ %✉♣♣♦%2 ✏❛✈❡✉❣❧❡✑ 6 ❧❛ ❝♦♥/0❛✐♥/❡ ♥♦♥✲❤②❞0♦%/❛/✐;✉❡✱ ♦♥
♣❡✉/ ❞♦♥❝ ❧♦❝❛❧❡♠❡♥/ ❝♦♥%❡0✈❡0 ❝❡0/❛✐♥❡% ♦0✐❡♥/❛/✐♦♥% ❢♦0/❡% ❞❡ ❧❛ /❡①/✉0❡ ❞❡ ❧❛♠✐✲
♥❛❣❡ ❞❡ ❢❛?♦♥ /0❛♥%✐/♦✐0❡✳ ❈❡❧❛ %✉♣♣♦%❡ ;✉✬♦♥ %✉✐✈❡ ❡①❛❝/❡♠❡♥/ ❧❡ ♠B♠❡ ❝❤❡♠✐♥ ❞❡
/0❛♥%❢♦0♠❛/✐♦♥ ❧♦0% ❞❡ ❧❛ /0❛♥%✐/✐♦♥ ❞✐0❡❝/❡ ❡/ ✐♥✈❡0%❡ ❡♥ ♠✐0♦✐0✱ ❝❡ ;✉✐ ✐♥❞✐;✉❡ ✉♥❡
02✈❡0%✐❜✐❧✐/2 ❝♦♠♣❧D/❡ ❞❡ ❧❛ /0❛♥%❢♦0♠❛/✐♦♥✳ ❈❡❧❛ ♣❡✉/ B/0❡ ♣♦%%✐❜❧❡ %✬✐❧ ❡①✐%/❡ ❛✉
❝♦✉0% ❞❡% ♣0❡♠✐❡0% ❝②❝❧❡% ❧✐♠✐/❡% ❞❛♥% ❧✬❤2❧✐✉♠ ❞❡% ♣❤2♥♦♠D♥❡% ❞❡ ❝0♦✐%%❛♥❝❡ ♦0✐❡♥✲
/2❡ ✐%%✉% ❞❡% ❝♦♥/0❛✐♥/❡% ✐♥/❡0❣0❛♥✉❧❛✐0❡% ❡/ ;✉✐ ♣❡0♠❡//❡♥/ ❞✬❛✐❣✉✐❧❧❡0 ❧❛ ❝0♦✐%%❛♥❝❡
❞❡% ♥♦✉✈❡❛✉① ❝0✐%/❛✉① %❡❧♦♥ ❧❡ ❝❤❡♠✐♥ ♣02❛❧❛❜❧❡♠❡♥/ ♣❛0❝♦✉0✉✳ ❊♥ ;✉❡❧;✉❡ %♦0/❡✱
✐❧ %✬❛❣✐0❛✐/ ❞✬✉♥❡ ✈20✐/❛❜❧❡ %2❧❡❝/✐♦♥ ❞❡ ✈❛0✐❛♥/ ;✉✐ %❡0❛✐/ ❝❡//❡ ❢♦✐%✲❝✐ ❝♦♠♣❧D/❡♠❡♥/
✐♥❞2♣❡♥❞❛♥/❡ ❞❡ ❧❛ ❝♦♥/0❛✐♥/❡ ♥♦♥✲❤②❞0♦%/❛/✐;✉❡✳ ❈❡//❡ ❞❡0♥✐D0❡ ❤②♣♦/❤D%❡ ❡%/ ❡♥
♦♣♣♦%✐/✐♦♥ ❛✈❡❝ ❧❡ ♣♦%/✉❧❛/ ❢♦0♠✉❧2 ♣02❝2❞❡♠♠❡♥/ %❡❧♦♥ ❧❡;✉❡❧ ✐❧ ♥✬② ❛✉0❛✐/ ❛✉❝✉♥❡
%2❧❡❝/✐♦♥ ❞❡ ✈❛0✐❛♥/ ❞❛♥% ❧❡ ✈♦❧✉♠❡ ✏❛✈❡✉❣❧❡✑ ❞❡ ❧✬2❝❤❛♥/✐❧❧♦♥✳ ■❧ ♠✬❡%/ ❝❡♣❡♥❞❛♥/
✐♠♣♦%%✐❜❧❡ ❞❡ /0❛♥❝❤❡0 ❞2✜♥✐/✐✈❡♠❡♥/ ❡♥/0❡ ❝❡% ❞❡✉① ❤②♣♦/❤D%❡% ❛✈❡❝ ✉♥❡ %✐♠♣❧❡
❛♥❛❧②%❡ /❡①/✉0❛❧❡✳
✽✳✹✳✸ ▲✐♠✐'❡) ❞❡ ❧✬❛♥❛❧②)❡ '❡①'✉2❛❧❡
❈❡0/❛✐♥% ❡✛❡/% ♥❡ ♣❡✉✈❡♥/ ♣❛% B/0❡ ♣0✐% ❡♥ ❝♦♠♣/❡ ❞❛♥% ❧❛ %✐♠✉❧❛/✐♦♥✳ ◆♦/0❡
♠♦❞D❧❡ 2/❛♥/ ♣✉0❡♠❡♥/ ♠2❝❛♥✐;✉❡✱ ❧❛ ❣2♦♠2/0✐❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ❧❛ ♥✉❝❧2❛/✐♦♥ ♦0✐✲
❡♥/2❡ ✭;✉✐ ♣❡✉/ 0❡♥❢♦0❝❡0 ❧❛ %2❧❡❝/✐♦♥ ❞❡ ✈❛0✐❛♥/✮✱ ❧❡% ❝♦♥/0❛✐♥/❡% ✐♥/❡0❣0❛♥✉❧❛✐0❡%
♥❡ ♣❡✉✈❡♥/ ♣❡% B/0❡ ♣0✐% ❡♥ ❧✐❣♥❡ ❞❡ ❝♦♠♣/❡✳ ❆✐♥%✐ ♠B♠❡ %✐ ♦♥ ❛00✐✈❡ ❜✐❡♥ 6 0❡✲
♣0♦❞✉✐0❡ ❧❡% /❡①/✉0❡% ♠❡%✉02❡%✱ ❞❡% 2❧❡♠❡♥/% ♣0♦❜❛❜❧❡♠❡♥/ ❧✐2% 6 ❞❡ ❧❛ ♥✉❝❧2❛/✐♦♥
♦0✐❡♥/2❡ ❝♦♠♠❡ ❧❡% 02✢❡①✐♦♥% ❝❡♥/0❛❧❡% ❞❡% ♣❧❛♥% ❜❛%❛✉% ❞❡% ❝0✐%/❛✉① ❞❡ ❢❡0 ε ♥❡
♣❡✉✈❡♥/ ♣❛% B/0❡ %✐♠✉❧2%✳ ❚♦✉% ❝❡% ❡✛❡/% %❛/❡❧❧✐/❡% ;✉✐ ❛✛❡❝/❡♥/ ❧❛ /❡①/✉0❡ ❞❡ /0❛♥%✲
❢♦0♠❛/✐♦♥ ❢♦♥/ ❞❡ ❧❛ /0❛♥%❢♦0♠❛/✐♦♥ α✲ε ✉♥ ♣❤2♥♦♠D♥❡ ♥♦♥✲❧✐♥2❛✐0❡✱ ❧♦✐♥ ❞❡ ❧❛
%✐♠♣❧✐❝✐/2 ❛♣♣❛0❡♥/❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛/✐♦♥ %/0✐❝/❡ ❞❡ ❇✉0❣❡0% ❬✶✾✸✹❪✳ ❆✐♥%✐✱ ✐❧ ❡%/ ✐♠✲
♣♦%%✐❜❧❡ ❡♥ ❧✬2/❛/ ❞✬❡✛❡❝/✉❡0 ✉♥❡ ✐♥✈❡0%✐♦♥ ♥✉♠20✐;✉❡ ;✉✐ %❡0❛✐/ ♣❧✉% ♦❜❥❡❝/✐✈❡ ;✉❡
❧✬❡%/✐♠❛/✐♦♥ ❡♠♣✐0✐;✉❡ ❞❡% ♣❛0❛♠D/0❡% ;✉✐ ❞2❝0✐✈❡♥/ ❧❡% %2❧❡❝/✐♦♥% ❞❡ ✈❛0✐❛♥/% ✭❛❧2❛✱
❝0✐/D0❡ ❛♥❣✉❧❛✐0❡✮✳ ❊♥ ❞❡0♥✐❡0 ❧✐❡✉✱ ❧❡ ♠♦❞D❧❡ ✐♠♣♦%❡ ❞❡ ✜❧/0❡0 ❧❡% /❡①/✉0❡% ♠❡%✉02❡%
♣♦✉0 ♣♦✉✈♦✐0 /0❛✈❛✐❧❧❡0 ❞❡%%✉%✳ ❙✐ ❧❡ ✜❧/0❡ ♣❡0♠❡/ ❜✐❡♥ ❞❡ 0❡♣0♦❞✉✐0❡ ❧❡% ♣0✐♥❝✐♣❛❧❡%
02✢❡①✐♦♥% ❞❡% ♣❧❛♥% ❝0✐%/❛❧❧♦❣0❛♣❤✐;✉❡%✱ ❧✬✐♥/❡♥%✐/2 ❞❡% /❡①/✉0❡% ♣❡✉/ B/0❡ ❢♦0/❡♠❡♥/
❞✐♠✐♥✉2❡✳ ❈✬❡%/ ♣❡✉/✲B/0❡ ❧❛ 0❛✐%♦♥ ♣♦✉0 ❧❛;✉❡❧❧❡ ❧❡% /❡①/✉0❡% %✐♠✉❧2❡% ❞❡ ❢❡0 α ♦♥/
/♦✉❥♦✉0% 2/2 ♣❧✉% ❢❛✐❜❧❡ ;✉❡ ❧❡% /❡①/✉0❡% ♠❡%✉02%✱ ;✉❡❧;✉❡% %♦✐❡♥/ ❧❡% ♣❛0❛♠D/0❡% ❞❡
%2❧❡❝/✐♦♥ ❞❡ ✈❛0✐❛♥/ ✐♠♣♦%2%✳
✽✳✹✳✹ ❊' ❞❛♥) ❧❡) ❛✉'2❡) ♠4'❛✉① ❄
▲❡ ♠2❝❛♥✐%♠❡ ❞❡ ❇✉0❣❡0% ❬✶✾✸✹❪ ❛ 2/2 ✈❛❧✐❞2 ❝♦♠♠❡ 2/❛♥/ ❧❡ ❝❤❡♠✐♥ ❞❡ /0❛♥%✐✲
/✐♦♥ ❞❡% /0❛♥%❢♦0♠❛/✐♦♥% ♠❛0/❡♥%✐/✐;✉❡% ❞✉ /✐/❛♥❡ ❬❍✉♠❜❡0/ ❡/ ❛❧✳✱ ✶✾✾✺✱ ❉✐✈✐♥%❦✐
❡/ ❛❧✳✱ ✶✾✾✽✱ ❙/❛♥❢♦0❞ ❛♥❞ ❇❛/❡✱ ✷✵✵✹✱ ▲♦♥❛0❞❡❧❧✐ ❡/ ❛❧✳✱ ✷✵✵✼✱ ❉❛✈✐❡% ❡/ ❛❧✳✱ ✷✵✶✶❪
❡/ ❞✉ ③✐0❝♦♥✐✉♠ ❬●❡② ❛♥❞ ❍✉♠❜❡0/✱ ✷✵✵✸✱ ●❡② ❡/ ❛❧✳✱ ✷✵✵✹✱ ❚❡✇❛0✐ ❡/ ❛❧✳✱ ✷✵✵✽✱
❘♦♠❡0♦ ❡/ ❛❧✳✱ ✷✵✵✾❜✱❛✱ ❉❛②♠♦♥❞ ❡/ ❛❧✳✱ ✷✵✶✵❪✳ ❉✬❛♣0D% ♥♦% 02%✉❧/❛/%✱ ♥♦✉% ❛✈♦♥%
♠✐% ❡♥ 2✈✐❞❡♥❝❡ ✉♥❡ %❡♥%✐❜✐❧✐/2 ❞✐✛20❡♥❝❡ 6 ❧❛ ❝♦♥/0❛✐♥/❡ ♥♦♥✲❤②❞0♦%/❛/✐;✉❡ ❡♥
❢♦♥❝/✐♦♥ ❞✉ %❡♥% ❞❡ /0❛♥%✐/✐♦♥✳ ❈❡❝✐ ❛✈❛✐/ ❞2❥6 2/2 ♠✐% ❡♥ ❛✈❛♥/ ♣❛0 ▲♦♥❛0❞❡❧❧✐
❡/ ❛❧✳ ❬✷✵✵✼❪ ❞❛♥% ❧❡ /✐/❛♥❡ ❡/ ❘♦♠❡0♦ ❡/ ❛❧✳ ❬✷✵✵✾❛❪ ❞❛♥% ❞❡% ❛❧❧✐❛❣❡% ❞❡ ③✐0❝♦♥✐✉♠✳
❉✬❛♣0D% ❧❡✉0% ❡①♣20✐❡♥❝❡% ❞❡ /0❛♥%✐/✐♦♥ %✉0 ❞✉ ❧❛✐/♦♥✱ ❙/❛♥❢♦0❞ ❛♥❞ ❇❛/❡ ❬✷✵✵✺❪ ❛
❢♦✉0♥✐ ✉♥❡ ❛✉/0❡ ❡①♣❧✐❝❛/✐♦♥ 6 ❝❡//❡ ❛♣♣❛0❡♥/❡ ❞✐✛20❡♥❝❡ ❞❡ %❡♥%✐❜✐❧✐/2✳ ❆✐♥%✐ ;✉❡❧
✶✼✺
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
1✉❡ 4♦✐7 ❧❡ 4❡♥4 ❞❡ 7;❛♥4✐7✐♦♥ ✐❧ ② ❛✉;❛✐7 ❜✐❡♥ ✉♥❡ 4?❧❡❝7✐♦♥ ❞❡ ✈❛;✐❛♥7✱ 4❡✉❧❡♠❡♥7
❡❧❧❡ 4❡;❛✐7 ♠♦✐♥4 ✈✐4✐❜❧❡ 4✉; ❧❡4 7❡①7✉;❡4 ❞❡ 7;❛♥4❢♦;♠❛7✐♦♥ ❞❡ ❢❡; α 1✉❡ 4✉; ❝❡❧❧❡4
❞✉ ❢❡; ε ?7❛♥7 ❞♦♥♥? ❧❡ ♣❧✉4 ❤❛✉7 ❞❡❣;? ❞❡ 4②♠?7;✐❡✳ ▲✬❡✛❡7 ❞❡ ♠?♠♦✐;❡ ❞❡ 7❡①✲
7✉;❡ ❛ ❧✉✐ ❛✉44✐ ?7? ♦❜4❡;✈? ❞❛♥4 ❧❡4 ❛✉7;❡4 ♠?7❛✉① ❞❡ 7;❛♥4✐7✐♦♥ ❬❲❡♥❦ ❡7 ❛❧✳✱ ✷✵✵✹✱
▲♦♥❛;❞❡❧❧✐ ❡7 ❛❧✳✱ ✷✵✵✼❪ ❡7 ❞❛♥4 ❞❡4 ❛44❡♠❜❧❛❣❡4 ♥❛7✉;❡❧4 ❞❡ 7②♣❡ 1✉❛;7③✐7❡4 ❬❇❛;7♦♥
❛♥❞ ❲❡♥❦✱ ✷✵✵✼✱ ❲❡♥❦ ❡7 ❛❧✳✱ ✷✵✵✾❪✳
✽✳✹✳✺ ❊% &✬✐❧ ② ❛✈❛✐% ❞❡& ♣❤1♥♦♠5♥❡& ❞❡ %6❛♥&✐%✐♦♥ ❞❡ ♣❤❛&❡
❞❛♥& ❧❛ ❣6❛✐♥❡ %❡66❡&%6❡ ❄
✽✳✹✳✺✳✶ ◗✉❡❧ ❡✛❡* +✉, ❧❡+ *❡①*✉,❡+ ♣,/❡①✐+*❛♥*❡+ 3 ❧✬/❝❤❡❧❧❡ ♠✐❝,♦+❝♦♣✐9✉❡ ❄
◆♦✉4 ❛✈♦♥4 ♠♦❞?❧✐4? ❧❡4 7;❛♥4✐7✐♦♥4 ❞❡ ♣❤❛4❡ ❞❛♥4 ❧❛ ❣;❛✐♥❡ 7❡;;❡47;❡ ♣❛; ❧❛
7;❛♥4✐7✐♦♥ ❞❡ ♣❤❛4❡ α✲ε ❞❛♥4 ❧❡ ❢❡;✳ ■❧ ?7❛✐7 ?✈✐❞❡♥7 1✉✬❡❧❧❡4 ❛✛❡❝7❡;❛✐❡♥7 ❢♦;7❡♠❡♥7
❧❡4 7❡①7✉;❡4 ♣;?❡①✐47❛♥7❡4✳ ◆♦✉4 ♣♦✉✈♦♥4 ♠❛✐♥7❡♥❛♥7 ;?4✉♠❡; ❧❛ ♠❛♥✐W;❡ ❞♦♥7 ❧❡4
7❡①7✉;❡4 ?✈♦❧✉❡♥7 ❧♦;41✉❡ ❧❡4 ❣;❛✐♥4 4❡ 7;❛♥4❢♦;♠❡♥7 ✭❋✐❣✳ ✽✳✸✵✮✳ ❉✬❛♣;W4 ♥♦4 ♦❜4❡;✲
✈❛7✐♦♥4✱ ❧❛ ♠♦✐♥❞;❡ ❝♦♥7;❛✐♥7❡ ❞?✈✐❛7♦;✐1✉❡ ❡47 4✉✣4❛♥7❡ ♣♦✉; ♣;♦✈♦1✉❡; ✉♥❡ ❢♦;7❡
4?❧❡❝7✐♦♥ ❞❡ ✈❛;✐❛♥7 ❧♦;41✉✬♦♥ ♣❛44❡ ❞✬✉♥❡ 47;✉❝7✉;❡ ❝✉❜✐1✉❡ ❝❡♥7;?❡ ] ✉♥❡ 47;✉❝7✉;❡
❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝7❡✳ ❈❡77❡ 7;❛♥4✐7✐♦♥ ❣?♥W;❡ ❞♦♥❝ ❞❡4 7❡①7✉;❡4 7;W4 ❢♦;7❡4 ❞❡ ❢❡;
❤❡①❛❣♦♥❛❧ ❛✈❡❝ ✉♥❡ ▲%❖ 7;W4 ♠❛;1✉?❡✳ ❉❛♥4 ❧❡ 4❡♥4 ✐♥✈❡;4❡ ❡♥ ;❡✈❛♥❝❤❡✱ ✐❧ ♥✬② ❛
❛✉❝✉♥❡ 4?❧❡❝7✐♦♥ ❞❡ ✈❛;✐❛♥7 ❡7 ❧❛ 7❡①7✉;❡ ❞❡✈✐❡♥7 7;W4 ❢❛✐❜❧❡ ✈♦✐;❡ ❛❧?❛7♦✐;❡✳
❋✐❣✉$❡ ✽✳✸✵ ✕ ❊✛❡7 ❞❡4 7;❛♥4❢♦;♠❛7✐♦♥4 α → ε ❡7 ε → α 4✉; ❧❛ 7❡①7✉;❡ ❞✬✉♥
♣♦❧②❝;✐47❛❧ ❞❡ ❢❡;✳
✽✳✹✳✺✳✷ ◗✉❡❧ ❡✛❡* +✉, ❧❡+ *❡①*✉,❡+ ♣,/❡①✐+*❛♥*❡+ 3 ❧✬/❝❤❡❧❧❡ ♠❛❝,♦+❝♦♣✐9✉❡ ❄
%♦✉; 7;❛♥4♣♦4❡; ♥♦4 ♦❜4❡;✈❛7✐♦♥4 ❞❛♥4 ❧❛ ❣;❛✐♥❡ 7❡;;❡47;❡✱ ✐❧ ❢❛✉7 ♣;❡♥❞;❡ ❡♥
❝♦♠♣7❡ ✉♥✐1✉❡♠❡♥7 ❧❡4 ;?4✉❧7❛74 ♦❜7❡♥✉4 ❞❛♥4 ❧✬❤?❧✐✉♠ ♣✉✐41✉✬✐❧ ❡47 ❧❡ ♠✐❧✐❡✉ 1✉✐
;❡♣;♦❞✉✐7 ❧❡ ♠✐❡✉① ❧❡4 ❝♦♥❞✐7✐♦♥4 ✐4♦47❛7✐1✉❡4 ❛✉ ❝❡♥7;❡ ❞❡ ❧❛ ❚❡;;❡✳ %;?❝✐4♦♥4 1✉❡
❧❡4 ✐♥❢♦;♠❛7✐♦♥4 1✉❡ ❧✬♦♥ ♣♦✉;;❛ ❡♥ ❡①7;❛✐;❡ 4✉♣♣♦4❡♥7 1✉❡ ❧❡4 ❛❧❧✐❛❣❡4 ❞❡ ❢❡; ]
❍❚✲❍% ❛✐❡♥7 ❧❡ ♠a♠❡ ❝♦♠♣♦;7❡♠❡♥7 1✉❡ ❧❡ ❢❡; ♣✉; ] ❜❛44❡4 ❚ ❡7 %✳
✶✼✻
✽✳✹ ❉✐%❝✉%%✐♦♥
❈❤❛-✉❡ ♠♦❞1❧❡ ❣4♦❞②♥❛♠✐-✉❡ ♣74%❡♥8❡ %♦♥ ♣7♦♣7❡ ❣7❛❞✐❡♥8 ❞❡ ❞4❢♦7♠❛8✐♦♥ -✉✐
8❡①8✉7❡ ❧❛ ❣7❛✐♥❡ 8❡77❡%87❡ ✭❝❢ ■♥87♦❞✉❝8✐♦♥ ❞❡ ❧❛ 8❤1%❡✮✳ ▲❡ ♠♦❞1❧❡ ❞❡ ❨♦%❤✐❞❛ ❡8 ❛❧✳
❬✶✾✾✻❪ ❞❡ ❝7♦✐%%❛♥❝❡ 4-✉❛8♦7✐❛❧ ❣4♥17❡ ✉♥ ♠♦✉✈❡♠❡♥8 ❞❡ ❞4❢♦7♠❛8✐♦♥ -✉❛❞7✐♣♦❧❛✐7❡
❞❡ ❧❛7❣❡ ❛♠♣❧✐8✉❞❡ -✉✐ ❝74❡ ✉♥ ❛❧✐❣♥❡♠❡♥8 ❞❡% ❝7✐%8❛✉① ❞❡ ❢❡7 ❤❡①❛❣♦♥❛❧ ❛✈❡❝ ❧✬❛①❡
❞❡ 7♦8❛8✐♦♥✳ ❊♥ ❋✐❣✳ ✽✳✸✶✱ ♥♦✉% ♣74%❡♥8♦♥% ✉♥❡ ❝♦♠♣❛7❛✐%♦♥ %❝❤4♠❛8✐-✉❡ ❡♥87❡ ❧❡
❣7❛❞✐❡♥8 ❞❡ ❞4❢♦7♠❛8✐♦♥ ✭K ❣❛✉❝❤❡✮ ❡8 ❧❛ ❧♦❝❛❧✐%❛8✐♦♥ ❞❡% ❢♦78❡% 8❡①8✉7❡ ❞❛♥% ❧❡ ❝♦7♣%
❞✉ ♥♦②❛✉ ✐♥8❡7♥❡ ♣♦✉7 ❞❡% ❝7✐%8❛✉① ❞❡ %87✉❝8✉7❡ ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝8❡ ✭❛✉ ❝❡♥87❡✮✳
L♦✉7 ❝❡ ♠♦❞1❧❡ ❣4♦❞②♥❛♠✐-✉❡ %✐♠♣❧❡✱ ❧❡% 8❡①8✉7❡% 871% ♦7✐❡♥84❡% %♦♥8 %✐8✉4❡% ❡♥
♣7♦❢♦♥❞❡✉7 ❡8 ❧❡% ❝♦✉❝❤❡% ♣❧✉% %✉♣❡7✜❝✐❡❧❧❡% %♦♥8 ✐%♦87♦♣❡%✳ ❖♥ %❡ ♣❧❛❝❡ ♠❛✐♥8❡♥❛♥8
❋✐❣✉$❡ ✽✳✸✶ ✕ ❘❡❧❛8✐♦♥ ❡♥87❡ ❣7❛❞✐❡♥8 ❞❡ ❞4❢♦7♠❛8✐♦♥ ❡8 87❛♥%✐8✐♦♥% ❞❡ ♣❤❛%❡
❝✉❜✐-✉❡ ✈❡7% ❤❡①❛❣♦♥❛❧ ❡8 ❡✛❡8 %✉7 ❧❛ 8❡①8✉7❡ ❞❛♥% ❧❛ ❣7❛✐♥❡✳
❞❛♥% ❧❡ ❝❛% ❞✬48✉❞❡ ✭❝✮ ❞❡ ❧❛ ❋✐❣✳ ✼✳✶✱ ♣❛❣❡ ✶✸✷✳ ❉❛♥% ✉♥ ♣7❡♠✐❡7 8❡♠♣%✱ ❧❡ ♥♦②❛✉
✐♥8❡7♥❡ ❝7✐%8❛❧❧✐%❡ ❞❛♥% ❧❛ %87✉❝8✉7❡ ❝✉❜✐-✉❡ ❢❛❝❡ ❝❡♥874❡✳ ❆✉ ❢✉7 ❡8 K ♠❡%✉7❡ -✉❡ ❧❛
❣7❛✐♥❡ ❝7✐%8❛❧❧✐%❡✱ ❧❛ 8❡♠♣47❛8✉7❡ K ❧✬■❈❇ ❞✐♠✐♥✉❡ ❡8 ♦♥ ❝♦♠♠❡♥❝❡ K ❝7✐%8❛❧❧✐%❡7 ❧❡ ❢❡7
❞❛♥% ❧❛ %87✉❝8✉7❡ ❤❡①❛❣♦♥❛❧❡ ❝♦♠♣❛❝8❡✳ ▲❡ 7❡❢7♦✐❞✐%%❡♠❡♥8 %4❝✉❧❛✐7❡ ❢❛✐8 4❣❛❧❡♠❡♥8
❞✐♠✐♥✉❡7 ❧❛ 8❡♠♣47❛8✉7❡ ❞❛♥% ❧❡ ✈♦❧✉♠❡ ❞❡ ❧❛ ❣7❛✐♥❡✳ ❖♥ ❛ ❞♦♥❝ ❢♦7♠❛8✐♦♥ ❞✬✉♥
❢7♦♥8 ❞❡ 87❛♥%✐8✐♦♥ ❞❡ ♣❤❛%❡ γ → ε -✉✐ %✬❡♥❢♦♥❝❡ ♣❡✉ K ♣❡✉ K ❧✬✐♥847✐❡✉7 ❞✉ ♥♦②❛✉✳
❊8❛♥8 ❞♦♥♥4 ❧❛ %❡♥%✐❜✐❧✐84 ❞❡ ❧❛ 87❛♥%❢♦7♠❛8✐♦♥ ❝✉❜✐-✉❡ ✈❡7% ❤❡①❛❣♦♥❛❧ ❝♦✉♣❧4 ❛✉
❣7❛❞✐❡♥8 ❞❡ ❞4❢♦7♠❛8✐♦♥ -✉✐ ♣74✈♦✐❡ ✉♥ ❢♦78 8❛✉① ❞❡ ❞4❢♦7♠❛8✐♦♥ K ❧✬❛♣♣❧♦♠❜ ❞❡
❧✬❛①❡ ❞❡ 7♦8❛8✐♦♥✱ ♦♥ ♣74❞✐8 ❧❛ ❢♦7♠❛8✐♦♥ ❞✬✉♥❡ 74❣✐♦♥ ❞❡ 8❡①8✉7❡ 871% ♦7✐❡♥84❡ ❛✉
♥✐✈❡❛✉ ❞❡% ♣W❧❡%✱ ❧K ♦X ❧❡ ♠❛847✐❡❧ 48❛✐8 ❛✉♣❛7❛✈❛♥8 ✐%♦87♦♣❡✳ ❉❛♥% ❝❡ ❝❛% ♣❛78✐❝✉❧✐❡7✱
❧❛ ❝♦♠♣♦%❛♥8❡ ❞✬❛♥✐%♦87♦♣✐❡ %✐%♠✐-✉❡ ♥♦7❞✲%✉❞ %✬❡♥ 87♦✉✈❡ ❞♦♥❝ ❛♠♣❧✐✜4❡✳
❉❡ ♠❛♥✐17❡ ❣4♥47❛❧❡✱ ♦♥ ♣❡✉8 74%✉♠❡7 ❝❡ -✉✬♦♥ %❛✐8 ♠❛✐♥8❡♥❛♥8 ❞❡ ❧✬❡✛❡8 ❞❡%
87❛♥%✐8✐♦♥% ❞❡ ♣❤❛%❡ ❞❛♥% ❧❛ ❣7❛✐♥❡ ❞❡ ❧❛ %♦78❡ ✿
• ▲❛ 87❛♥%❢♦7♠❛8✐♦♥ α → ε ♣❡✉8 ❣4♥47❡7 ❞❡ ❢♦78❡% 8❡①8✉7❡% %♦✉% ❧✬❛❝8✐♦♥ ❞✬✉♥❡
871% ❢❛✐❜❧❡ ❝♦♥87❛✐♥8❡ ♥♦♥✲❤②❞7♦%8❛8✐-✉❡✳ ❈❡❧❧❡✲❝✐ ♣❡✉8 [87❡ ♣7♦❞✉✐8❡ ❛%%❡③
%✐♠♣❧❡♠❡♥8 ♣❛7 ❞❡% ♠♦✉✈❡♠❡♥8% ❞❡ ❞4❢♦7♠❛8✐♦♥✳ ❖♥ ♣❡✉8 ❞♦♥❝ ❡%♣47❡7 ❝74❡7
❞❡ ❧❛ 8❡①8✉7❡ ❞❛♥% ❞❡% ✈♦❧✉♠❡% ♦X ❧❡% ♠♦❞1❧❡% ❣4♦❞②♥❛♠✐-✉❡% ♥✬❡♥ ♣74✈♦✐❡♥8
♣❛%✳ ❊✈❡♥8✉❡❧❧❡♠❡♥8✱ %✐ ❧❡% ❛❧✐❣♥❡♠❡♥8% ❡8 ❧✬❛♥✐%♦87♦♣✐❡ ♠♦♥♦❝7✐%8❛❧❧✐♥❡ ❞❡%
✶✼✼
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉❊ ▲❆ ❚❘❆◆❙■❚■❖◆ α✲ε ❉❯ ❋❊❘
❝2✐45❛✉① ❞❡ ❤❝✲❋❡ 4♦♥5 ❢❛✈♦2❛❜❧❡4✱ ❝❡❧❛ ♣❡✉5 D52❡ ❧✬F❧F♠❡♥5 H✉✐ ♠❛♥H✉❛✐5 ♣♦✉2
❝♦♠♣2❡♥❞2❡ ❧✬❛♠♣❧✐5✉❞❡ ❞❡ ❧✬❛♥✐4♦52♦♣✐❡ 4✐4♠✐H✉❡ ♦❜4❡2✈F❡✱
• ▲❛ 52❛♥4❢♦2♠❛5✐♦♥ ε → α ❡✛❛❝❡ ❧❛ 5❡①5✉2❡ ❞❡4 ❣2❛✐♥4 ❞❡ ❢❡2 ❤❡①❛❣♦♥❛✉①
♣❛2❡♥54 ❡5 ❣F♥K2❡ ✉♥❡ 5❡①5✉2❡ ❞❡ ❢❡2 ❝✉❜✐H✉❡ ♣❧✉4 ♦✉ ♠♦✐♥4 ❛❧F❛5♦✐2❡✳ ❖♥ ♥❡
♣❡✉5 ❞♦♥❝ ♣❛4 ❣F♥F2❡2 ❞❡ 5❡①5✉2❡4 ♦2✐❡♥5F❡4 ❞❡ ❢❡2 ❝✉❜✐H✉❡ ♣❛2 ❝❡55❡ 52❛♥4✐5✐♦♥
❞❡ ♣❤❛4❡✳ ▼❛✐♥5❡♥❛♥5✱ ❝❡❧❧❡✲❝✐ 4❡ ❞F2♦✉❧❡ ❞❛♥4 ❝❡25❛✐♥❡4 2F❣✐♦♥4 ❞❡ ❧❛ ❣2❛✐♥❡
✉♥✐H✉❡♠❡♥5 ✐❞F❛❧❡♠❡♥5 ❧♦❝❛❧✐4F❡4 ✭❞❡ 5❡①5✉2❡4 ♦2✐❡♥5F❡4 ✐♥❝♦♠♣❛5✐❜❧❡4 ❛✈❡❝
❧✬❛♥✐4♦52♦♣✐❡ ♦❜4❡2✈F❡✮✱ ❡❧❧❡ ♣❡✉5 ❛✉❣♠❡♥5❡2 ❧✬❛♥✐4♦52♦♣✐❡ ❣❧♦❜❛❧❡✳
• ❉❡4 52❛♥4✐5✐♦♥4 ❞❡ ♣❤❛4❡ 4✉❝❝❡44✐✈❡4 ♥❡ ♣❡2♠❡55❡♥5 ♣❛4 ❞✬❛✉❣♠❡♥5❡2 ❧✬✐♥5❡♥✲
4✐5F ❞❡ ❧❛ 5❡①5✉2❡✳ ❉K4 H✉❡ ❧❛ ♣❡25❡ ❞❡ ♠F♠♦✐2❡ ❞❡ 5❡①5✉2❡ ❡45 5♦5❛❧❡ 4♦✐5 ❛♣2K4
H✉❡❧H✉❡4 ❝②❝❧❡4 ❧✐♠✐5❡4✱ ♦♥ ❛55❡✐♥5 ✉♥ ♠❛①✐♠✉♠ ❞✬✐♥5❡♥4✐5F ❡5 ❧❛ 5❡①5✉2❡ ❞❡
52❛♥❢♦2♠❛5✐♦♥ ♥✬F✈♦❧✉❡ ♣❧✉4✳
• ▲❛ ❞F❢♦2♠❛5✐♦♥ ❡5 ❧❡4 52❛♥4✐5✐♦♥4 ❞❡ ♣❤❛4❡4 4♦♥5 ❡♥ ❝♦♥❝✉22❡♥❝❡✴♦♣♣♦4✐5✐♦♥✳
❙✐ ❧❛ ❞F❢♦2♠❛5✐♦♥ ❞F52✉✐5 ❧❡4 5❡①5✉2❡4 ❞❡ 52❛♥4❢♦2♠❛5✐♦♥✱ ❧❡4 52❛♥4✐5✐♦♥4 ❞❡
♣❤❛4❡ ❡✛❛❝❡♥5 ❡♥ 2❡5♦✉2 ❧❡4 5❡①5✉2❡4 ❞❡ ❞F❢♦2♠❛5✐♦♥✳ ❖♥ ❛❥♦✉5❡ R ❝❡❧❛ ❧❡ ❢❛✐5
H✉❡ ❞❡4 ♠♦✉✈❡♠❡♥54 ❞❡ ❝✐4❛✐❧❧❡♠❡♥5 45❛❜✐❧✐4❡ ❢♦25❡♠❡♥5 ❧❛ 452✉❝5✉2❡ ❤❡①❛❣♦✲
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Quatrième partie
Le fer pur en cisaillement à haute
pression
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❞❡ ❧✬*❝❤❛♥$✐❧❧♦♥✳ ■❧4 ♦♥$ ♣✉ ❡♥4✉✐$❡ ✈❛❧✐❞❡- ❡①♣*-✐♠❡♥$❛❧❡♠❡♥$ ❝❡$$❡ $❤*♦-✐❡✳
▲❛ 4♦❧✉$✐♦♥ ♣-♦♣♦4*❡ ❡4$ ❛44❡③ 4✐♠♣❧❡✳ ■❧ 4✬❛❣✐$ ❞❡ ♣❧❛❝❡- ❧✬*❝❤❛♥$✐❧❧♦♥ =✉❡ ❧✬♦♥
4♦✉❤❛✐$❡ *$✉❞✐❡- ❞❛♥4 ✉♥ ❥♦✐♥$✱ =✉✐ ❧✬❡♥$♦✉-❡ *$-♦✐$❡♠❡♥$✳ ❖♥ ♣❡✉$ ❛✐♥4✐ ❢♦-$❡♠❡♥$
❧✐♠✐$❡- ❧✬*❝♦✉❧❡♠❡♥$ -❛❞✐❛❧✱ ❞✉ ❝❡♥$-❡ ✈❡-4 ❧❛ ♣*-✐♣❤*-✐❡✱ =✉✐ ❛ ❧✐❡✉ ❞❛♥4 ❧✬*❝❤❛♥$✐❧❧♦♥
❧♦-4 ❞❡ ❧❛ ❞*❢♦-♠❛$✐♦♥✳ ❖♥ ♦❜$✐❡♥$ ❛❧♦-4 ✉♥ ❣-❛❞✐❡♥$ ❞❡ ♣-❡44✐♦♥ =✉❛4✐♠❡♥$ ♥✉❧ 4✉-
❧✬❡♥4❡♠❜❧❡ ❞❡ ❧✬*❝❤❛♥$✐❧❧♦♥ ❬▲❡✈✐$❛4 ❡$ ❛❧✳✱ ✷✵✵✹✱ ✷✵✵✺✱ ▼❛ ❡$ ❛❧✳✱ ✷✵✵✻❜✱❛✱ ▲❡✈✐$❛4
❡$ ❛❧✳✱ ✷✵✵✻❪✳
◆*❛♥♠♦✐♥4✱ ❧✬✉$✐❧✐4❛$✐♦♥ ❞✬✉♥ ❥♦✐♥$ ♥❡ 4✉✣$ ♣❛4 1 ❣❛-❛♥$✐- ✉♥❡ ❞✐4$-✐❜✉$✐♦♥ ❞❡
♣-❡44✐♦♥ ❤♦♠♦❣:♥❡ ❧♦-4=✉✬✐❧ 4❡ ♣-♦❞✉✐$ ✉♥ ♣❤*♥♦♠:♥❡ ❞❡ ❝❤❛♥❣❡♠❡♥$ ❞❡ ♣❤❛4❡
✈❡-4 ✉♥❡ 4$-✉❝$✉-❡ ♣❧✉4 -*4✐4$❛♥$❡✳ ❉❛♥4 ❧❡ ❝❛4 ♦U ❧❛ $-❛♥4❢♦-♠❛$✐♦♥ 4✬❛❝$✐✈❡ ❡♥
♠O♠❡ $❡♠♣4 4✉- ❧✬❡♥4❡♠❜❧❡ ❞❡ ❧✬*❝❤❛♥$✐❧❧♦♥✱ ♦♥ ❣❛-❞❡ ✉♥❡ ❞✐4$-✐❜✉$✐♦♥ ❞❡ ♣-❡44✐♦♥
❤♦♠♦❣:♥❡ ❬▲❡✈✐$❛4 ❡$ ❛❧✳✱ ✷✵✵✹❪✳ ❉❛♥4 ❧❡ ❝❛4 ❝♦♥$-❛✐-❡✱ ❝❡❧❛ ❝-** ✉♥❡ ✈❛-✐❛$✐♦♥
❧❛$*-❛❧❡ ❞❡ ❧❛ ♣-❡44✐♦♥ ❞❛♥4 ❧✬*❝❤❛♥$✐❧❧♦♥ ❬▼❛ ❡$ ❛❧✳✱ ✷✵✵✻❜❪✳
❆ $✐$-❡ ❞✬❡①❡♠♣❧❡✱ ♥♦✉4 ♠♦♥$-♦♥4 ❡♥ ❋✐❣✳ ✾✳✷ ❧❡4 ❣-❛❞✐❡♥$4 ❞❡ ♣-❡44✐♦♥ ❡①♣*-✐✲
♠❡♥$❛✉① ♦❜$❡♥✉4 ♣❛- ▼❛ ❡$ ❛❧✳ ❬✷✵✵✻❜❪ ♣♦✉- ❧❛ $-❛♥4❢♦-♠❛$✐♦♥ α → ε ❞❛♥4 ❧❡ ❢❡-✳
✶✽✺
❊❋❋❊❚ ❉❯ ❈■❙❆■▲▲❊▼❊◆❚ ❙❯❘ ❯◆❊ ❚❘❆◆❙❋❖❘▼❆❚■❖◆ ❉❊ .❍❆❙❊
❋✐❣✉$❡ ✾✳✷ ✕ ❉✐567✐❜✉6✐♦♥ ❞❡ ❧❛ ♣7❡55✐♦♥ ❞❛♥5 ❧❛ ❝❤❛♠❜7❡ ❞❡ ❧✬E❝❤❛♥6✐❧❧♦♥ ❧❡ ❧♦♥❣
❞✬✉♥ ❞✐❛♠G67❡ ❞❡ ❧✬E❝❤❛♥6✐❧❧♦♥ ✭❡①67❛✐6 ❞❡ ▼❛ ❡6 ❛❧✳ ❬✷✵✵✻❜❪✮✳ ϕ 7❡♣7E5❡♥6❡ ❧❛ 7♦✲
6❛6✐♦♥ ❝✉♠✉❧E❡ ❞❡ ❧✬❡♥❝❧✉♠❡ ❡♥ 7♦6❛6✐♦♥✳ ϕ✶ ❝♦77❡5♣♦♥❞ ❛✉① 7♦6❛6✐♦♥5 ❡✛❡❝6✉E❡5
❛♣7G5 ✉♥❡ ♣7❡♠✐G7❡ ♠♦♥6E❡ ❡♥ ♣7❡55✐♦♥✳ ϕ✷ ✐♥❞✐R✉❡♥6 ❝❡❧❧❡5 R✉✐ 5❡ ❞E7♦✉❧E❡5 ❛♣7G5
✉♥❡ 5❡❝♦♥❞❡ ♠♦♥6E❡ ❡♥ ♣7❡55✐♦♥✳ .↑ 5✐❣♥✐✜❡ ♠♦♥6E❡ ❡♥ ♣7❡55✐♦♥✳ ▲❡5 ❧✐❣♥❡5 ❣7✐5❡5
❝♦77❡5♣♦♥❞❡♥6 ❛✉① ♣♦5✐6✐♦♥5 ❞❡5 ❜♦7❞5 ❞❡5 ❢❛❝❡66❡5 ❞❡5 ❡♥❝❧✉♠❡5✳
❖♥ 7❡♠❛7R✉❡ R✉❡ ♣♦✉7 ❧❡5 7♦6❛6✐♦♥5 5✉✐✈❛♥6 ❧❛ ♣7❡♠✐G7❡ ♠♦♥6E❡ ❡♥ ♣7❡55✐♦♥✱ ♦♥ ❛
❜✐❡♥ ✉♥❡ ❞✐567✐❜✉6✐♦♥ ❞❡ ♣7❡55✐♦♥ ❤♦♠♦❣G♥❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ 5❡❝6✐♦♥✳ ❈❡♣❡♥❞❛♥6✱ ♦♥
♥♦6❡ R✉✬❛♣7G5 ❧❛ ❞❡✉①✐G♠❡ ♠♦♥6E❡ ❡♥ ♣7❡55✐♦♥ ✭R✉✐ ❡56 ♠❛7R✉E❡ ♣❛7 ✉♥❡ 67❛♥5✐6✐♦♥
❞❡ ♣❤❛5❡ α → ε ❛✉ ❝❡♥67❡✮✱ ❝❡ ♥✬❡56 ♣❧✉5 ❧❡ ❝❛5✳ ■❧ ❡①✐56❡ ✉♥ ♣✐❝ ❞❡ ♣7❡55✐♦♥ ❞❛♥5
❧❛ 7E❣✐♦♥ R✉✐ 5✬❡56 67❛♥5❢♦7♠E❡ ✈❡75 ❧❛ ♣❤❛5❡ ❞❡ ❤❛✉6❡ ♣7❡55✐♦♥✳ ▲❡ ♣7♦✜❧ ❧♦♥❣✐6✉❞✐✲
♥❛❧ ♦❜6❡♥✉ ♠♦♥67❡ ✉♥ ❣7❛❞✐❡♥6 ❢♦76 ❞❡ ♣7❡55✐♦♥✱ 67G5 ♣7♦❝❤❡ ❞✉ ❝❛5 ❞E❝7✐6 ❞❛♥5 ❧❡
♣❛7❛❣7❛♣❤❡ ♣7E❝E❞❡♥6✳
❆✐♥5✐✱ ✉♥ ♣7♦❜❧G♠❡ 7E❝✉77❡♥6 ❞❛♥5 ❧✬E6✉❞❡ ❡6 ❧❛ ❝❛7❛❝6E7✐5❛6✐♦♥ ❞❡5 67❛♥5❢♦7♠❛✲
6✐♦♥5 ❞❡ ♣❤❛5❡ ❛❝6✐✈E❡5 ♣❛7 ❧❛ ❞E❢♦7♠❛6✐♦♥ W ❤❛✉6❡ ♣7❡55✐♦♥ ❞❛♥5 ✉♥❡ ❘❉❆❈ ❡56
❞♦♥❝ ❞❡ ♣7♦❞✉✐7❡ ✉♥ ❝❤❛♠♣ ❞❡ ♣7❡55✐♦♥ ✉♥✐❢♦7♠❡ 5✉7 ❧✬❡♥5❡♠❜❧❡ ❞❡ ❧✬E❝❤❛♥6✐❧❧♦♥✱ ②
❝♦♠♣7✐5 ❞❛♥5 ❧❛ 7E❣✐♦♥ ❞E❥W 67❛♥5❢♦7♠E❡ ❬▲❡✈✐6❛5 ❡6 ❛❧✳✱ ✷✵✵✻❪✳
✶✽✻
✾✳✶ ❊$✉❞❡ ❞❡ ❧❛ ❞*❢♦-♠❛$✐♦♥ 1 ❤❛✉$❡ ♣-❡44✐♦♥ ✿ ❞❡ ♥♦✉✈❡❧❧❡4 ♣❡-4♣❡❝$✐✈❡4
❋✐❣✉$❡ ✾✳✸ ✕ ▲♦❝❛❧✐4❛$✐♦♥ ❞❡ ❧❛ ❧✐♠✐$❡ ❞✬*❧❛4$✐❝✐$* ❡$ ❞❡4 ❝♦♠♣♦-$❡♠❡♥$4 ♠*✲
❝❛♥✐=✉❡4 ❞❡4 ♠❛$*-✐❛✉① 4✉- ✉♥ ❞✐❛❣-❛♠♠❡ -❡♣-*4❡♥$❛♥$ ❧❛ ❝♦♥$-❛✐♥$❡ ❡♥ ❢♦♥❝$✐♦♥
❞❡ ❧❛ ❞*❢♦-♠❛$✐♦♥✳ ▲❛ -*❣✐♦♥ ❞❡ ❞*❢♦-♠❛$✐♦♥ *❧❛4$✐=✉❡ ♣-*4❡♥$❡ ❧❛ ♣❧✉♣❛-$ ❞✉ $❡♠♣4
✉♥❡ -❡❧❛$✐♦♥ ❧✐♥*❛✐-❡ ❡♥$-❡ ❧❛ ❝♦♥$-❛✐♥$❡ ❡$ ❧❛ ❞*❢♦-♠❛$✐♦♥✳ ❈❡❧❛ ❝♦--❡4♣♦♥❞ ❛✉ ❞♦✲
♠❛✐♥❡ *❧❛4$✐=✉❡ ♦A ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ✭❊=✳ ✷✳✶✮ 4✬❛♣♣❧✐=✉❡ ❡$ ♦A ❧❛ ❞*❢♦-♠❛$✐♦♥ ❡4$
-*✈❡-4✐❜❧❡✳ ❆✉ ❞❡❧1 ❞❡ ❧❛ ❧✐♠✐$❡ ❞✬*❧❛4$✐❝✐$*✱ ♦♥ ❡♥$-❡ ❞❛♥4 ❧❡ ❞♦♠❛✐♥❡ ♣❧❛4$✐=✉❡ ❡$
❧❡4 ❞*❢♦-♠❛$✐♦♥4 4♦♥$ ♣❡-♠❛♥❡♥$❡4✳
✾✳✶✳✷✳✷ ▲❛ ❞'❢♦*♠❛,✐♦♥ ❞❛♥/ ✉♥❡ ❘❉❆❈
❇*❡❢ *❛♣♣❡❧ ❞✬'❧❛/,✐❝✐,' ❡, ❞❡ ♣❧❛/,✐❝✐,'
❘❡❧❛,✐♦♥ ❞'❢♦*♠❛,✐♦♥✲❝♦♥,*❛✐♥,❡ ✿ ❞♦♠❛✐♥❡/ '❧❛/,✐=✉❡/ ❡, ♣❧❛/,✐=✉❡/
❊♥ *$✉❞❡ ❞❡4 ♠❛$*-✐❛✉①✱ ❧❛ -*4✐4$❛♥❝❡ ❞✬✉♥ ♠❛$*-✐❛✉ ❡4$ 4❛ ❝❛♣❛❝✐$* 1 4✉♣♣♦-$❡-
❧✬❛♣♣❧✐❝❛$✐♦♥ ❞✬✉♥❡ ❝♦♥$-❛✐♥$❡ 4❛♥4 4❡ ❝❛44❡-✳ ❆✈❛♥$ ❧❛ -✉♣$✉-❡✱ ✐❧ ❡①✐4$❡ ❞❡✉① $②♣❡4
❞❡ ❝♦♠♣♦-$❡♠❡♥$4 ❞✐✛*-❡♥$4 ✿ ❧❛ ❞*❢♦-♠❛$✐♦♥ *❧❛4$✐=✉❡ ✭-*✈❡-4✐❜❧❡✮ ♣✉✐4 ❧❛ ❞*❢♦-♠❛✲
$✐♦♥ ♣❧❛4$✐=✉❡ ✭✐--*✈❡-4✐❜❧❡✮✳ ▲❛ ❧✐♠✐$❡ ❡♥$-❡ ❝❡4 ❞❡✉① ❝♦♠♣♦-$❡♠❡♥$4 ❡4$ ❛♣♣❡❧*❡
❧❛ ❧✐♠✐$* ❞✬*❧❛4$✐❝✐$* ✭②✐❡❧❞ 4$-❡♥❣$❤ ❡♥ ❛♥❣❧❛✐4✮ ✭❋✐❣✳ ✾✳✸✮✳ ❊❧❧❡ ❝♦--❡4♣♦♥❞ 1 ❧❛
❝♦♥$-❛✐♥$❡ 1 ♣❛-$✐- ❞❡ ❧❛=✉❡❧❧❡ ✉♥ ♠❛$*-✐❛✉ ❛--M$❡ ❞❡ 4❡ ❞*❢♦-♠❡- ❞✬✉♥❡ ♠❛♥✐N-❡
*❧❛4$✐=✉❡✱ -*✈❡-4✐❜❧❡ ❡$ ❝♦♠♠❡♥❝❡ ❞♦♥❝ 1 4❡ ❞*❢♦-♠❡- ❞❡ ♠❛♥✐N-❡ ✐--*✈❡-4✐❜❧❡✳ ❊♥
♣-❛$✐=✉❡✱ ✐❧ ❡4$ ♣♦44✐❜❧❡ ❞✬♦❜4❡-✈❡- ❝❡4 ❞❡✉① $②♣❡4 ❞❡ ❝♦♠♣♦-$❡♠❡♥$4 ♠*❝❛♥✐=✉❡4
❞❛♥4 ✉♥ ♠M♠❡ *❝❤❛♥$✐❧❧♦♥✱ ❡♥ ♣❛-$✐❝✉❧✐❡- ❞❛♥4 ❧❡ ❝❛4 ❞✬✉♥❡ $-❛♥4✐$✐♦♥ ❞❡ ♣❤❛4❡ ♦A
❧❛ -*4✐4$❛♥❝❡ ❞❡ ❧❛ ♣❤❛4❡ ✜❧❧❡ ♥✬❡4$ ♣❛4 ❧❛ ♠M♠❡ =✉❡ ❝❡❧❧❡ ❞❡ ❧❛ ♣❤❛4❡ ♠N-❡✳
▼'❝❛♥✐/♠❡/ ❞❡ ❞'❢♦*♠❛,✐♦♥ ♣❧❛/,✐=✉❡
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❧♦0+7✉✬♦♥ 0❡❣❛0❞❡ ❧❛ ✜❣✉0❡ ❋✐❣✳ ✾✳✼❜ 7✉✐ 0❡♣05+❡♥&❡ ❧❛ ❞5❢♦0♠❛&✐♦♥ ♣❧❛+&✐7✉❡ ❝✉✲
♠✉❧5❡✳ ❊♥ ❡✛❡&✱ ❝❡❧❧❡✲❝✐ ❡+& ♠❛①✐♠❛❧❡ ✈❡0+ ❧✬❡①&50✐❡✉0 ❞❡ ❧✬5❝❤❛♥&✐❧❧♦♥✱ +♦✐& ❧= ♦E ❧❛
♠❛&✐:0❡ ❡+& ❝❤❛++5❡ ♣❛0 ❧❛ 0♦&❛&✐♦♥ ❝❡♥&0❛❧❡ ❡& +❡ 0❡&0♦✉✈❡ ❜❧♦7✉5❡ ♣❛0 ❧❡ 0❡❜♦0❞
❡①&50✐❡✉0 ❞❡ ❧✬5❝❤❛♥&✐❧❧♦♥✳ ❈❡❧❛ ❣5♥:0❡ ✉♥ ❡①❝5❞❡♥& ❞❡ ❞5❢♦0♠❛&✐♦♥ ❧♦❝❛❧❡♠❡♥&✳
❊♥✜♥✱ ♦♥ 0❡♠❛07✉❡ 7✉❡ ❧❡ 0❡❜♦0❞ ❞❡ ♠❛&✐:0❡ = ❧✬❡①&50✐❡✉0 ❞❡+ ❡♥❝❧✉♠❡+ ✭❋✐❣✳
✾✳✼❝✮ ❛✉❣♠❡♥&❡ ❡♥ 5♣❛✐++❡✉0 = ♠❡+✉0❡ 7✉❡ ❧✬5♣❛✐++❡✉0 ❞❡ ❧✬5❝❤❛♥&✐❧❧♦♥ ❡♥&0❡ ❧❡+
❞✐❛♠❛♥&+ ❞✐♠✐♥✉❡✳
▲♦0+7✉✬♦♥ 0❡❣❛0❞❡ ♣❧✉+ ♣05❝✐+5♠❡♥& ❧❡ ♣0♦✜❧ ❞❡ ♣0❡++✐♦♥ ❧❡ ❧♦♥❣ ❞✉ 0❛②♦♥ ❞❡
❧✬5❝❤❛♥&✐❧❧♦♥ ✭❋✐❣✳ ✾✳✽❛✮✱ ♦♥ ✈♦✐& ✉♥❡ ❛✉❣♠❡♥&❛&✐♦♥ ♠❛♥✐❢❡+&❡ ❞❡ ❧❛ ♣0❡++✐♦♥ ❛✈❡❝ ❧❛
&♦0+✐♦♥ ❛❧♦0+ 7✉❡ ❧❛ ❢♦0❝❡ ❞❡ ❝♦♠♣0❡++✐♦♥ ❛♣♣❧✐7✉5❡ ♥❡ ✈❛0✐❡ ♣❛+✳ ❈✬❡+& ✉♥❡ ♣❛0❢❛✐&❡
✐❧❧✉+&0❛&✐♦♥ ❞❡ ❧✬❡✛❡& ✐♥&0✐♥+:7✉❡ ❞❡ ♠✉❧&✐♣❧✐❝❛&✐♦♥ ❞❡ ♣0❡++✐♦♥ ❛❜♦0❞5 ♣05❝5❞❡♠✲
♠❡♥& ❬❇❧❛♥❦ ❛♥❞ ❑♦♥②❛❡✈✱ ✶✾✽✹✱ ❇❧❛♥❦ ❡& ❛❧✳✱ ✶✾✾✹✱ ▲❡✈✐&❛+ ❡& ❛❧✳✱ ✷✵✵✹✱ ✷✵✵✻❪✳ ❊♥
♣❧✉+ ❞✬✉♥❡ ❛✉❣♠❡♥&❛&✐♦♥ ✐♠♣♦0&❛♥&❡ ❞❡ ❧❛ ♣0❡++✐♦♥✱ ❝❡❧✉✐✲❝✐ +❡ ❝❛0❛❝&50✐+❡ 5❣❛❧❡✲
♠❡♥& ♣❛0 ❧❛ ❢♦0♠❛&✐♦♥ ❞✬✉♥ ♣❧❛&❡❛✉ ✭♦✉ ❝♦✉❞❡✮ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ 05❣✐♦♥ ❧✐♠✐&❡✱ ❞♦❝✲
✉♠❡♥&5 ♣♦✉0 ❞✬❛✉&0❡+ ♠❛&50✐❛✉① ♠❛✐+ ♣❛+ ♣♦✉0 ❑❈❧ ❬❇❧❛♥❦ ❛♥❞ ❑♦♥②❛❡✈✱ ✶✾✽✹❪✳
❖♥ 0❡♠❛07✉❡ 5❣❛❧❡♠❡♥& 7✉❡ ❧✬5✈♦❧✉&✐♦♥ ❞❡ ❧❛ ❝♦♥❝❡♥&0❛&✐♦♥ ❞❡ ❧❛ ♣❤❛+❡ ❞❡ ❤❛✉&❡
♣0❡++✐♦♥ ❡+& &0:+ 0❛♣✐❞❡ ✭❋✐❣✳ ✾✳✽❜✮✳ ❊♥ &0♦✐+ 0♦&❛&✐♦♥+ +❡✉❧❡♠❡♥&✱ ♦♥ ❛ ❡♥&✐:0❡♠❡♥&
0❡&✐05 ❧❛ ♣❤❛+❡ ❞❡ ❜❛++❡ ♣0❡++✐♦♥ ❛✉ ❝❡♥&0❡ ❞❡ ❧✬5❝❤❛♥&✐❧❧♦♥✳ ▲✬✐♥&❡0❢❛❝❡ ❡♥&0❡ ❧❡+
❞❡✉① ♣❤❛+❡+ ❡+& 5❣❛❧❡♠❡♥& ❜❡❛✉❝♦✉♣ ♣❧✉+ &0❛♥❝❤5✳
❉❡ ♠❛♥✐:0❡ ❣5♥50❛❧❡✱ ▲❡✈✐&❛+ ❛♥❞ ❩❛0❡❝❤♥②② ❬✷✵✶✵❛❪ ♦♥& +♦✉❧✐❣♥5 ❧❡+ ♣♦✐♥&+
+✉✐✈❛♥&+ ✿
• ▲❛ ❧♦❝❛❧✐+❛&✐♦♥ ❞❡ ❧❛ ♣❤❛+❡ ❞❡ ❤❛✉&❡ ♣0❡++✐♦♥ ❡& ❞❡+ ❞5❢♦0♠❛&✐♦♥+ ❝✉♠✉❧5❡+
❡+& &0:+ &0❛♥❝❤5❡✱
• ❖♥ ♦❜+❡0✈❡ ✉♥ ♣❧❛&❡❛✉ ❞❛♥+ ❧❛ ❣0❛❞✐❡♥& ❞❡ ♣0❡++✐♦♥✱ ❝♦00❡+♣♦♥❞❛♥& = ❧❛ 05❣✐♦♥
♦E ❧❛ &❤❡0♠♦❞②♥❛♠✐7✉❡ ♥❡ ♣❡0♠❡& ♥♦0♠❛❧❡♠❡♥& ❛✉❝✉♥❡ &0❛♥+✐&✐♦♥✱
• ❖♥ 0❡&0♦✉✈❡ ♥✉♠50✐7✉❡♠❡♥& ❧✬❡✛❡& ✐♥&0✐♥+:7✉❡ ❞❡ ♠✉❧&✐♣❧✐❝❛&✐♦♥ ❞❡ ♣0❡++✐♦♥✱
• ▲✬5❝♦✉❧❡♠❡♥& 0❛❞✐❛❧ ♣❡0♠❡& ❞❡ 0❡♥❞0❡ ❧✬✐♥&❡0❢❛❝❡ ❡♥&0❡ ❧❡+ ❞❡✉① ♣❤❛+❡+ ❢0❛♥❝✱
• ❖♥ ♦❜&✐❡♥& 0❛♣✐❞❡♠❡♥& ✶✵✵✪ ❞❡ ♣❤❛+❡ ❞❡ ❤❛✉&❡ ♣0❡++✐♦♥ ❛✉ ❝❡♥&0❡✱ +❛♥+ 7✉❡
❧❛ ❝♦♠♣0❡++✐♦♥ ♥❡ +♦✐& ❛✉❣♠❡♥&5❡✳ ▲❛ ♠X♠❡ ❝❤♦+❡ ♥✬❡+& ❛♣♣❛0❡♠♠❡♥& ♣❛+
♣♦++✐❜❧❡ ❡♥ ❝♦♠♣0❡++✐♦♥✳
◆♦✉+ ❛✈♦♥+ +♦✉❤❛✐&5 ♥♦✉+ ✐♥&50❡++❡0 = ❧✬❡✛❡& ❞✉ ❝✐+❛✐❧❧❡♠❡♥& +✉0 ❧❛ &0❛♥+❢♦0♠❛✲
&✐♦♥ α✲ε ❞❛♥+ ❧❡ ❢❡0✳ ❊♥ 0❡♣0♦❞✉✐+❛♥& ❡①♣50✐♠❡♥&❛❧❡♠❡♥& ❧❡ ♠♦♥&❛❣❡ ♥✉♠50✐7✉❡
❞❡ ▲❡✈✐&❛+ ❛♥❞ ❩❛0❡❝❤♥②② ❬✷✵✶✵❛❪✱ ♥♦✉+ ❛✈♦♥+ ♣✉ ❝♦♠♣❛0❡0 ♥♦+ 05+✉❧&❛&+ ❡①♣50✐✲
♠❡♥&❛✉① ❛✉① +✐♠✉❧❛&✐♦♥+✱ &♦✉& ❡♥ &❡+&❛♥& ✉♥ ♥♦✉✈❡❛✉ ♣0♦&♦&②♣❡ ❞❡ ❝❡❧❧✉❧❡ ❡♥
❝✐+❛✐❧❧❡♠❡♥&✳ ❉❛♥+ ❧❡ ❝❤❛♣✐&0❡ +✉✐✈❛♥&✱ ❥❡ ✈❛✐+ ♣05+❡♥&❡0 ❧❡+ 05+✉❧&❛&+ ❞❡ ❝❡&&❡ 5&✉❞❡
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✶✵✳✺ ❈♦♥❝❧✉+✐♦♥+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✼
✶✵✳✶ ❖❜❥❡❝(✐❢+
❆✉ ❞#❜✉% ❞❡ ♠❛ %❤*+❡✱ ❆♥❞.❡❛+ ❩❡.. ♥♦✉+ ❛ ♣.♦♣♦+# ❞❡ ♣.❡♥❞.❡ ♣❛.% ❛✉ %❡+%
❡①♣#.✐♠❡♥%❛❧ ❞✉ ♣.♦%♦%②♣❡ ❞❡ ❘❉❆❈ 9✉✬✐❧ ❛✈❛✐% ♠✐+ ❛✉ ♣♦✐♥%✳ ❈✬#%❛✐% ♣♦✉. ♠♦✐
❧✬♦❝❝❛+✐♦♥ ❞❡ .❡♥%.❡. ❞❛♥+ ♠♦♥ +✉❥❡%✱ %♦✉% ❡♥ %.❛✈❛✐❧❧❛♥% +✉. ❧✬❡✛❡% ❞❡ ❧❛ ❞#❢♦.♠❛✲
%✐♦♥✱ ❝✐+❛✐❧❧❛♥%❡ ✐❝✐✱ +✉. ❧❛ %.❛♥+✐%✐♦♥ α✲ε ❞❛♥+ ❧❡ ❢❡. 9✉✐ ❝♦♥+%✐%✉❡ ✉♥❡ ♣❛.%✐❡ ❞❡
♠♦♥ %.❛✈❛✐❧ ❞❡ %❤*+❡✳
❉❛♥+ ❧❡ ❝❛+ ❞❡ ❧❛ ❣.❛✐♥❡✱ ♥♦✉+ ❛✈♦♥+ ♣✉ ✈♦✐. ❞❛♥+ ❧❡+ ♣❛.%✐❡+ ♣.#❝#❞❡♥%❡+ 9✉❡
❧❡+ %.❛♥+✐%✐♦♥+ ❞❡ ♣❤❛+❡ #%❛✐❡♥% ♣❡✉ ♣.♦❜❛❜❧❡+ ❛✉① ❝♦♥❞✐%✐♦♥+ ❡①%.C♠❡+ ❞❡ ❧❛ ❣.❛✐♥❡
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
2❡44❡524❡✳ ❈❡♣❡♥❞❛♥2✱ ❞✬❛♣4<5 ❧❡5 4>5✉❧2❛25 ❞❡ ❧❛ ❧✐2>4❛2✉4❡ ❬❇❧❛♥❦ ❛♥❞ ❑♦♥②❛❡✈✱
✶✾✽✹✱ ❇❧❛♥❦ ❡2 ❛❧✳✱ ✶✾✾✹✱ ◆♦✈✐❦♦✈ ❡2 ❛❧✳✱ ✶✾✾✾✱ ▲❡✈✐2❛5 ❡2 ❛❧✳✱ ✷✵✵✹✱ ✷✵✵✺✱ ✷✵✵✻✱
▲❡✈✐2❛5 ❛♥❞ ❩❛4❡❝❤♥②②✱ ✷✵✵✼✱ ✷✵✵✾✱ ✷✵✶✵❛❪✱ ✐❧ ❡52 ♣♦55✐❜❧❡ V✉❡ ❧❛ ❞>❢♦4♠❛2✐♦♥ ♣❡4✲
♠❡22❡ ❞✬❛♠♦4Z❡4 ❞❡5 ♣❤>♥♦♠<♥❡5 ❞❡ 24❛♥5❢♦4♠❛2✐♦♥ ❞❡ ♣❤❛5❡✳ ❈♦♠♠❡ ❧❛ ♣❧✉♣❛42
❞❡5 ♠♦❞<❧❡5 ❣>♦❞②♥❛♠✐V✉❡5 ❞❡ ❢♦4♠❛2✐♦♥ ❢♦♥2 ✐♥2❡4✈❡♥✐4 ❞❡5 ♠♦✉✈❡♠❡♥25 ❞❡ ❞>✲
❢♦4♠❛2✐♦♥✱ ❧✬❤②♣♦2❤<5❡ ❞❡ ❧✬❡①✐52❡♥❝❡ ❞❡ ♣❤>♥♦♠<♥❡5 ❞❡ 24❛♥5✐2✐♦♥ ❞❡ ♣❤❛5❡ ❞❛♥5
❧❛ ❣4❛✐♥❡ ❞♦✐2 ]24❡ ❝♦♥5✐❞>4>❡ ❞❡ ♣❛✐4❡ ❛✈❡❝ ❧❛ ❞>❢♦4♠❛2✐♦♥✳
❉❡ ♣❧✉5✱ ❧❡ ❞>✈❡❧♦♣♣❡♠❡♥2 ❞❡ ❝❡❧❧✉❧❡5 ❞✐❛♠❛♥2 4♦2❛2✐✈❡5 ♣❡4♠❡2 ❞✬❡♥✈✐5❛❣❡4
❞❡5 ❡①♣>4✐❡♥❝❡5 ❞❡ ❞>❢♦4♠❛2✐♦♥ ❝♦♥24^❧>❡5 _ ❞❡5 ♣4❡55✐♦♥5 ❧❛4❣❡♠❡♥2 5✉♣>4✐❡✉4❡5
_ ❝❡❧❧❡5 ❛❝❝❡55✐❜❧❡5 ❞❛♥5 ❧❡5 ❞✐5♣♦5✐2✐❢5 ❛❝2✉❡❧5✱ 2❡❧5 V✉❡ ❧❛ ❘❉❆✳ ■❧ ♣4>5❡♥2❡ ❞♦♥❝
✉♥ ✐♥2>4]2 >✈✐❞❡♥2 ♣♦✉4 ❧✬>2✉❞❡ ❞❡ ❧❛ 4❤>♦❧♦❣✐❡ ❞✉ ♠❛♥2❡❛✉ 2❡44❡524❡✳ ❈❡♣❡♥❞❛♥2✱
❧✬❛♣♣❛4❡✐❧✱ ❛✐♥5✐ V✉❡ ❧❡5 ♠❡5✉4❡5 V✉❡ ❧✬♦♥ ♣❡✉2 ② ❡✛❡❝2✉❡4✱ 4❡52❡♥2 ♠❛❧ ♠❛a24✐5>5✳
❉❛♥5 ❝❡22❡ 5❡❝2✐♦♥✱ ♥♦✉5 ❛❧❧♦♥5 ❞♦♥❝ ❝❤❡4❝❤❡4 _ 2❡52❡4 5❡5 ❝❛♣❛❝✐2>5 ❡2 ❧❡ 2②♣❡ ❞❡
♠❡5✉4❡ V✉❡ ❧✬♦♥ ♣❡✉2 ② ❡✛❡❝2✉❡4✳
◆♦✉5 ❛✈♦♥5 ❞♦♥❝ 4>❛❧✐5> ❞❡5 ❡①♣>4✐❡♥❝❡5 ❞❡ ❝✐5❛✐❧❧❡♠❡♥2 5✉4 ✉♥ >❝❤❛♥2✐❧❧♦♥ ❞❡ ❢❡4
❡♥ ❝♦♠♣4❡55✐♦♥ 52❛2✐V✉❡ ❛✜♥✱ _ ❧❛ ❢♦✐5✱ ❞❡ 2❡52❡4 ❧❡ ♥♦✉✈❡❛✉ ♣4♦2♦2②♣❡ ❞✬❆♥❞4❡❛5✱
❡2 ❞✬>2✉❞✐❡4 ❧✬❡✛❡2 ❞❡ ❧❛ ❞>❢♦4♠❛2✐♦♥ 5✉4 ❧❛ 24❛♥5✐2✐♦♥✳ ◆♦✉5 ❝♦♥❝❧✉4♦♥5 5✉4 ❧❡5 ♣❡4✲
5♣❡❝2✐✈❡5 ❡♥ 2❡4♠❡5 ❞✬✉2✐❧✐5❛2✐♦♥ ❞❡ ❧❛ ❘❉❆❈ ❡2 5✉4 ❧❡5 ✐♠♣❧✐❝❛2✐♦♥5 ❣>♦♣❤②5✐V✉❡5
❞❡ ♥♦5 ♦❜5❡4✈❛2✐♦♥5✳
✶✵✳✷ ▼%&❤♦❞❡
◆♦✉5 ❛✈♦♥5 ♣4♦❝>❞> _ ❞❡5 ❡①♣>4✐❡♥❝❡5 ❞❡ ❝♦♠♣4❡55✐♦♥ 52❛2✐V✉❡ ❡♥ ❝♦♥❞✐2✐♦♥5
♥♦♥✲❤②❞4♦52❛2✐V✉❡5✳ ▲❡5 ❡①♣>4✐❡♥❝❡5 ♦♥2 >2> 4>❛❧✐5>❡5 _ ❧✬❊❙❘❋ ✭❊✉4♦♣❡❛♥ ❙②♥✲
❝❤4♦24♦♥ ❘❛❞✐❛2✐♦♥ ❋❛❝✐❧✐2②✮ _ ●4❡♥♦❜❧❡ 5✉4 ❧❛ ❧✐❣♥❡ ❞❡ ❤❛✉2❡ ♣4❡55✐♦♥✱ ■❉✵✾✱ ❡♥
❝♦♠♣❛❣♥✐❡ ❞✬❆♥❞4❡❛5 ❩❡44✱ V✉✐ ❛ ♠✐5 _ ♥♦24❡ ❞✐5♣♦5✐2✐♦♥ 5♦♥ ♣4♦2♦2②♣❡ ❞❡ ❝❡❧❧✉❧❡
❡♥ ❝✐5❛✐❧❧❡♠❡♥2✳
✶✵✳✷✳✶ $%♦'♦'②♣❡ ❞❡ ❝❡❧❧✉❧❡ ❡♥ ❝✐1❛✐❧❧❡♠❡♥'
❚♦✉5 ❧❡5 ♠♦❞<❧❡5 ❞❡ ❝❡❧❧✉❧❡ ❡♥ ❝✐5❛✐❧❧❡♠❡♥2 ♣❛42❡♥2 ❞✉ ♠]♠❡ ♣4✐♥❝✐♣❡✳ ❖♥ ♣4❡♥❞
❝♦♠♠❡ ♠♦❞<❧❡ ❞❡ ❞>♣❛42 ✉♥❡ ❝❡❧❧✉❧❡ ♣✐52♦♥✲❝②❧✐♥❞4❡ ❝❧❛55✐V✉❡✳ ❖♥ ♠♦❞✐✜❡ ❡♥5✉✐2❡
❧✬♦✉2✐❧❧❛❣❡ ❞❡ ❝❡22❡ ❝❡❧❧✉❧❡ ❛✜♥ ❞✬② ✐♥2>❣4❡4 ❧❛ 4♦2❛2✐♦♥ ❞✬✉♥❡ ❞❡5 ❡♥❝❧✉♠❡5 ❞❡ ❞✐❛✲
♠❛♥2 ♣❛4 4❛♣♣♦42 _ ❧✬❛✉24❡✱ ❧✬❛✉24❡ 4❡52❛♥2 ✜①❡✳
%♦✉4 ❧❡ ♣4♦2♦2②♣❡ ❞❡ ▼❛ ❡2 ❛❧✳ ❬✷✵✵✻❜❪✱ ❧❡5 ❛✉2❡✉45 ♦♥2 ✐♥52❛❧❧> ✉♥ 5②52<♠❡
❞❡ ❢❡4♠❡2✉4❡ ❛✉ ❞❡55✉5 ❞✉ ♣✐52♦♥ ❛✜♥ ❞❡ ♠❛✐♥2❡♥✐4 ❧❛ ♣4❡55✐♦♥ ❞❛♥5 ❧❛ ❝❡❧❧✉❧❡✳
❯♥ 5②52<♠❡ ❞❡ 4♦♥❞❡❧❧❡5 ♠>2❛❧❧✐V✉❡5 ❥♦✉❡ ❧❡ 4^❧❡ ❞❡ 4❡55♦42 ❛✜♥ ❞❡ 24❛♥5♠❡224❡ ❧❛
♣4❡55✐♦♥ ❛✉① ❡♥❝❧✉♠❡5 ❞❡ ❞✐❛♠❛♥25✳ ❯♥ ❜4❛5 ❞❡ ❧❡✈✐❡4✱ ❛❝❝4♦❝❤> ❛✉ 5②52<♠❡ ❞❡
❢❡4♠❡2✉4❡ ❧❡ ♠❛✐♥2✐❡♥2 ❡♥ ♣❧❛❝❡ ❬▼❛ ❡2 ❛❧✳✱ ✷✵✵✻❜✱❛❪✳ ▲❛ 4♦2❛2✐♦♥ ❞✉ ♣✐52♦♥ 5❡ ❢❛✐2
♠❛♥✉❡❧❧❡♠❡♥2
▲❡ ♣4♦2♦2②♣❡ V✉❡ ♥♦✉5 ♣4>5❡♥2♦♥5 ❡♥ ❋✐❣✳ ✶✵✳✶ ✉2✐❧✐5❡ ✉♥ ❛✉24❡ 5②52<♠❡ ♣♦✉4
❡✛❡❝2✉❡4 ❧❛ 4♦2❛2✐♦♥✳ ❯♥❡ ❢♦✐5 ❧❛ ❝❡❧❧✉❧❡ ❢❡4♠>❡✱ ♦♥ ♥❡ 2♦✉❝❤❡ ♣❧✉5 ❞✐4❡❝2❡♠❡♥2 ❛✉
♣✐52♦♥✳ ▲❡ ♣✐52♦♥ ❡52 ♣❡4❝> ❞❡ ✶✵ 24♦✉5✱ ❡5♣❛❝>5 ❞✬❡♥✈✐4♦♥ ✸✻
◦
❧❡5 ✉♥5 ❞❡5 ❛✉24❡5✳
❉❡✉① ❡♥❝♦❝❤❡5 ♦♥2 >2> ♣4>❞>❝♦✉♣>❡5 ❞❛♥5 ❧❡ ❝②❧✐♥❞4❡✳ ▲✬♦✉✈❡42✉4❡ ❞❡ ❝❡❧❧❡5✲❝✐ ❡52
❞❡ ❧✬♦4❞4❡ ❞❡ ✸✻
◦
>❣❛❧❡♠❡♥2 ❛✜♥ ❞❡ ♣❡4♠❡224❡ ✉♥❡ 4♦2❛2✐♦♥ ❝♦♠♣❧<2❡✳ ❆✉ ♠♦♠❡♥2
✶✾✽
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◦
✳
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♣✉✐7 ♦♥ ♣♦✉77❡ ❧❡♥&❡♠❡♥& ❧❡7 ✈✐7 ❥✉7<✉✬4 ❜✉&❡- 7✉- ❧✬❛✉&-❡ ❝L&❡ ❞❡ ❝❤❛<✉❡ ❡♥❝♦❝❤❡✳
▲❛ -♦&❛&✐♦♥ ❡7& ❛❧♦-7 ❞❡ ✸✻
◦
✳
▲❡7 ❛✈❛♥&❛❣❡7 &❡❝❤♥✐<✉❡7 ❞❡ ❝❡ ♣-♦&♦&②♣❡ 7♦♥& ❞❡ ♣❡-♠❡&&-❡ ✉♥ ♠❡✐❧❧❡✉- ❝♦♥&-L❧❡
❞❡ ❧✬❛♥❣❧❡ ❞❡ ❝✐7❛✐❧❧❡♠❡♥&✱ &♦✉& ❡♥ ❛♣♣❧✐<✉❛♥& ❧❛ ❝♦♥&-❛✐♥&❡ ❝✐7❛✐❧❧❛♥&❡ ❞❡ ♠❛♥✐N-❡
♣❧✉7 ♦✉ ♠♦✐♥7 ❝♦♥&✐♥✉❡ ✭❞❛♥7 ❧✬✐❞%❛❧✱ ♠❛✐7 ❝❡❧❛ ♥%❝❡77✐&❡ ♣❛7 ♠❛❧ ❞❡ ❞♦✐❣&%✮ ❡& ❞♦✉❝❡
✭♣♦✉- %✈✐&❡- ❞✬❛--❛❝❤❡- ❧❛ 7✉-❢❛❝❡ ❞❡ ❧✬%❝❤❛♥&✐❧❧♦♥✮✳ ❯♥ ❛✉&-❡ ❛✈❛♥&❛❣❡ ♥♦&❛❜❧❡
❡7& <✉❡ ❝❡ ❞✐7♣♦7✐&✐❢ ♥❡ ♥%❝❡77✐&❡ ♣❛7 ❞✬♦✉✈-✐- ❧❡ 7②7&N♠❡ ❞❡ ❢❡-♠❡&✉-❡ ❡& <✉❡ ❧❛
-♦&❛&✐♦♥ ♣❡✉& 7❡ ❢❛✐-❡ ❞✐-❡❝&❡♠❡♥& 7✉- ❧❛ ❧✐❣♥❡ ❞❡ ❧✉♠✐N-❡✱ 7❛♥7 ❛✈♦✐- 4 ❞%❢❛✐-❡ ❧❡
♠♦♥&❛❣❡ ❡①♣%-✐♠❡♥&❛❧✳ ▲✬❛♥❣❧❡ ❞❡ -♦&❛&✐♦♥ ❡7& ♠♦❞✉❧❛❜❧❡ ✿ ❝❡ ♣-♦&♦&②♣❡ ♣❡-♠❡&
❡♥ ♣❛-&✐❝✉❧✐❡- ❞✬❡✛❡❝&✉❡- ❥✉7<✉✬4 ✸✻✵
◦
❞❡ -♦&❛&✐♦♥ ❡♥ ✉♥❡ ❢♦✐7✱ ❝❡ <✉✐ ♥✬%&❛✐& ♣❛7
♣♦77✐❜❧❡ ❛✈❛♥& ❬▼❛ ❡& ❛❧✳✱ ✷✵✵✻❜❪✳
✶✵✳✷✳✷ $%♦'♦❝♦❧❡ ❡①♣-%✐♠❡♥'❛❧
◆♦✉7 ❛✈♦♥7 ❡✛❡❝&✉% ❤✉✐& 7%-✐❡7 ❞✬❡①♣%-✐❡♥❝❡7✱ ❞♦♥& 7✐① 7✉- ❞❡7 %❝❤❛♥&✐❧❧♦♥7 ❞❡
❢❡✉✐❧❧❡ ❞❡ ❢❡- ❞❡ ✺✵ µ♠ ❞✬%♣❛✐77❡✉- ❡& ❞✬✉♥ ♣❡✉ ♠♦✐♥7 ❞❡ ✺♠♠ ❞❡ ❞✐❛♠N&-❡✳ ▲❡7
%❝❤❛♥&✐❧❧♦♥7 ♦♥& %&% ♣❧❛❝%7 ❞✐-❡❝&❡♠❡♥& ❡♥&-❡ ❧❡7 ❢❛❝❡7 ❞❡7 ❡♥❝❧✉♠❡7 ❞❡ ❞✐❛♠❛♥& ✭❞❡
✺✵✵ µ♠ ❞❡ ❞✐❛♠N&-❡✮✱ ❡♥ ❛❝❝♦-❞ ❛✈❡❝ ❧❡ ♣-♦&♦❝♦❧❡ ♥✉♠%-✐<✉❡ ❞%❝-✐& ♣❛- ▲❡✈✐&❛7 ❛♥❞
❩❛-❡❝❤♥②② ❬✷✵✶✵❛❪✳ ❖♥ ❛❥♦✉&❡ <✉❡❧<✉❡7 7♣❤N-❡7 ❞❡ -✉❜✐7 4 ❧❛ 7✉-❢❛❝❡ ❞❡ ❧✬%❝❤❛♥&✐❧❧♦♥
♣♦✉- ♠❡7✉-❡- ❧❛ ♣-❡77✐♦♥ ✐♥ 7✐&✉✳ ,♦✉- ❝❤❛❝✉♥❡ ❞❡7 <✉❛&-❡ ❡①♣%-✐❡♥❝❡7 7✉- ❧❡ ❢❡-✱ ❧❡7
❝♦♥❞✐&✐♦♥7 ❡①♣%-✐♠❡♥&❛❧❡7 ♦♥& %&% ♠♦❞✐✜%❡7 ❛✜♥ ❞❡ &❡7&❡- ❞✐✛%-❡♥&❡7 ❝♦♠❜✐♥❛✐7♦♥7
❞✬%&❛♣❡7 ❞❡ ❝♦♠♣-❡77✐♦♥ ♦✉ ❞❡ &♦-7✐♦♥✱ 4 ❞❡7 ♣-❡77✐♦♥7 ❞✐✛%-❡♥&❡7✳ ▲❡7 ❡①♣%-✐❡♥❝❡7
7♦♥& &♦✉&❡7 ❡✛❡❝&✉%❡7 4 &❡♠♣%-❛&✉-❡ ❛♠❜✐❛♥&❡✳ ▲❡7 ♣❛-❛♠N&-❡7 ❡①♣%-✐♠❡♥&❛✉① ❞❡7
✶✾✾
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
2✉❛56❡ 896✐❡8 8✉6 ❧❡ ❢❡6 8♦♥5 ♣698❡♥598 ❞❛♥8 ❧❡ ❚❛❜✳ ✶✵✳✶✳ ▲❡8 ♣6❡88✐♦♥8 ✐♥❞✐2✉9❡8
❝♦66❡8♣♦♥❞❡♥5 ❛✉① ♠❡8✉6❡8 ✐♥ 8✐5✉ ♣6✐8❡8 ❛✉ ❝❡♥56❡ ❞❡ ❧✬9❝❤❛♥5✐❧❧♦♥ ♣❛6 ✢✉♦6❡8❝❡♥❝❡
❞✉ 6✉❜✐8 ❬❉❡✇❛❡❧❡ ❡5 ❛❧✳✱ ✷✵✵✻❪ ❛♣6P8 ✉♥❡ 95❛♣❡ ❞❡ ❝♦♠♣6❡88✐♦♥✳
❚❛❜❧❡ ✶✵✳✶ ✕ %❛6❛♠P56❡8 ❞❡8 896✐❡8 ❞✬❡①♣96✐❡♥❝❡ ❡✛❡❝5✉9❡8 8✉6 ❞❡8 9❝❤❛♥5✐❧❧♦♥8 ❞❡
❢❡6 8✉6 ❧❡ ♣6♦5♦5②♣❡ ❞❡ ❘❉❆❈✳ ▲❡8 95❛♣❡8 ♥♦59❡8 ✬▼❳✬ ❝♦66❡8♣♦♥❞❡♥5 ❛✉① 85❛❞❡8 ❞❡
♠♦♥59❡ ❡♥ ♣6❡88✐♦♥ ♦✉ ❝♦♠♣6❡88✐♦♥✳ ▲❡8 95❛♣❡8 ✬❙❳✬ ❝♦66❡8♣♦♥❞❡♥5 ❛✉① 6♦5❛5✐♦♥8
8✉❝❝❡88✐✈❡8 ❞✬❡♥✈✐6♦♥ ✸✻
◦
✭8❤❡❛6✮ ❡♥56❡ ❞❡✉① 95❛♣❡8 ❞❡ ❝♦♠♣6❡88✐♦♥8✳
❊❝❤❛♥5✐❧❧♦♥ %6✉❜✐8 ✭●%❛✮ ❊5❛♣❡8 %❤❛8❡8 ❞✉ ❢❡6
✶
✸ ▼✶
α
✻ ▼✷
✲ ❙✶
✼ ▼✸
✷
✾ ▼✶
α
✲ ❙✶
✲ ❙✷
✲ ❙✸
✸
✶✷ ▼✶
α✲ ❙✶
✶✶✱✹ ▼✷
✹
✶✻ ▼✶
α ❡5 ε
✲ ❙✶
✲ ❙✷
✲ ❙✸
✽
✶✵ ▼✶
α ❡5 ε
✷✵ ▼✷
❖♥ ❡✛❡❝5✉❡ ❞❡8 ♠❡8✉6❡8 ❞❡ ❞✐✛6❛❝5✐♦♥ ❛✉① 6❛②♦♥8 ❳ ✐♥ 8✐5✉ ❧❡ ❧♦♥❣ ❞✬✉♥❡ 8❡❝5✐♦♥
56❛♥8✈❡68❛❧❡ ✭♦✉ 56❛♥8❡❝5✮ ❞✬✉♥ ❞✐❛♠P56❡ ❞❡ ❧✬9❝❤❛♥5✐❧❧♦♥✱ ❛✈❡❝ ✉♥ ♣❛8 ❞✬9❝❤❛♥5✐❧✲
❧♦♥♥❛❣❡ ❞❡ ✷✵ µ♠✳ ❆ ❝❤❛2✉❡ ✐596❛5✐♦♥✱ ♦♥ ♣6❡♥❞ 9❣❛❧❡♠❡♥5 ✉♥❡ ♠❡8✉6❡ ❞✐6❡❝5❡ ❞❡
❧❛ ♣6❡88✐♦♥ ❞✉ 6✉❜✐8✳
❊5❛♥5 ❞♦♥♥9 2✉❡ ♥♦✉8 8♦✉❤❛✐5♦♥8 5❡85❡6 _ ❧❛ ❢♦✐8 ❧❡ ♣6♦5♦5②♣❡ ❡5 ❧✬❡✛❡5 ❞✉ ❝✐✲
8❛✐❧❧❡♠❡♥5 8✉6 ❧❛ 56❛♥8✐5✐♦♥ ❞❡ ♣❤❛8❡✱ 8❡✉❧ ✉♥ 9❝❤❛♥5✐❧❧♦♥ ♣❛6♠✐ ❧❡8 8✐① 69♣♦♥❞ _ ♥♦8
❝6✐5P6❡8 ❞❡ 89❧❡❝5✐♦♥ ✿ ❧✬9❝❤❛♥5✐❧❧♦♥ ✹✳ ◆♦✉8 ♥✬❛✈♦♥8 ❡✛❡❝5✉9 ❞❡ 56❛✐5❡♠❡♥5 ❞❡ ❞♦♥✲
♥9❡8 2✉❡ 8✉6 ❝❡ 8❡✉❧ 9❝❤❛♥5✐❧❧♦♥✳ ▲❛ ♠95❤♦❞❡ ❞✬❛✣♥❡♠❡♥5 8✉6 ▼❆❯❉ 95❛✐5 ❧❛ ♠b♠❡
2✉❡ ❞❛♥8 ❧❛ ❙❡❝5✐♦♥ ✽✳✶✳✹✱ ♣❛❣❡ ✶✹✽✱ _ ❧❛ ❞✐✛96❡♥❝❡ 2✉✬✐❧ ❢❛❧❧❛✐5 ❛♣♣❧✐2✉❡6 ❡♥ ♣❧✉8 ❞❡8
❝♦♥56❛✐♥5❡8 ♣♦✉6 ❛✣♥❡6 ❧❛ ❞9❢♦6♠❛5✐♦♥ 8✉❜✐❡ ♣❛6 ❧❛ ♠❛596✐❛✉✳ ◆♦5♦♥8 2✉❡ ❝❡ 56❛✐5❡✲
♠❡♥5 ❞❡ ❞♦♥♥9❡8 8✬❡85 69✈9❧9 b56❡ ❛✉56❡♠❡♥5 ♣❧✉8 ❝♦♠♣❧❡①❡ 2✉❡ ♣♦✉6 ❧❡ ❝❛8 8✐♠♣❧❡
❞❡ ❧❛ ❝♦♠♣6❡88✐♦♥ ❤②❞6♦85❛5✐2✉❡ 95✉❞✐9 ❞❛♥8 ❧❛ ♣❛65✐❡ ♣69❝9❞❡♥5❡✳ ▲✬❛♣♣❧✐❝❛5✐♦♥
❞❡ ❝♦♥56❛✐♥5❡ ❞9❢♦6♠❛♥5 ❧❛ ♠❛✐❧❧❡ ❝6✐85❛❧❧✐♥❡ ❛ ❝♦♠♣❧✐2✉9 ❝♦♥8✐❞96❛❜❧❡♠❡♥5❧✬❛✣♥❡✲
♠❡♥5✳
✷✵✵
µ
µ ε
α
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
❋✐❣✉$❡ ✶✵✳✸ ✕ ❘78✉❧;❛;8 ❞❡ ♠✐❝B♦8❝♦♣✐❡ ♦♣;✐E✉❡ ♣♦✉B ❧✬7❝❤❛♥;✐❧❧♦♥ ✹✳
✶✵✳✸✳✶✳✸ ❘❤&♦❧♦❣✐❡ ❞❛♥/ ❧❛ ❝❡❧❧✉❧❡
❖♥ ♦❜8❡B✈❡ ✉♥ ❢♦B; ❝♦♠♣♦B;❡♠❡♥; ❞✉❝;✐❧❡ ❞❛♥8 ❧❡8 ③♦♥❡8 ❧❡8 ♣❧✉8 ❡①;❡B♥❡8 ❞❡
❧✬7❝❤❛♥;✐❧❧♦♥ ❡; E✉✐ 8♦♥; ❛✉88✐ ❧❡8 ♣❧✉8 ✏8♦♠❜B❡8✑✳ %♦✉B ❧❛ ③♦♥❡ ❝❡♥;B❛❧❡✱ ♣❧✉8 ❝❧❛✐B❡
❛✉ ❝❡♥;B❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ♦♥ ♥❡ B❡❝♦♥♥❛Q; ❛✉❝✉♥ ♠❛BE✉❡✉B ❞❡ ❧❛ ❞7❢♦B♠❛;✐♦♥ ♣❧❛8;✐E✉❡✳
❉✬❛♣BR8 ❝❡ E✉✬♦♥ 8❛✐; ❞❡8 ❞✐✛7B❡♥;❡8 ♣B♦♣B✐7;78 ♠7❝❛♥✐E✉❡8 ❡①♣B✐♠7❡8 ♣❛B ❧❡8
❞❡✉① 8;B✉❝;✉B❡8 ❝B✐8;❛❧❧✐♥❡8 ❡♥ ♣B78❡♥❝❡ ✭❝❢ ❙❡❝;✐♦♥ ✾✳✷✳✹✳✶✮✱ ♦♥ ♣❡✉; ♠❛✐♥;❡♥❛♥;
❛✣B♠❡B E✉❡ ❧❛ ③♦♥❡ ❝❡♥;B❛❧❡ ❝♦♥;✐❡♥; ❞✉ ❢❡B ε ❡♥ ❣B❛♥❞❡ ♣B♦♣♦B;✐♦♥✳ %❛B ❛✐❧❧❡✉B8✱
❝♦♠♠❡ ❧❡ ❢❡B α ♣❡✉;✲[;B❡ ❞✉❝;✐❧❡ 8♦✉8 ❝❡B;❛✐♥❡8 ❝♦♥❞✐;✐♦♥8✱ ❧❛ ③♦♥❡ ❡①;7B✐❡✉B❡ 8♦♠✲
❜B❡ ❡8; ❞♦♥❝ ♣B♦❜❛❜❧❡♠❡♥; ❡♥ ♠❛❥♦B✐;7 ❝♦♠♣♦87❡ ❞❡ ❢❡B α✳
❱❡B8 ❧❡ ❝❡♥;B❡ ❞❡ ❧✬7❝❤❛♥;✐❧❧♦♥✱ ♦♥ ♦❜8❡B✈❡ E✉❡ ❧❛ ❞7❢♦B♠❛;✐♦♥ ♣❧❛8;✐E✉❡ ❞✐♠✐♥✉❡
✷✵✷
✶✵✳✸ ❘%&✉❧)❛)&
❋✐❣✉$❡ ✶✵✳✹ ✕ -.♦♣♦.)✐♦♥& ❞❡ ♣❤❛&❡ ❞❡ ❢❡. ε ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❛ ❞✐&)❛♥❝❡ ❛✉ ❝❡♥).❡
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❞❡ ♠♦♥7H❡ ❡♥ ♣6❡@@✐♦♥✱ ▼✶✳
✶✵✳✸✳✸✳✷ ❚❛✐❧❧❡* ❞❡ ❣-❛✐♥ ♠♦②❡♥♥❡* ❞❡* ♣❤❛*❡* ♣✉-❡* ❡5 ♠✐①5❡*
❖♥ H7✉❞✐❡ ♠❛✐♥7❡♥❛♥7 E✉❛❧✐7❛7✐✈❡♠❡♥7 ❧✬H✈♦❧✉7✐♦♥ ❞❡ ❧❛ 7❛✐❧❧❡ ❞❡ ❣6❛✐♥ ❧❡ ❧♦♥❣
❞✉ ♣6♦✜❧ 76❛♥@✈❡6@❛❧✳ ▲❡@ 6H@✉❧7❛7@ ❞❡@ 7❛✐❧❧❡@ ❞❡@ ❝6✐@7❛❧❧✐7❡@ @♦♥7 ♣6H@❡♥7H@ ❡♥ ❋✐❣✳
✶✵✳✼✳
✷✵✻
✶✵✳✸ ❘%&✉❧)❛)&
❋✐❣✉$❡ ✶✵✳✼ ✕ ❊✈♦❧✉)✐♦♥ ❞❡& )❛✐❧❧❡& ❞❡ ❣5❛✐♥ ❡♥ ♣❤❛&❡ ♣✉5❡ ❡) ♠✐①)❡ ❛✈❡❝ ❧❡ ❝✐&❛✐❧❧❡✲
♠❡♥)✳ ❊♥ ❤❛✉)✱ = ❣❛✉❝❤❡ ✿ %✈♦❧✉)✐♦♥ ❞❡ ❧❛ ❞✐&)5✐❜✉)✐♦♥ ❞❡& )❛✐❧❧❡& ❞❡& ❝5✐&)❛❧❧✐)❡&
❞❡ ❢❡5 α ❧❡ ❧♦♥❣ ❞✉ ♣5♦✜❧ )5❛♥&✈❡5&❛❧ ❞❡ 5%❢%5❡♥❝❡ ❛✈❡❝ ❧❡ ❝✐&❛✐❧❧❡♠❡♥) ❀ ❊♥ ❤❛✉)✱
= ❞5♦✐)❡ ✿ %✈♦❧✉)✐♦♥ ❞❡ ❧❛ ❞✐&)5✐❜✉)✐♦♥ ❞❡& )❛✐❧❧❡& ❞❡& ❝5✐&)❛❧❧✐)❡& ❞❡ ❢❡5 ε ❧❡ ❧♦♥❣
❞✉ ♣5♦✜❧ )5❛♥&✈❡5&❛❧ ❛✈❡❝ ❧❡ ❝✐&❛✐❧❧❡♠❡♥) ❀ ❊♥ ❜❛& ✿ %✈♦❧✉)✐♦♥ ❞❡& )❛✐❧❧❡& ❞❡ ❣5❛✐♥&
♠♦②❡♥♥❡& ❞✉ ❢❡5 α ❡♥ ♣❤❛&❡ ♣✉5❡✱ ❞✉ ❢❡5 α ❡♥ ❝♦❡①✐&)❡♥❝❡ ❛✈❡❝ ❞✉ ❢❡5 ε ✭♣❤❛&❡
♠✐①)❡✮✱ ❡) ❞✉ ❢❡5 ε ❡♥ ♣❤❛&❡ ♠✐①)❡✱ ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧✬%)❛♣❡ ❞❡ ❞%❢♦5♠❛)✐♦♥✳ ▲❡&
&❤❡❛5& ✶ = ✸ ❝♦55❡&♣♦♥❞❡♥) ❛✉① ❝✐&❛✐❧❧❡♠❡♥)& ✶ = ✸ ✭❙✶ = ❙✸✮✳
❖♥ ❝♦♠♠❡♥❝❡ ♣❛5 5❡❣❛5❞❡5 ❧❛ ❞✐&)5✐❜✉)✐♦♥ ❞❡& )❛✐❧❧❡& ❞❡& ❝5✐&)❛❧❧✐)❡& ❞❡ ❢❡5 α ❡♥
♣❤❛&❡ ♣✉5❡✱ ❝✬❡&)✲=✲❞✐5❡ ❡♥ ❞❡❤♦5& ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❝♦❡①✐&)❡♥❝❡ ❞❡ ❧✬❛✉)5❡ &)5✉❝)✉5❡
❝5✐&)❛❧❧✐♥❡✱ ❧❡ ❢❡5 ε✳ ◆♦)♦♥& K✉✬✐❧ ♥✬❡①✐&)❡ ♣❛& ❞✬%K✉✐✈❛❧❡♥) ✐♥✈❡5&❡✳ ❆❧♦5& K✉✬✐❧ ❡&)
♣♦&&✐❜❧❡ ❞✬%)✉❞✐❡5 ❡♥ ♣❤❛&❡ ♣✉5❡ ❧❡ ❢❡5 α ♣♦✉5 ❧❡& ❞✐&)❛♥❝❡& ❛✉ ❝❡♥)5❡ &✉♣%5✐❡✉5❡&
= ✶✵✵ µ♠✱ ✐❧ ♥✬❡①✐&)❡ ♣❛& ❞❡ ❞♦♠❛✐♥❡ ❞❡ &)❛❜✐❧✐)% ♣♦✉5 ❧❛ &❡✉❧❡ ♣❤❛&❡ ε✳ M♦✉5 ❝❡❧❛✱
✐❧ ❛✉5❛✐) ❢❛❧❧✉ ❞❡& ♣5❡&&✐♦♥& &✉♣%5✐❡✉5❡& = ✷✵ ●M❛✱ ✈♦✐5❡ ♣❧✉&✱ )❛♥❞✐& K✉❡ ❧❛ ❣❛♠♠❡
❞❡ ♣5❡&&✐♦♥ ❞❛♥& ❧❛ ❝❡❧❧✉❧❡ &❡ ❧✐♠✐)❡ = ✉♥ ♠❛①✐♠✉♠ ❞❡ ✶✹ ●M❛✳
◆♦✉& ❛✈♦♥& ♣✉ ♦❜)❡♥✐5 ❧❛ ❞✐&)5✐❜✉)✐♦♥ ❞❡ ❧❛ )❛✐❧❧❡& ❞❡ ❝5✐&)❛❧❧✐)❡& ❞✉ ❢❡5 α ♣✉5 &✉5
❧✬❡♥&❡♠❜❧❡ ❞✉ ♣5♦✜❧ )5❛♥&✈❡5&❛❧ ❧❡ ❧♦♥❣ ❞❡ ❧✬%❝❤❛♥)✐❧❧♦♥✳ ❖♥ ♦❜&❡5✈❡ K✉❡ ❧❡& )❛✐❧❧❡& ❞❡
❣5❛✐♥& ✈❛5✐❡♥) ❡♥)5❡ ✷✵✵ ❡) ✻✵✵➴✳ ▲♦5&K✉✬♦♥ 5❡❣❛5❞❡ ❧❡& )❡♥❞❛♥❝❡& ❞❡ ❝❤❛❝✉♥❡ ❞❡&
❞✐&)5✐❜✉)✐♦♥& ♣5♦♣♦&%❡& ❡♥)5❡ ✲✷✺✵ ❡) ≈✲✼✺ µ♠ ❡) ❡♥)5❡ ≈✼✺ ❡) ✷✺✵ µ♠✱ ♦♥ ❝♦♥&)❛)❡
K✉❡ ❧❡& ❞✐&)5✐❜✉)✐♦♥& ❞❡ )❛✐❧❧❡ ❞❡ ❣5❛✐♥& &♦♥) &✐♠✐❧❛✐5❡& ❡) ♣❧✉& ♦✉ ♠♦✐♥& ❝♦♥&)❛♥)❡&✳
❊♥ 5❡✈❛♥❝❤❡✱ ❞❛♥& ❧❛ 5%❣✐♦♥ ❝❡♥)5❛❧❡✱ ♦♥ ♦❜&❡5✈❡ ✉♥❡ )❡♥❞❛♥❝❡ ❞✐✛%5❡♥)❡ ❡♥)5❡ ❧❛
❝♦✉5❜❡ ❝♦55❡&♣♦♥❞❛♥) = ❧❛ ❝♦♠♣5❡&&✐♦♥✱ ❡) ❝❡❧❧❡& K✉✐ 5❡♣5%&❡♥)❡♥) ❧❡& %❝❤❛♥)✐❧❧♦♥&
❛♣5U& ❝✐&❛✐❧❧❡♠❡♥)✳ ❆❧♦5& K✉❡ ❧❛ ♣5❡♠✐U5❡ ♥❡ ♠♦♥)5❡ ♣❛& ❞❡ )❡♥❞❛♥❝❡ ❞✐✛%5❡♥)❡ ❞✉
✷✵✼
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2❡45❡ ❞✉ ♣2♦✜❧ 52❛♥4✈❡24❛❧✱ ✐❧ 4❡♠❜❧❡ C✉❡ ❧❡4 ❝♦✉2❜❡4 ❝♦22❡4♣♦♥❞❛♥5 ❛✉① ❝✐4❛✐❧❧❡♠❡♥54
✶ G ✸ ♣2I4❡♥5❡♥5 ✉♥ ♠✐♥✐♠✉♠ ❛✉ ❝❡♥52❡ ❞❡ ❧✬I❝❤❛♥5✐❧❧♦♥✱ 5♦✉❥♦✉24 ❡♥52❡ ✲✺✵ ❡5 ✺✵ µ♠✳
▲❡4 5❛✐❧❧❡4 ❞❡ ❝2✐45❛❧❧✐5❡4 ❞❡ ❢❡2 ε ❡♥ ♣❤❛4❡ ♠✐①5❡ ♥❡ 4♦♥5 ❞✐452✐❜✉I❡4 C✉❡ 4✉2
✉♥❡ ❢❡♥Q52❡ 52R4 2❡452❡✐♥5❡ ❛✉5♦✉2 ❞✉ ❝❡♥52❡✱ ❡♥52❡ ✲✺✵ ❡5 ✺✵ µ♠✳ ■❧ ♥✬② ❛ ♣❛4 ❞❡
5❡♥❞❛♥❝❡ ❝❧❛✐2❡✱ ♥I❛♥♠♦✐♥4 ❧❛ ❞✐452✐❜✉5✐♦♥ ❞❡4 5❛✐❧❧❡4 ❞❡ ❝2✐45❛❧❧✐5❡4 4❡♠❜❧❡♥5 ♣❧✉4
❢❛✐❜❧❡ ❡5 ♣❧✉4 ❤♦♠♦❣R♥❡ ❛♣2R4 ❛♣♣❧✐❝❛5✐♦♥ ❞✬✉♥ ♣❡2♠✐❡2 ❝✐4❛✐❧❧❡♠❡♥5✳ ▲❡ ♣2♦✜❧ 4❡
❧✐44❡ ❞❡ ♣❧✉4 ❡♥ ♣❧✉4 ❛✈❡❝ ❧✬❛✉❣♠❡♥5❛5✐♦♥ ❞✉ ❞❡❣2I ❞❡ ❝✐4❛✐❧❧❡♠❡♥5✳
❆✜♥ ❞❡ ❞I✜♥✐2 ✉♥❡ 5❡♥❞❛♥❝❡✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡4 5❛✐❧❧❡4 ♠♦②❡♥♥❡4 ❞❡4 ❝2✐45❛❧❧✐♥❡4
G ❝❤❛C✉❡ I5❛♣❡ ❞❡ ❧❛ ❞I❢♦2♠❛5✐♦♥✳ ❖♥ ♦❜5✐❡♥5 52♦✐4 ♠♦②❡♥♥❡4 ❞✐✛I2❡♥5❡4 ✿ ✉♥❡
♣2❡♠✐R2❡ ❝♦22❡4♣♦♥❞ G ❧❛ 5❛✐❧❧❡ ♠♦②❡♥♥❡ ❞❡4 ❝2✐45❛❧❧✐5❡4 ❞❡ ❢❡2 α ❡♥ ♣❤❛4❡ ♣✉2❡✱ 4♦✐5
❞❛♥4 ❧❡4 ♣❛25✐❡4 ❧❡4 ♣❧✉4 ♣I2✐♣❤I2✐C✉❡4 ❞❡ ❧✬I❝❤❛♥5✐❧❧♦♥✳ ❖♥ ❝♦♥45❛5❡ ✉♥❡ ❞✐♠✐♥✉5✐♦♥
2I❣✉❧✐R2❡✱ ❜✐❡♥ C✉❡ ♠♦❞I2I❡ ❞❡ ❧❛ 5❛✐❧❧❡ ♠♦②❡♥♥❡ ❞❡4 ❝2✐45❛❧❧✐5❡4 ❞❡ ❢❡2 α ❛✉ ❝♦✉24
❞❡ ❧✬❡①♣I2✐❡♥❝❡✱ ❛✈❡❝ ♣❡✉5✲Q52❡ ✉♥❡ 45❛❜✐❧✐4❛5✐♦♥ G ♣❛25✐2 ❞✉ ❝✐4❛✐❧❧❡♠❡♥5 ✷✳
▲❛ 5❛✐❧❧❡ ♠♦②❡♥♥❡ ❞❡4 ❝2✐45❛❧❧✐5❡4 ❞❡ ❢❡2 α ❡♥ ♣❤❛4❡ ♠✐①5❡✱ ❝❡♥52❛✉①✱ ♠♦♥52❡
✉♥❡ ❞✐♠✐♥✉5✐♦♥ 52R4 ❢♦25❡ ❞❡ ❧❛ 5❛✐❧❧❡ ❞❡4 ❝2✐45❛❧❧✐5❡4 ❛✈❡❝ ❧❡ ♣2❡♠✐❡2 ❝✐4❛✐❧❧❡♠❡♥5✳
❊❧❧❡ ♥❡ ✈❛2✐❡ ❡♥4✉✐5❡ ♣❧✉4 ❛✉ ❝♦✉24 ❞✉ ❝✐4❛✐❧❧❡♠❡♥5✳
▲❛ ❞❡2♥✐R2❡ ♠♦②❡♥♥❡ ❞♦♥5 ♥♦✉4 ❞✐4♣♦4✐♦♥4 ❝♦22❡4♣♦♥❞ G ❧❛ ♠♦②❡♥♥❡ ❞❡4 5❛✐❧❧❡4
❞❡ ❝2✐45❛❧❧✐5❡4 ❞❡ ❢❡2 ε ❡♥ ♣❤❛4❡ ♠✐①5❡ ✭❛✉ ❝❡♥52❡✮✳ ❏✉4C✉✬❛✉ ❝✐4❛✐❧❧❡♠❡♥5 ✷✱ ❧❛
❞✐♠✐♥✉5✐♦♥ ❡45 2I❣✉❧✐R2❡✳ ❆ ♣❛25✐2 ❞❡ ❧❛ ❞❡✉①✐R♠❡ 2♦5❛5✐♦♥ ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ❧❛ 5❛✐❧❧❡
♠♦②❡♥♥❡ ❡45 45❛❜✐❧✐4I❡✳
✶✵✳✸✳✹ ❚❡①(✉*❡+ ♦❜+❡*✈/❡+
❊♥ ❋✐❣✳ ✶✵✳✽✱ ♦♥ ♠♦♥52❡ ❧❛ ❞✐452✐❜✉5✐♦♥ ❞❡4 5❡①5✉2❡4 ❧❡ ❧♦♥❣ ❞✉ ♣2♦✜❧ 52❛♥4✈❡24❛❧✳
▲❡ ♣❛4 ❞✬I❝❤❛♥5✐❧❧♦♥♥❛❣❡ ❡45 ❞❡ ✻✵ µ♠✳ ❊♥ ♣❤❛4❡ ♠✐①5❡✱ ♦♥ ♠♦♥52❡ ❧❡4 ✜❣✉2❡4 ❞❡
♣^❧❡4 ❞✉ ❢❡2 α ❡5 ❞✉ ❢❡2 ε✳ ▲❡4 ♣2♦♣♦25✐♦♥4 ❞❡ ❝❤❛C✉❡ ♣❤❛4❡ 4♦♥5 ✐♥❞✐C✉I❡4 ❡♥
♣♦✉2❝❡♥5❛❣❡✳ ▲❡4 ❝♦♥✈❡♥5✐♦♥4 ❞❡ ✜❣✉2❡4 ❞❡ ♣^❧❡ 4♦♥5 2❛♣♣❡❧I❡4 ❡♥ ❜❛4 ❞❡ ❧❛ ✜❣✉2❡✳
❊♥ ♣❤❛4❡ ♣✉2❡ ❞❡ ❢❡2 α✱ ♦♥ ♥❡ ♠♦♥52❡ ❡♥ 5♦✉5❡ ❧♦❣✐C✉❡ C✉❡ ❧❡4 ✜❣✉2❡4 ❞❡ ♣^❧❡ ❞✉
❢❡2 α✳
▲❛ 5❡①5✉2❡ ✐♥✐5✐❛❧❡ ❞❡ ❧❛ ❢❡✉✐❧❧❡ ❞❡ ❢❡2 ❡45 ✉♥❡ 5❡①5✉2❡ ✐♥❞✉452✐❡❧❧❡ 5②♣✐C✉❡ ❞❡
❧❛♠✐♥❛❣❡ ❬❲❡♥❦ ❛♥❞ ❍♦✉55❡✱ ✷✵✵✹❪✳
%♦✉2 ❧✬I5❛♣❡ ✶✱ 4❛♥4 ❝✐4❛✐❧❧❡♠❡♥5 ✭C✉✐ ❝❧^5✉2❡ ❧❛ ♠♦♥5I❡ ❡♥ ♣2❡44✐♦♥ ✐♥✐5✐❛❧❡✮ ♦♥
2❡52♦✉✈❡ ❧❛ 5❡①5✉2❡ ✐♥✐5✐❛❧❡ ❞❡ ❧❛♠✐♥❛❣❡ ♣♦✉2 ❧❡4 ♣♦✐♥54 ❞❡ ♠❡4✉2❡4 4✉2 ❧❡ ❢❡2 α
❡♥ ♣❤❛4❡ ♣✉2❡✱ 4♦✐5 ❡♥ ❞❡❤♦24 ❞❡ ❧❛ ③♦♥❡ ❝❡♥52❛❧❡ ♠✐①5❡✳ %❛2 ❛✐❧❧❡✉24✱ ♦♥ ♦❜4❡2✈❡
C✉❡ ❧❡4 5❡①5✉2❡4 ❞❛♥4 ❧❡ ❢❡2 ε ❝♦22❡4♣♦♥❡♥5 G ❞❡4 5❡①5✉2❡4 ❞❡ 52❛♥4❢♦2♠❛5✐♦♥ 4♦✉4
❧✬❡✛❡5 ❞✬✉♥❡ ❝♦♥52❛✐♥5❡ ♥♦♥✲❤②❞2♦45❛5✐C✉❡ ✭❝❢ %❛25✐❡ ♣2I❝I❞❡♥5❡✮ ❛✈❡❝ ❧❡4 ❛①❡4 c
❝2✐45❛❧❧♦❣2❛♣❤✐C✉❡4 ♦2✐❡♥5I4 ♣❡2♣❡♥❞✐❝✉❧❛✐2❡♠❡♥5 G ❧❛ ❞✐2❡❝5✐♦♥ ❞❡ ❝♦♠♣2❡44✐♦♥✳ ❆
❧✬✐♥✈❡24❡✱ ❧❡4 ❛①❡4 a 4♦♥5 2❡❣2♦✉♣I4 G ✵ ❡5 G ✻✵◦ ❞❡ ❧✬❛①❡ ❞❡ ❝♦♠♣2❡44✐♦♥✱ C✉✐ ❡45
❛✉44✐ ❧✬❛①❡ ❞❡ 2♦5❛5✐♦♥ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❈❡4 5❡①5✉2❡4 ❞❡ 52❛♥4❢♦2♠❛5✐♦♥ 4♦♥5 G ❧❛ ❢♦✐4
52R4 ❢♦25❡4 ❡5 52R4 ♦2✐❡♥5I❡4✳ ▲❡4 5❡①5✉2❡4 ♦❜4❡2✈I❡4 ❞❛♥4 ❧❡ ❢❡2 α 4♦♥5 ♣❧✉4 ❢❛✐❜❧❡4✱
② ❝♦♠♣2✐4 ❧❛ 5❡①5✉2❡ ✐♥✐5✐❛❧❡ ❞❡ ❧❛♠✐♥❛❣❡ ✭✐♥5❡♥4✐5I ❡♥52❡ ✵ ❡5 ✸ ♠✳2✳❞✳ ♣♦✉2 ❧❡ ❢❡2
α ❝♦♥52❡ ✵ G ✶✷ ♠✳2✳❞✳ ❛✈❡❝ ε✮✳
%♦✉2 ❧❡ ❝✐4❛✐❧❧❡♠❡♥5 ✶✱ ♦♥ 2❡52♦✉✈❡ ❝♦♠♣❧R5❡♠❡♥5 ❧❛ 5❡①5✉2❡ ❞❡ ❧❛♠✐♥❛❣❡ ❞✉
❢❡2 α ❡♥ ❣2❛♥❞❡ ♣I2✐♣❤I2✐❡ ❞❡ ❧✬I❝❤❛♥5✐❧❧♦♥✱ ±✷✹✵ µ♠✳ ❊♥52❡ ❧❛ ♣I2✐♣❤I2✐❡ ❡5 ❧❛
③♦♥❡ ❝❡♥52❛❧❡ ❡♥ 2❡✈❛♥❝❤❡✱ ❧❛ 5❡①5✉2❡ ❞✉ ❢❡2 α ♣✉2 ❛ ♥❡55❡♠❡♥5 ❞✐♠✐♥✉I ❞✬✐♥5❡♥✲
4✐5I ✭❞❡ ✵ G ✶✱✺ ♠✳2✳❞✳ ❡♥ ♠♦②❡♥♥❡✮✱ ❜✐❡♥ C✉✬♦♥ 2❡52♦✉✈❡ ❝❡25❛✐♥❡4 ♦2✐❡♥5❛5✐♦♥4
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❝3✐56❛❧❧♦❣3❛♣❤✐=✉❡5 ❞❡ ❧❛ 6❡①6✉3❡ ❞❡ ❧❛♠✐♥❛❣❡✳ %♦✉3 ❧❡ ❢❡3 ε F❣❛❧❡♠❡♥6✱ ♦♥ ♦❜5❡3✈❡
F❣❛❧❡♠❡♥6 ❞❡5 ❝❤❛♥❣❡♠❡♥65✳ ❙✐ ❧❛ 6❡①6✉3❡ J ✲✻✵ µ♠ ❡56 5✐♠✐❧❛✐3❡✱ ❜✐❡♥ =✉❡ ♠♦✐♥5
✐♥6❡♥5❡ ✭❞❡ ❧✬♦3❞3❡ ❞❡ ✽✱✺ ♠✳3✳❞✳ 5❡✉❧❡♠❡♥6✱ ♣❛3 3❛♣♣♦36 J ✶✷ ♠✳3✳❞✳ ❛✈❛♥6 ❝✐5❛✐❧❧❡✲
♠❡♥6✮✱ ❧❡5 6❡①6✉3❡5 ❞❡ ❢❡3 ε J ✵ ❡6 ✻✵ µ♠ 5♦♥6 ❝♦♠♣❧T6❡♠❡♥6 ✐♥✈❡35F❡5✱ ❛✈❡❝ ✉♥
❛❧✐❣♥❡♠❡♥6 ❞❡5 ❛①❡5 c ❧❡ ❧♦♥❣ ❧❛ ❞✐3❡❝6✐♦♥ ❞❡ ❝♦♠♣3❡55✐♦♥✱ ❛❧♦35 =✉❡ ❧❡5 ❛①❡5 a
5♦♥6 ♠❛✐♥6❡♥❛♥6 ♣❡3♣❡♥❞✐❝✉❧❛✐3❡5 J ❝❡66❡ ♠U♠❡ ❞✐3❡❝6✐♦♥✳ ❈❡❧❛ ❝♦33❡5♣♦♥❞ J ✉♥❡
6❡①6✉3❡ ❞❡ ❝♦♠♣3❡55✐♦♥ ❬❘♦❧❧❡66 ❛♥❞ ❲3✐❣❤6✱ ✶✾✾✽❪✱ ❝❧❛55✐=✉❡ ❞❛♥5 ❧❡ ❢❡3 ❤❝ ❬❲❡♥❦
❡6 ❛❧✳✱ ✷✵✵✵❜✱ ▼❡3❦❡❧ ❡6 ❛❧✳✱ ✷✵✵✹❪✳ ❈❡66❡ 6❡①6✉3❡ ❡56 ♣❛36✐❝✉❧✐T3❡♠❡♥6 ♦3✐❡♥6F❡ ❛✉
❝❡♥63❡ ❞❡ ❧✬F❝❤❛♥6✐❧❧♦♥ ❡6 ✉♥ ♣❡✉ ♠♦✐♥5 ♦3✐❡♥6F❡ J ✻✵ µ♠✳
%♦✉3 ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ✷✱ ♦♥ 3❡63♦✉✈❡ J ♥♦✉✈❡❛✉ ❧❡5 6❡①6✉3❡5 ❞❡ ❧❛♠✐♥❛❣❡ J ❧❛
♣F3✐♣❤F3✐❡✱ J ±✷✹✵ µ♠✳ ❊♥63❡ ❝❡66❡ ♣F3✐♣❤F3✐❡ ❡6 ❧❛ ③♦♥❡ ❝❡♥63❛❧❡ ♠✐①6❡✱ ❧❡5 6❡①6✉3❡5
5♦♥6 ♠❛✐♥6❡♥❛6 ♣3❡5=✉❡ ❛❧F❛6♦✐3❡5✳ %♦✉3 ❧❡ ❢❡3 ε✱ ❧❛ 6❡①6✉3❡ ❛✉ ❝❡♥63❡ ❞❡ ❧✬F❝❤❛♥6✐❧❧♦♥
❡56 3❡♣3F5❡♥6❛6✐✈❡ ❞❡ ❧❛ 6❡①6✉3❡ ❞❡ 6♦✉5 ❧❡5 ♣♦✐♥65 ❝♦♠♣3✐5 ❡♥63❡ ❧❡5 6❡①6✉3❡5 J ✲✻✵ ❡6
✻✵ µ♠✱ =✉✐ 5♦♥6 ❞❡5 6❡①6✉3❡5 =✉✬♦♥ ♥❡ 3❡63♦✉✈❡ =✉✬J ❧❛ ❧✐♠✐6❡ ❛✈❡❝ ❧❡ ❢❡3 α ♣✉3✳ ▲❛
6❡①6✉3❡ J ✵ µ♠ ❡56 6♦✉❥♦✉35 ✉♥❡ 6❡①6✉3❡ ❞❡ ❝♦♠♣3❡55✐♦♥✱ ♠❛✐5 ❡❧❧❡ ❡56 ♠♦✐♥5 ✐♥6❡♥5❡
=✉✬❛♣3T5 ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ✶✳ ❉❡ ♠U♠❡✱ ♦♥ 3❡63♦✉✈❡ ❡♥ ❜♦3❞✉3❡ ✭J ✲✻✵ ❡6 ✻✵ µ♠✮ ❞❡5
6❡①6✉3❡5 5✐♠✐❧❛✐3❡5 J ❝❡❧❧❡ 5✐6✉F❡ J ✲✻✵ µ♠ ♣♦✉3 ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ✶✱ ❡♥ ♠♦✐♥5 ✐♥6❡♥5❡✳
❋✐♥❛❧❡♠❡♥6✱ ♣♦✉3 ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ✸✱ ♦♥ ❝♦♠♠❡♥❝❡ J ♣❡3❞3❡ ❧❛ 6❡①6✉3❡ ❞❡ ❧❛♠✲
✐♥❛❣❡ ❡♥ ♣F3✐♣❤F3✐❡ ✿ ❧✬✐♥6❡♥5✐6F ❞✐♠✐♥✉❡ ❡6 ❞❡5 ♦3✐❡♥6❛6✐♦♥5 ❛❧F❛6♦✐3❡5 5✬❛❥♦✉6❡♥6
❛✉① ♦3✐❡♥6❛6✐♦♥5 ❤F3✐6F❡5 ❞❡ ❧❛ 6❡①6✉3❡ ✐♥✐6✐❛❧❡✳ %♦✉3 ❧❡ ❢❡3 α ♣✉3✱ ♥♦♥ ♣F3✐♣❤F3✐=✉❡✱
♦♥ ❝♦♥56❛6❡ =✉❡ ❧❡5 6❡①6✉3❡5 5♦♥6 6♦✉❥♦✉35 63T5 ❢❛✐❜❧❡5 ♠❛✐5 =✉✬❡❧❧❡5 5♦♥6 ✉♥ ♣❡✉
♣❧✉5 ✐♥6❡♥5❡5 =✉✬❛♣3T5 ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ✷✳ ❖♥ ❞✐56✐♥❣✉❡ ❧✬F❜❛✉❝❤❡ ❞✬✉♥❡ ♦3✐❡♥6❛6✐♦♥
♣3F❢F3❡♥6✐❡❧❧❡ ♠❛3=✉F❡ ♣❛3 ✉♥ ❛❧✐❣♥❡♠❡♥6 3❡563❡✐♥6 ❞❡5 ♣❧❛♥5 ❝3✐56❛❧❧♦❣3❛♣❤✐=✉❡5
100 5❡❧♦♥ ✉♥❡ ❞✐3❡❝6✐♦♥ ♣❡3♣❡♥❞✐❝✉❧❛✐3❡ J ❧❛ ❞✐3❡❝6✐♦♥ 63❛♥5✈❡35❛❧❡ ✭3❛❞✐❛❧❡✮✳ ▲❡5
6❡①6✉3❡5 ❞❡ ❢❡3 ε 5♦♥6 ❞❡5 6❡①6✉3❡5 ❞❡ ❝♦♠♣3❡55✐♦♥✳ ▲❡✉3 ✐♥6❡♥5✐6F ❛ J ♥♦✉✈❡❛✉
❞✐♠✐♥✉F ♣❛3 3❛♣♣♦36 ❛✉ ❝✐5❛✐❧❧❡♠❡♥6 ✷✳
❙✐ ♦♥ 3❡❣❛3❞❡ ♠❛✐♥6❡♥❛♥6 ♣❧✉5 ♣❛36✐❝✉❧✐T3❡♠❡♥6 ❧❡5 6❡①6✉3❡5 ❞❡ ❢❡3 α J ±✷✹✵ µ♠
✭6❡①6✉3❡ ✐♥✐6✐❛❧❡ ❞❡ ❧❛♠✐♥❛❣❡✮ ❡6 ❝❡❧❧❡5 ❞✉ ❢❡3 ε ❛✉ ❝❡♥63❡✱ ♦♥ ✈♦✐6 ✉♥❡ 3♦6❛6✐♦♥
✐♠♣♦36❛♥6❡ ❞❡5 ♦3✐❡♥6❛6✐♦♥5 ❝3✐56❛❧❧♦❣3❛♣❤✐=✉❡5 J ❝❤❛=✉❡ F6❛♣❡ ❞❡ ❝✐5❛✐❧❧❡♠❡♥6✳
▲❡5 ❛♥❣❧❡5 ❞❡ 3♦6❛6✐♦♥ 5♦♥6 F❧❡✈F5✱ ❞❡ ❧✬♦3❞3❡ ❞❡ ✸✵✲✸✺
◦
✳ ■❧ 5✬❛❣✐6 ♣❧✉6a6 ❞✬✉♥❡
♦❜5❡3✈❛6✐♦♥ ❞❡ ❧✬❡♥63❛b♥❡♠❡♥6 ❞❡ ❧✬F❝❤❛♥6✐❧❧♦♥ ♣❛3 ❧✬❡♥❝❧✉♠❡ =✉❡ ❞✬✉♥❡ ❡56✐♠❛6✐♦♥
❞❡ ❧✬❛♥❣❧❡ ❞❡ ❝✐5❛✐❧❧❡♠❡♥6 3F❡❧ ✭❋✐❣✳ ✶✵✳✸✮✳
%♦✉3 ❝♦♥❝❧✉3❡ 5✉3 ❧❡5 6❡①6✉3❡5✱ ♦♥ ♥♦6❡ =✉❡ ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ❛ ♣♦✉3 ❡✛❡6 ❞✬✐♥✲
✈❡35❡3 ❧✬♦3✐❡♥6❛6✐♦♥ ❞❡5 6❡①6✉3❡5 ❞❡ ❢❡3 ε ❝❡♥63❛❧❡5✱ ❡♥ ❞✐♠✐♥✉❛♥6 ♥♦6❛❜❧❡♠❡♥6 ❧❡✉3
✐♥6❡♥5✐6F✳ %♦✉3 ❧❡ ❢❡3 α ❢♦36❡♠❡♥6 ❞F❢♦3♠F ♣❧❛56✐=✉❡♠❡♥6✱ ❧❛ 6❡①6✉3❡ ✐♥✐6✐❛❧❡ ❞❡ ❧❛♠✲
✐♥❛❣❡ ❡56 ❝♦♠♣❧T6❡♠❡♥6 ❡✛❛❝F❡ ❡6 ♦♥ 3F❝✉♣T3❡ ❞❡5 6❡①6✉3❡5 ❛❧F❛6♦✐3❡5✱ ❛✈❡❝ ♣❡✉6
U63❡ ❧✬❛♣♣❛3✐6✐♦♥ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ♦3✐❡♥6❛6✐♦♥ ❛♣3T5 ❧❡ ❝✐5❛✐❧❧❡♠❡♥6 ✸✳
✶✵✳✸✳✺ ❙✐♠✉❧❛+✐♦♥ ❞❡ ❧❛ +0❛♥1✐+✐♦♥
◆♦✉5 ✈F3✐✜♦♥5 ✐❝✐ 5✐ ❧❡5 ♦❜5❡3✈❛6✐♦♥5 ❞❡ ❧❛ %❛36✐❡ ♣3F❝F❞❡♥6❡ ❡♥ ❝♦♥❞✐6✐♦♥5 =✉❛5✐✲
❤②❞3♦56❛6✐=✉❡5 5✬❛♣♣❧✐=✉❡♥6 F❣❛❧❡♠❡♥6 ♣♦✉3 ❞❡5 ❝♦♥❞✐6✐♦♥5 ❡①♣F3✐♠❡♥6❛❧❡5 ❝❧❛✐3❡✲
♠❡♥6 ♥♦♥✲❤②❞3♦56❛6✐=✉❡5✳ ◆♦✉5 ❢❛✐5♦♥5 ❞♦♥❝ ✉♥❡ 5✐♠✉❧❛6✐♦♥ ❞❡ ❧❛ 63❛♥5✐6✐♦♥ ❞❡
♣❤❛5❡ J ♣❛36✐3 ❞❡ ❧❛ 6❡①6✉3❡ ✐♥✐6✐❛❧❡ ❞❡ ❧❛♠✐♥❛❣❡ ✭♦♥ ♣3❡♥❞ ❧❡ ♣♦✐♥6 ❞❡ ♠❡5✉3❡ J
✲✷✹✵ µ♠ ❛✉ 56❛❞❡ ▼✶✱ ❛✈❡❝ ❛✉❝✉♥ ❝✐5❛✐❧❧❡♠❡♥6✮✳ ❖♥ ❝♦♠♣❛3❡ ❡♥5✉✐6❡ ♥♦5 3F5✉❧6❛65
❞❡ 5✐♠✉❧❛6✐♦♥5 ❛✈❡❝ ❧❛ 6❡①6✉3❡ ❞❡ 63❛♥5❢♦3♠❛6✐♦♥ ♦❜6❡♥✉❡ ♣♦✉3 ❧❡ ❢❡3 ε J ✵ µ♠✳
✷✶✵
✶✵✳✸ ❘%&✉❧)❛)&
❋✐❣✉$❡ ✶✵✳✾ ✕ ▲✐❣♥❡ ❞❡ ❧✉♠✐./❡ ■❉✷✼ ♣♦✉/ ❧❡6 ❤❛✉9❡6 ♣/❡66✐♦♥6✳ ▲❡6 ❞✐✛;/❡♥9❡6
✉♥✐9;6 69/✉❝9✉/❛❧❡6 ❡9 /❡66♦✉/❝❡6 ❡①♣;/✐♠❡♥9❛❧❡6✱ ♠✐6 ? ♣❛/9 ❧❡ ❧❛❜♦/❛9♦✐/❡ ❞❡ ❤❛✉9❡✲
♣/❡66✐♦♥ ♣♦✉/ ❧❛ ♣/;♣❛/❛9✐♦♥ ❞❡6 ;❝❤❛♥9✐❧❧♦♥6✱ 6♦♥9 ♣/;6❡♥9;❡6✳
❊9❛♥9 ❞♦♥♥; C✉❡ ❧❛ 9❡①9✉/❡ ❞✉ ❢❡/ ε ❡69 9/.6 ♦/✐❡♥9;❡✱ ❛✈❡❝ ❞❡6 ❛①❡6 c ♣❡/✲
♣❡♥❞✐❝✉❧❛✐/❡6 ? ❧❛ ❞✐/❡❝9✐♦♥ ❞❡ ❝♦♠♣/❡66✐♦♥✱ ♦♥ ❞;❝✐❞❡ ❞✬❛♣♣❧✐C✉❡/ ❧❡6 ❝/✐9./❡6 ❞❡
6✐♠✉❧❛9✐♦♥ ❞❡ ❧❛ 9/❛♥6✐9✐♦♥ α → ε ❛✈❡❝ 6;❧❡❝9✐♦♥ ❞❡ ✈❛/✐❛♥9 ✭❝❢ ❙❡❝9✐♦♥ ✽✳✸✳✸✳✶✱ ♣❛❣❡
✶✺✾✮✳ ▲❡6 /;6✉❧9❛96 ❞❡ ❧❛ 6✐♠✉❧❛9✐♦♥ ❛✈❡❝ 6;❧❡❝9✐♦♥ ❞❡ ✈❛/✐❛♥9 ❛✈❡❝ ❧❡ ♠;❝❛♥✐6♠❡ ❞❡
❇✉/❣❡/6 ❬✶✾✸✹❪ ❡9 ✉♥ ❝/✐9./❡ ❛♥❣✉❧❛✐/❡ ❞❡ ✽
◦
6♦♥9 ♣/;6❡♥9;6 ❡♥ ❋✐❣✳ ✶✵✳✾✳
▲❛ ❝♦♠♣❛/❛✐6♦♥ ❡♥9/❡ ❧❛ 9❡①9✉/❡ 6✐♠✉❧;❡ ❞❡ ❢❡/ ε ❡9 ❧❛ 9❡①9✉/❡ ♦❜6❡/✈;❡ ❡69 9/.6
❝♦♥✈❛✐♥❝❛♥9❡✳ ▲❡6 ♦/✐❡♥9❛9✐♦♥6 ♣/;❢;/❡♥9✐❡❧❧❡6 ♣/✐♥❝✐♣❛❧❡6 6✐♠✉❧;❡6 6♦♥9 ❝♦❤;/❡♥9❡6
❡9 ❣❧♦❜❛❧❡♠❡♥9 ❜✐❡♥ /❡♣/;6❡♥9❛9✐✈❡6 ❞❡6 ♦/✐❡♥9❛9✐♦♥6 /;❡❧❧❡6✳ ❉❡ ♠❛♥✐./❡ ❣;♥;/❛❧❡✱
♥♦9/❡ ♠♦❞.❧❡ ❞❡ 6✐♠✉❧❛9✐♦♥ ❞❡6 9❡①9✉/❡6 ♣❡/♠❡9 ❞♦♥❝ ;❣❛❧❡♠❡♥9 ❞❡ 6✐♠✉❧❡/ ❧❛
9/❛♥6✐9✐♦♥ ❞❡ ♣❤❛6❡ α → ε✱ ② ❝♦♠♣/✐6 ❡♥ ❝♦♥❞✐9✐♦♥6 ♥♦♥✲❤②❞/♦69❛9✐C✉❡6✳
▲❡ ❝/✐9./❡ ❛♥❣✉❧❛✐/❡ ✉9✐❧✐6; ❡69 ❞❡ ✽
◦
✱ ❝❡ C✉✐ ❡69 ❡♥9/❡ ✺ ✭♠;9❤❛♥♦❧✲;9❤❛♥♦❧✮
❡9 ✶✵ ✭❤;❧✐✉♠✮✳ ❈✬❡69 ? ♣/❡♠✐./❡ ✈✉❡ ❛66❡③ 6✉/♣/❡♥❛♥9 ❝❛/ ♦♥ 6✬❛99❡♥❞/❛✐9 ? U9/❡
♣❧✉6 ♣/♦❝❤❡ ❞❡ ❧❛ ✈❛❧❡✉/ ❞✉ ♠;9❤❛♥♦❧✲;9❤❛♥♦❧✱ ❝❡❧✉✐✲❝✐ ;9❛♥9 ❧❡ ♠✐❧✐❡✉ 9/❛♥6♠❡99❡✉/
❞❡ ♣/❡66✐♦♥ ❧❡ ♠♦✐♥6 ❤②❞/♦69❛9✐C✉❡ ❞❡6 ❞❡✉①✳ ❈❡♣❡♥❞❛♥9✱ ❧♦/6C✉✬♦♥ ❛♣♣❧✐C✉❡ ✉♥
❝/✐9./❡ ❞❡ ✺
◦
✱ ❧❛ 9❡①9✉/❡ ❞❡ ❢❡/ ε ♦❜9❡♥✉❡ ❡69 9/♦♣ ❢❛✐❜❧❡ ♣❛/ /❛♣♣♦/9 ? ❧❛ 9❡①9✉/❡
❡①♣;/✐♠❡♥9❛❧❡✳ ■❧ ❡69 ♣♦66✐❜❧❡ C✉❡ ❧❛ 9❡①9✉/❡ ✐♥✐9✐❛❧❡ ❞❡ ❧❛♠✐♥❛❣❡ ❞❡ ❝❡9 ;❝❤❛♥9✐❧❧♦♥
6♦✐9 ♠♦✐♥6 ❢❛✈♦/❛❜❧❡ ? ❝❡ ❝/✐9./❡ ❞❡ 6;❧❡❝9✐♦♥ ❞❡ ✈❛/✐❛♥9✳
✶✵✳✸✳✻ ❊&❛& ❞❡ ❝♦♥&-❛✐♥&❡/
❊♥ ✉9✐❧✐6❛♥9 ❧❛ ✈❛/✐❛9✐♦♥ /❛❞✐❛❧❡ ❞❡6 ❞✐69❛♥❝❡6 ✐♥9❡//;9✐❝✉❧❛✐/❡6 ❞❡6 ❞✐✛;/❡♥96
♣✐❝6 ❞❡ ❞✐✛/❛❝9✐♦♥✱ ♦♥ ♣❡✉9 /❡❝♦♥69✐9✉❡/ ❧✬;9❛9 ❞❡ ❝♦♥9/❛✐♥9❡ ❞❛♥6 ❧✬;❝❤❛♥9✐❧❧♦♥ ❡9
❝♦♥69/✉✐/❡ ❧❡ ✈❡❝9❡✉/ /❡♣/;6❡♥9❛9✐❢ ❞❡ ❧❛ ❝♦♥9/❛✐♥9❡ ❞❡ ❝✐6❛✐❧❧❡♠❡♥9✳ ❊♥ 9❤;♦/✐❡✱ ✉♥
♠U♠❡ ♣♦✐♥9 ❞❡ ♠❡6✉/❡ ❞❡ ❞✐✛/❛❝9✐♦♥ ❞♦✐9 ❞♦♥♥❡/ ❧❛ ♠U♠❡ ♦/✐❡♥9❛9✐♦♥ ❡9 ❧❛ ♠U♠❡
❛♠♣❧✐9✉❞❡ ♣♦✉/ 9♦✉6 ❧❡6 ♣✐❝6 ❞❡ ❞✐✛/❛❝9✐♦♥✳
❊♥ ❋✐❣✳ ✶✵✳✶✵✱ ♦♥ ♣/;6❡♥9❡ ❧✬;✈♦❧✉9✐♦♥ ❞❡ ❧✬;9❛9 ❞❡ ❝♦♥9/❛✐♥9❡ ❝✐6❛✐❧❧❛♥9❡ ❧❡ ❧♦♥❣
❞✉ ♣/♦✜❧ 9/❛♥6✈❡/6❛❧ ❛✈❡❝ ❧❡ ❝✐6❛✐❧❧❡♠❡♥9✳
✷✶✶
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
❋✐❣✉$❡ ✶✵✳✶✵ ✕ ❊6❛6 ❞❡ ❝♦♥6=❛✐♥6❡? ❞❡ ❝✐?❛✐❧❧❡♠❡♥6 ❛✉ ❝♦✉=? ❞❡ ❧✬❡①♣E=✐❡♥❝❡✳ ▲❡?
6=♦✐? E6❛♣❡? ❞❡ ❝✐?❛✐❧❧❡♠❡♥6 ?♦♥6 ♣=E?❡♥6E❡?✳ ▲❡? ✢G❝❤❡? =❡♣=E?❡♥6❡♥6 ❧❡? ❣=❛❞✐❡♥6?
❞❡ ❞E♣❧❛❝❡♠❡♥6✳ ❊♥ =♦✉❣❡✱ ❧❡? ❣=❛❞✐❡♥6? ❝❛❧❝✉❧E? K ♣❛=6✐= ❞❡ ❧✬❛❥✉?6❡♠❡♥6 ❞❡ ❧❛
✈❛=✐❛6✐♦♥ ❞❡ ❧❛ ❞✐?6❛♥❝❡ ✐♥6❡==E6✐❝✉❧❛✐=❡ ❞❡? ♣❧❛♥? ❝=✐?6❛❧❧♦❣=❛♣❤✐N✉❡? 110 ✭❝❝✮ ❡6
112̄0 ✭❤❝✮ ❀ ❡♥ ❜❧❡✉✱ ❝❡✉① ❞❡ 200 ✭❝❝✮ ❡6✴♦✉ 202̄0 ✭❤❝✮ ❀ ❡♥ ✈❡=6✱ ❝❡✉① ❞❡ 002 ✭❝❝✮
❡6✴♦✉ 0002 ✭❤❝✮✳
❖♥ ✈♦✐6 N✉❡✱ N✉❡❧ N✉❡ ?♦✐6 ❧✬❛✈❛♥❝❡♠❡♥6 ❞✉ ❝✐?❛✐❧❧❡♠❡♥6✱ ❧✬E6❛6 ❞❡ ❝♦♥6=❛✐♥6❡ ❡?6
♣❧✉6T6 ❝❤❛♦6✐N✉❡✳ %♦✉= ✉♥ ♠U♠❡ ♣♦✐♥6 ❞❡ ♠❡?✉=❡✱ ❧❡? ❞✐✛E=❡♥6? ♣✐❝? ❞❡ ❞✐✛=❛❝6✐♦♥
♥♦✉? ❞♦♥♥❡♥6 ❞❡? ❝♦♥6=❛✐♥6❡? =❛❞✐❝❛❧❡♠❡♥6 ❞✐✛E=❡♥6❡?✳ ❖♥ ♥❡ ♣❛=✈✐❡♥6 ♣❛? K ❞E✜♥✐=
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❣❧♦❜❛❧❡♠❡♥3 3.O& ❢♦.3❡♠❡♥3 ❞✐♠✐♥✉6❡✳ ■❧ ❡①✐&3❡ ♣❡✉3✲@3.❡ ✉♥ ❞6❜✉3 ❞❡ .6♦.✐❡♥3❛3✐♦♥
❞❡& ❣.❛✐♥& ❞❡ ❢❡. α ❛♣.O& ❧❡ ❝✐&❛✐❧❧❡♠❡♥3 ✸ ♠❛✐& ❝❡❧✉✐✲❝✐ .❡&3❡ ❞❡ 3.O& ❢❛✐❜❧❡ ❛♠♣❧❡✉.✳
❆✐♥&✐✱ ❧✬✐♥3❡♥&✐36 ♠♦②❡♥♥❡ ❞❡ ❧✬6❝❤❛♥3✐❧❧♦♥ ❞❡ ❞6♣❛.3 ❛ 636 .6❞✉✐3❡ ❞✬✉♥ ❢❛❝3❡✉. ✸ >
✹✳
✶✵✳✹✳✶✳✸ ❇✐❧❛♥ ✿ ?✉❡❧ ❛❝❝♦"❞ ❛✈❡❝ ❧❡* *✐♠✉❧❛#✐♦♥* ❞❡ ▲❡✈✐#❛* ❛♥❞ ❩❛"❡❝❤♥②②
❬✷✵✶✵❛❪ ❄
▲❡& ❝♦♥❝❡♥3.❛3✐♦♥& 6❧❡✈6❡& ❞❡ ❢❡. ε ❛✉ ❝❡♥3.❡ ❞✉ ♣.♦✜❧ ❛✈❛♥3 ♠@♠❡ ❞❡ ❝♦♠✲
♠❡♥❝❡. ❧❡ ❝✐&❛✐❧❧❡♠❡♥3 &♦♥3 ❜✐❡♥ ❛✉ ❞❡&&✉& ❞❡& 54% ✐♥✐3✐❛✉① <✉❡ ♣.6✈♦✐3 ❧❛ &✐♠✉✲
❧❛3✐♦♥ ❞❡ ▲❡✈✐3❛& ❛♥❞ ❩❛.❡❝❤♥②② ❬✷✵✶✵❛❪✳ ▲❛ ❝♦♠♣.❡&&✐♦♥ &❡✉❧❡ ♣❡.♠❡3 ❞♦♥❝ ❜✐❡♥
❞✬❛33❡✐♥❞.❡ ✉♥❡ ♣❤❛&❡ ❞❡ ❤❛✉3❡ ♣.❡&&✐♦♥✱ &✐♥♦♥ ♣✉.❡✱ ❝❧❛✐.❡♠❡♥3 ♠❛❥♦.✐3❛✐.❡✱ ❛✉
❝❡♥3.❡✳ ❈❡❧❛ ❡&3 3♦✉3❡❢♦✐& ❝♦❤6.❡♥3 ❛✈❡❝ ❧❡& .6&✉❧3❛3& ❞❡ ▲❡✈✐3❛& ❛♥❞ ❩❛.❡❝❤♥②②
❬✷✵✶✵❛❪ <✉✐ ✐♥❞✐<✉❡♥3 <✉❡ ❧❛ ❝♦♠♣.❡&&✐♦♥ &❡✉❧❡ ♥❡ ♣❡.♠❡3 ♣❛& ❞✬♦❜3❡♥✐. ✶✵✵✪ ❞❡
❢❡. ❤❝ ❛✉ ❝❡♥3.❡ ❞❡ ❧✬6❝❤❛♥3✐❧❧♦♥✳
◆♦✉& ♥✬❛✈♦♥& ♣❛& ♠✐& ❡♥ 6✈✐❞❡♥❝❡ ❞✬❡✛❡3 ♣♦&✐3✐❢ ❞✉ ❝✐&❛✐❧❧❡♠❡♥3 &✉. ❧❛ 3.❛♥&✲
❢♦.♠❛3✐♦♥ ❞❡ ♣❤❛&❡✳ ❊♥ ❡✛❡3✱ ♥♦✉& ❛✈♦♥& ♦❜&❡.✈6 <✉❡ ❧❛ ♣.♦♣♦.3✐♦♥ ❞❡ ❣.❛✐♥& ❞❡
❢❡. α ❞❛♥& ❧❛ ③♦♥❡ ♠✐①3❡ ♥✬❛ ♣❛& 6✈♦❧✉6❡ ❛✉ ❝♦✉.& ❞✉ 3❡♠♣&✳ ❈❡33❡ ♦❜&❡.✈❛3✐♦♥
❡&3 ✐♥❝♦❤6.❡♥3❡ ❛✈❡❝ ❧❡& .6&✉❧3❛3& ❞❡ &✐♠✉❧❛3✐♦♥ ❞❡ ▲❡✈✐3❛& ❛♥❞ ❩❛.❡❝❤♥②② ❬✷✵✶✵❛❪
<✉✐ ♠♦♥3.❡♥3 <✉❡ ❧✬❛♣♣❧✐❝❛3✐♦♥ ❞✬✉♥ ❝✐&❛✐❧❧❡♠❡♥3 &✉♣♣❧6♠❡♥3❛✐.❡ ❛♣.O& ❝♦♠♣.❡&&✐♦♥
♣❡.♠❡3 ❞✬❛33❡✐♥❞.❡ .❛♣✐❞❡♠❡♥3 ❧❛ ♣❤❛&❡ ♣✉.❡✳ ◆♦3♦♥& ❝❡♣❡♥❞❛♥3 <✉✬♦♥ &❡ 3.♦✉✈❡
♣❡✉3✲@3.❡ 3.♦♣ ❜❛& ❡♥ ♣.❡&&✐♦♥ ✭✶✷ ●\❛✮ ♣♦✉. <✉❡ ❧❡ ❝✐&❛✐❧❧❡♠❡♥3 ♣✉✐&&❡ ❥♦✉❡. &♦♥
.^❧❡ ❞✬❛❝3✐✈❛3❡✉. ❞❡ ❧❛ 3.❛♥&❢♦.♠❛3✐♦♥✳ ❆ ❝❡ &✉❥❡3✱ ♥♦✉& ♥❡ ♣♦✉✈♦♥& ♣❛& ♥♦♥ ♣❧✉&
❝♦♥✜.♠❡. ❧❛ &3❛❜✐❧✐&❛3✐♦♥ ❞✉ ❢❡. ε ♣❛. ❧❡ ❝✐&❛✐❧❧❡♠❡♥3 ♣♦✉. ❞❡✉① .❛✐&♦♥& ✿ ✶✮ ❧❛ ♣.❡&✲
&✐♦♥ ❛✉ ❝❡♥3.❡✱ ❜✐❡♥ <✉❡ ❢❛✐❜❧❡✱ ❡&3 &✉♣6.✐❡✉.❡ > ❧❛ ♣.❡&&✐♦♥ ❞❡ ❞6❜✉3 ❞❡ ❧❛ 3.❛♥&✐3✐♦♥
✐♥✈❡.&❡✱ ❡3 ✷✮ ❧❛ ❝♦♥3.❛✐♥3❡ ❝✐&❛✐❧❧❛♥3❡ ❡&3 3.O& ❢❛✐❜❧❡ ❛✉ ❝❡♥3.❡ ❞❡ ❧✬6❝❤❛♥3✐❧❧♦♥✳
✷✶✺
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
❉❛♥4 ❧❡✉84 4✐♠✉❧❛;✐♦♥4✱ ▲❡✈✐;❛4 ❛♥❞ ❩❛8❡❝❤♥②② ❬✷✵✶✵❛❪ ♦♥; ♠✐4 ❡♥ ❛✈❛♥; ❧❡
❢❛✐; J✉❡ ❧❛ ;♦84✐♦♥ K;❛✐; L ❧✬♦8✐❣✐♥❡ ❞✬✉♥ ❢♦8; ✢✉❛❣❡ ❞✉ ❝❡♥;8❡ ✈❡84 ❧❛ ♣K8✐♣❤K8✐❡
❞✉ ♠❛;K8✐❛✉✱ J✉✐ ❛❜♦✉;✐; L ✉♥❡ 8❛♣✐❞❡ ❞K❝8♦✐44❛♥❝❡ ❞❡ ❧✬K♣❛✐44❡✉8 ❞❡ ❧✬K❝❤❛♥;✐❧❧♦♥✳
◆♦✉4 ❛✈♦♥4 K❣❛❧❡♠❡♥; ♣✉ ♠♦♥;8❡8 ❧✬❡①✐4;❡♥❝❡ ❞❡ ❝❡ ✢✉❛❣❡✱ ♥♦;❛♠♠❡♥; ❡♥ ;❡8♠❡4 ❞❡
4♦♥ ❡✛❡; 4✉8 ❧❡4 ❣8❛❞✐❡♥;4 ❞❡ ♣8❡44✐♦♥ ❡; 4✉8 ❧✬❛♠✐♥❝✐44❡♠❡♥; ❞❡ ❧✬✐♥;❡8❢❛❝❡ ❡♥;8❡ ❧❡4
♣❤❛4❡4 ❝8✐4;❛❧❧✐♥❡4✳ ▲❡4 ♣8♦♣♦8;✐♦♥4 ❞❡ ♣❤❛4❡ ♦♥; K❣❛❧❡♠❡♥; ♣✉ ♠❡;;8❡ ❡♥ K✈✐❞❡♥❝❡
❧✬❡①✐4;❡♥❝❡ ❞✬✉♥ ❞K♣❧❛❝❡♠❡♥; ❞✉ ❢❡8 ε ✈❡84 ❧❛ ♣K8✐♣❤K8✐❡ ❞❡ ❧✬K❝❤❛♥;✐❧❧♦♥✱ ❡♥ ❛❝❝♦8❞
❛✈❡❝ ❧❡4 ♦❜4❡8✈❛;✐♦♥4 ❞❡ ▲❡✈✐;❛4 ❛♥❞ ❩❛8❡❝❤♥②② ❬✷✵✶✵❛❪✳
❯♥ ❞❡8♥✐❡8 ♣♦✐♥; ;8T4 ✐♠♣♦8;❛♥; ❝♦♥❝❡8♥❡ ❧✬K;❛; ❞❡ ❝♦♥;8❛✐♥;❡✳ ❈♦♥;8❛✐8❡♠❡♥;
L ❧✬K;❛; ❞❡ ❝♦♥;8❛✐♥;❡ ✭❞❡ ❝✐4❛✐❧❧❡♠❡♥;✮ 4✐♠♣❧❡ ❞K❝8✐; ♣❛8 ▲❡✈✐;❛4 ❛♥❞ ❩❛8❡❝❤♥②②
❬✷✵✶✵❛❪✱ ❝❡❧✉✐ J✉✬♦♥ ;8♦✉✈❡ ❡4; ❡①;8W♠❡♠❡♥; ❝♦♠♣❧❡①❡✳ ❈❡❧❛ ♥❡ 4❛✉8❛✐; 4✬❡①♣❧✐J✉❡8
✉♥✐J✉❡♠❡♥; ♣❛8 ❧✬❡①✐4;❡♥❝❡ ❞✬✉♥ 8❡❜♦♥❞ ❛✉① ❡①;8K♠✐;K4 ❞❡ ❧✬K❝❤❛♥;✐❧❧♦♥ ❞X L ✉♥
❡①❝T4 ❞❡ ♠❛;✐T8❡ ❛♣♣♦8;K❡ ❞❡♣✉✐4 ❧❡ ❝❡♥;8❡✳ ▲❛ ❞K❢♦8♠❛;✐♦♥ ♣❧❛4;✐J✉❡ ❞❛♥4 ❧❡ ❢❡8
α ❡4; ❛♣♣❛8❡♠♠❡♥; ❛✉;8❡♠❡♥; ♣❧✉4 ❝♦♠♣❧✐J✉K❡ J✉❡ ❝❡ J✉❡ ♣8K✈♦✐; ✉♥ K;❛; ❞❡
❝♦♥;8❛✐♥;❡ ❞❡ ❝✐4❛✐❧❧❡♠❡♥; 4✐♠♣❧❡✳
✶✵✳✹✳✷ ❘❡'♦✉* +✉* ❧❡ ♥♦✉✈❡❛✉ ♣*♦'♦'②♣❡ ❞❡ ❘❉❆❈
 ♦✐♥$% ♣♦%✐$✐❢%
▲❡ ♣♦✐♥; ♣♦4✐;✐❢ ♠❛❥❡✉8 ❞❡ ❝❡ ♣8♦;♦;②♣❡ ❡4; 4❛ ❢❛❝✐❧✐;K ❞✬✉✐❧✐4❛;✐♦♥ ✭8♦;❛;✐♦♥ ♣♦44✐❜❧❡
4❛♥4 8❡;✐8❡8 ❧❛ ❝❡❧❧✉❧❡ ❞❡ ❧❛ ❧✐❣♥❡✱ ♥✐ ❧✬♦✉✈8✐8✮✱ ♥♦;❛♠♠❡♥; ♣❛8 8❛♣♣♦8; L ❧✬❛♣♣❛8❡✐❧✲
❧❛❣❡ ❞❡ ▼❛ ❡; ❛❧✳ ❬✷✵✵✻❜✱❛❪✳ ▲❡ ❝✐4❛✐❧❧❡♠❡♥; ❡4; K❣❛❧❡♠❡♥; ❤♦♠♦❣T♥❡ ❝♦♠♠❡ ❧❡
♠♦♥;8❡♥; ❧❡4 ♣❤♦;♦4 ❞❡ ♠✐❝8♦4❝♦♣✐❡ K❧❡❝;8♦♥✐J✉❡✱ ❜✐❡♥ J✉❡ ❧✬K;❛; ❞❡ ❝♦♥;8❛✐♥;❡ 4♦✐;
❝♦♠♣❧❡①❡✳
❖♥ ❞✐4♣♦4❡ K❣❛❧❡♠❡♥; ♣❡✉;✲W;8❡ ❞✬✉♥ ❞✐4♣♦4✐;✐❢ J✉✐ ♣❡8♠❡;;❡ ❞❡ ❝8K❡8 ❞❡4 ❣8❛❞✐✲
❡♥;4 ❞❡ ♣8❡44✐♦♥ ❤♦♠♦❣T♥❡4 4❛♥4 ♥K❝❡44✐;K ❞❡ ♣❧❛❝❡8 ❧✬K❝❤❛♥;✐❧❧♦♥ ❞❛♥4 ✉♥ ❥♦✐♥; ❬▲❡✈✲
✐;❛4 ❡; ❛❧✳✱ ✷✵✵✹✱ ✷✵✵✺✱ ▼❛ ❡; ❛❧✳✱ ✷✵✵✻❜✱❛✱ ▲❡✈✐;❛4 ❡; ❛❧✳✱ ✷✵✵✻❪✳ ❊♥ ❡✛❡;✱ 4✐ ❧✬K❝8❛4❡✲
♠❡♥; ❡♥ ♣8❡44✐♦♥ ♦❜4❡8✈K 4✉8 ❧❡4 ❣8❛❞✐❡♥;4 ❞❡ ♣8❡44✐♦♥ ❝♦88❡4♣♦♥❞ ❛✉① ♣❧❛;❡❛✉①
♦^ ;♦✉;❡ ;8❛♥4✐;✐♦♥ ❡4; ✐♥;❡8❞✐;❡✱ ♦♥ ♣❡✉; ♦❜;❡♥✐8 ❛✉ ❝❡♥;8❡ ❞✬✉♥ K❝❤❛♥;✐❧❧♦♥ ✉♥❡
♣❧❛❣❡ ♦^ ❧❛ ♣8❡44✐♦♥ ❡4; J✉❛4✐♠❡♥; ❝♦♥4;❛♥;❡✳ ◆K❛♥♠♦✐♥4✱ ❡♥ ♣❧✉4 ❞❡4 ❝♦♥❞✐;✐♦♥4
❡①♣K8✐♠❡♥;❛❧❡4 ❞✐✣❝✐❧❡4 L 8❡❝8K❡8 ❡①❛❝;❡♠❡♥;✱ ❝❡;;❡ ❤②♣♦;❤T4❡ 8❡4;❡ ♣❡✉ ❝8K❞✐❜❧❡✳
■❧ ❡4; ❡✛❡❝;✐✈❡♠❡♥; ♣❧✉4 ♣8♦❜❛❜❧❡ J✉❡ ❝❡4 ❣8❛❞✐❡♥;4 ❞❡ ❝✐4❛✐❧❧❡♠❡♥; ♥❡ 4♦✐❡♥; J✉❡
❞❡4 ❣8❛❞✐❡♥;4 ❞❡ ♣8❡44✐♦♥ ❡♥ ❝♦♥❞✐;✐♦♥4 ❞❡ ❝♦♠♣8❡44✐♦♥ ♥♦♥✲❤②❞8♦4;❛;✐J✉❡✳
✶✵✳✹✳✷✳✶ ▲✐♠✐$❛$✐♦♥% ❞✉ ❞✐%♣♦%✐$✐❢
▲✬♦❜4❡8✈❛;✐♦♥ ❞❡4 ♣❤♦;♦4 ❞❡ ♠✐❝8♦4❝♦♣✐❡ ♦♣;✐J✉❡ ♠♦♥;8❡ J✉❡ ❧✬K❝❤❛♥;✐❧❧♦♥ ❛ K;K
❡♥;8❛`♥K ♣❛8 ❧✬❡♥❝❧✉♠❡ ❞❡ ❞✐❛♠❛♥; ❡♥ ❝✐4❛✐❧❧❡♠❡♥; ❡♥ 8❛✐4♦♥ ❞✬✉♥ ;8♦♣ ❢♦8; ❝♦✉♣❧❛❣❡
♠K❝❛♥✐J✉❡ ❡♥;8❡ ❧✬K❝❤❛♥;✐❧❧♦♥ ❡; ❧❛ ❢❛❝❡;;❡ ❞✉ ❞✐❛♠❛♥;✳ ❈✬❡4; ✉♥ ♣8♦❜❧T♠❡ ❝♦✉8❛♠✲
♠❡♥; 8❡♥❝♦♥;8K ❛✈❡❝ ❧❡4 ❝❡❧❧✉❧❡4 ❡♥ ❝✐4❛✐❧❧❡♠❡♥; ❡; J✉✐ ♥✬❡4; ❞♦♥❝ ♣❛4 4♣K❝✐✜J✉❡ L
❝❡❧❧❡✲❝✐✳
▲❛ ❞K❢♦8♠❛;✐♦♥ 8K❡❧❧❡ 4✉❜✐❡ ❡4; ♣❧✉4 ❢❛✐❜❧❡ J✉❡ ❧❛ 8♦;❛;✐♦♥ ♦❜4❡8✈K❡ ♥❡ ❧❡ ❧❛✐44❡
L ♣❡♥4❡8✳ ❖♥ ♣❡✉; ❡4;✐♠❡8 ❧❡ ❝✐4❛✐❧❧❡♠❡♥; 8K❡❧ 4✉❜✐ J✉✐ ❡4; ✐♥❢K8✐❡✉8 L 3x36◦✱ ❧❛
✈❛❧❡✉8 ♦❜;❡♥✉❡ ❡♥ ❧✬❛❜4❡♥❝❡ ❞❡ ❣❧✐44❡♠❡♥;✳ %♦✉8 ❡4;✐♠❡8 ❧✬❛♥❣❧❡ 8K❡❧ ❞❡ ❧❛ ❞K❢♦8♠❛✲
;✐♦♥ ♣❧❛4;✐J✉❡✱ ♦♥ ♠❡4✉8❡ ❧✬❛♥❣❧❡ ❡♥;8❡ ❧❡4 ❧❛♠✐♥❛;✐♦♥4 ❡①;K8✐❡✉8❡4 ❡; ❝❡❧❧❡4 J✉✐ 4♦♥;
✷✶✻
✶✵✳✺ ❈♦♥❝❧✉*✐♦♥*
❝♦♥*❡-✈/❡* ❞❛♥* ❧❛ ③♦♥❡ ❝❡♥3-❛❧❡ ❛♣-5* ❝❤❛7✉❡ ❝✐*❛✐❧❧❡♠❡♥3✳ ▲❛ ❞❡-♥✐5-❡ /3❛♣❡ ❞❡
❝✐*❛✐❧❧❡♠❡♥3 ❞♦♥♥❡ ❧✬❛♥❣❧❡ ❝♦--❡*♣♦♥❞❛♥3 < ❧❛ -♦3❛3✐♦♥ ❝✉♠✉❧/❡ *✉- ❧✬❡♥*❡♠❜❧❡ ❞❡*
3-♦✐* -♦3❛3✐♦♥* *✉❝❝❡**✐✈❡*✳ ❙✐ ♦♥ ❡✛❡❝3✉❡ ❧❛ ♠@♠❡ ♠❡*✉-❡ *✉- ❧❡* -♦3❛3✐♦♥* ♣-/❝/✲
❞❡♥3❡*✱ ❝❡❧❛ ♣❡-♠❡3 /❣❛❧❡♠❡♥3 ❞✬❡*3✐♠❡- ❧❡ ♣♦✉-❝❡♥3❛❣❡ ❞❡ ❞/❢♦-♠❛3✐♦♥ < ❝❤❛7✉❡
-♦3❛3✐♦♥✱ -❛♣♣♦-3/ < ❧❛ ❞/❢♦-♠❛3✐♦♥ 3♦3❛❧❡✳
❙✉- ❧✬❡♥*❡♠❜❧❡ ❞❡ ❧✬❡①♣/-✐❡♥❝❡✱ ♦♥ 3♦3❛❧✐*❡ 40◦ ❞❡ -♦3❛3✐♦♥ ❝✉♠✉❧/❡✱ ❞♦♥3 ❧❛
♠❛❥♦-✐3/ *❡ ♣-♦❞✉✐3 ♣❡♥❞❛♥3 ❧❡ ♣-❡♠✐❡- ❝✐*❛✐❧❧❡♠❡♥3 ✭❃ 22◦✮✳ ▲❡* ❝✐*❛✐❧❧❡♠❡♥3* ✷
❡3 ✸ *♦♥3 ❞♦♥❝ ❞❡ ❢❛✐❜❧❡ ❛♠♣❧✐3✉❞❡✱ ❞❡ ❧✬♦-❞-❡ ❞❡ 9◦✱ ❝❡ 7✉✐ ❡①♣❧✐7✉❡ ❧❛ ❢❛✐❜❧❡
❝♦♥3-✐❜✉3✐♦♥ ❞✉ ❝✐*❛✐❧❧❡♠❡♥3 ✸ ❞❛♥* ♥♦* -/*✉❧3❛3*✳ ■❧ ❡*3 ❞♦♥❝ ❞✐✣❝✐❧❡ ❛✈❡❝ ❝❡33❡
❝❡❧❧✉❧❡ ❞❡ -/♣/3❡- ❞❡* ❝✐*❛✐❧❧❡♠❡♥3* ❞❡ ♠@♠❡ ❛♠♣❧✐3✉❞❡ ❛♥❣✉❧❛✐-❡✱ ♠@♠❡ ❛✈❡❝ ✉♥❡
-♦3❛3✐♦♥ ❞✬❛♥❣❧❡ ✜①❡✳ ❉❡* ♦❜*❡-✈❛3✐♦♥* ❝♦♠♣❧/♠❡♥3❛✐-❡* ❡✛❡❝3✉/❡* ❛✉ ♠✐❝-♦*❝♦♣❡
/❧❡❝3-♦♥✐7✉❡ < ❜❛❧❛②❛❣❡ ♣❛- ❆✳ ❩❡-- ♦♥3 ❝♦♥✜-♠/ ❝❡33❡ ♦❜*❡-✈❛3✐♦♥✳
✶✵✳✺ ❈♦♥❝❧✉*✐♦♥*
❉✬✉♥ ♣♦✐♥3 ❞❡ ✈✉❡ 3❡❝❤♥✐7✉❡✱ ♥♦✉* ❛✈♦♥* ♣✉ ♠❡33-❡ ❡♥ /✈✐❞❡♥❝❡ ❧❡ ❢❛✐3 7✉❡
❧✬/3❛3 ❞❡ ❝♦♥3-❛✐♥3❡ ❞❛♥* ✉♥❡ ❝❡❧❧✉❧❡ ❡♥ ❝✐*❛✐❧❧❡♠❡♥3 /3❛✐3 3-5* ❧♦✐♥ ❞✬@3-❡ *✐♠♣❧❡✳
R♦✉- ♠♦❞/❧✐*❡- ❧❡ ❝✐*❛✐❧❧❡♠❡♥3 ❞❛♥* ✉♥❡ ❘❉❆❈✱ ✐❧ ❢❛✉❞-❛ ❞♦♥❝ ❡♥ 3❡♥✐- ❝♦♠♣3❡
♣❛- ❧❛ *✉✐3❡✳ ❊♥ ❝❡ 7✉✐ ❝♦♥❝❡-♥❡ ❧✬❡✛❡3 ❞✉ ❝✐*❛✐❧❧❡♠❡♥3 *✉- ❧❡* 3❡①3✉-❡*✱ ♥♦✉* ❛✈♦♥*
♠♦♥3-/ 7✉✬✐❧ ❞✐♠✐♥✉❛✐3 3-5* ❢♦-3❡♠❡♥3 ❧✬✐♥3❡♥*✐3/ ❞❡* 3❡①3✉-❡*✱ ❡3 ♣-♦✈♦7✉❛✐3 ✉♥
♦✉❜❧✐ ❝♦♠♣❧❡3 ❞❡ ❧❛ 3❡①3✉-❡ ♣-/❡①✐*3❛♥3❡✱ ❝❡ 7✉✐ ♥✬❡*3 ♣❛* ✉♥❡ *✉-♣-✐*❡ ❡♥ *♦✐✳
◆♦✉* ♥✬❛✈♦♥* ♣❛* ♣✉ ♠❡33-❡ ❡♥ /✈✐❞❡♥❝❡ ❞✬❛❝3✐✈❛3✐♦♥ ❞❡ ❧❛ 3-❛♥*❢♦-♠❛3✐♦♥ ♣❛- ❧❡
❝✐*❛✐❧❧❡♠❡♥3✳ ❈❡ ♠♦✉✈❡♠❡♥3 ❞❡ ❞/❢♦-♠❛3✐♦♥ ♥❡ ♣❡✉3 ❞♦♥❝ ♣❛* @3-❡ ✉3✐❧✐*/ ❞❛♥* ❞❡*
♠♦❞5❧❡* ❞❡ ❣-❛✐♥❡ 3❡--❡*3-❡ 3❡①3✉-/❡ ♣♦✉- ❛❝3✐✈❡- ❞❡* ♣❤/♥♦♠5♥❡* ❞❡ 3-❛♥*✐3✐♦♥ ❞❡
♣❤❛*❡✳
✷✶✼
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
✷✶✽
❈♦♥❝❧✉&✐♦♥ ❣)♥)*❛❧❡
▼♦❞#❧❡ ❞✐'❡❝) ❞✬❛♥✐-♦)'♦♣✐❡ ❞❡ ❧❛ ❣'❛✐♥❡ )❡''❡-)'❡
◆♦✉# ❛✈♦♥# ♠✐# ❡♥ ♣❧❛❝❡ ✉♥❡ ♠-.❤♦❞❡ ❞❡ #✐♠✉❧❛.✐♦♥ ❞❡ ❧❛ ♣1♦♣❛❣❛.✐♦♥ ❞❡#
1❛✐# #✐#♠✐3✉❡# 4 .1❛✈❡1# ✉♥❡ ❣1❛✐♥❡ ♥✉♠-1✐3✉❡ ❞❡ ♣1♦♣1✐-.-# -❧❛#.✐3✉❡# ❡. ❞❡ ❞②✲
♥❛♠✐3✉❡ ❝♦♥♥✉❡✱ ❛✜♥ ❞❡ 1❡♣1♦❞✉✐1❡ ✉♥ #✐❣♥❛❧ ❞✬❛♥✐#♦.1♦♣✐❡ ❛1.✐✜❝✐❡❧ ❡. ❧❡ ❝♦♠♣❛1❡1
❛✉① ♦❜#❡1✈❛.✐♦♥# #✐#♠♦❧♦❣✐3✉❡#✳ ◆♦✉# ♣♦✉✈♦♥# ♠❛✐♥.❡♥❛♥. ❞✐1❡ 3✉❡❧❧❡# #♦♥. ❧❡#
❝♦♥❞✐.✐♦♥# 4 1❡♠♣❧✐1 ♣♦✉1 3✉❡ ❧✬❛♥✐#.1♦♣✐❡ ❡①♣1✐♠-❡ ♣❛1 ❧❛ ❣1❛✐♥❡ ♠♦❞=❧❡ #♦✐. ❝♦♠✲
♣❛.✐❜❧❡ ❛✈❡❝ ❧❡# ♦❜#❡1✈❛.✐♦♥# ❞✬✉♥❡ ❞✬✉♥❡ ❛♥✐#♦.1♦♣✐❡ ◆♦1❞✲❙✉❞✱ ❞❡ ❞✐1❡❝.✐♦♥ 1❛♣✐❞❡
❬❙♦✉1✐❛✉✱ ✷✵✵✸❪✳ ▲❡# ♠♦❞=❧❡# ❣-♦❞②♥❛♠✐3✉❡# ❞❡ ❣1❛♥❞❡ -❝❤❡❧❧❡ ❞♦✐✈❡♥. E.1❡ ♣1-❢-1-#
4 ❝❡✉① 3✉✐ ♣1♦❞✉✐#❡♥. ❞❡# .❡①.✉1❡# ❞✬♦1✐❡♥.❛.✐♦♥# ♣1-❢-1❡♥.✐❡❧❧❡# .1=# ✈❛1✐❛❜❧❡#✳ ❈❡#
❞❡1♥✐❡1# ♣1♦❞✉✐#❡♥. ❡♥ ❡✛❡. ✐♠♠❛♥3✉❛❜❧❡♠❡♥. ✉♥❡ ❢♦1.❡ ❞✐#♣❡1#✐♦♥ ❞❡# 1-#✐❞✉# #✐#✲
♠✐3✉❡# ❡. ❞♦♥❝ ✉♥❡ ❢❛✐❜❧❡ ❛♥✐#♦.1♦♣✐❡ 1-#✉❧.❛♥.❡✳ ❈✬❡#. ❡♥ ♣❛1.✐❝✉❧✐❡1 ❧❡ ❝❛# ❛✈❡❝
✉♥ ♠♦❞=❧❡ ❞❡ ❝1♦✐##❛♥❝❡ -3✉❛.♦1✐❛❧❡ ❤-.-1♦❣=♥❡ ❛✈❡❝ ♣1-.❡①.✉1❛.✐♦♥ ❬❇❡1❣♠❛♥✱
✶✾✾✼❪✳ ▲❡# ♠♦❞=❧❡# ❞❡ ❝1♦✐##❛♥❝❡ -3✉❛.♦1✐❛❧❡ ❬❨♦#❤✐❞❛ ❡. ❛❧✳✱ ✶✾✾✻❪ ❛✈❡❝ ♦✉ #❛♥#
#.1❛.✐✜❝❛.✐♦♥ ❬❉❡❣✉❡♥ ❡. ❛❧✳✱ ✷✵✶✶❪ ♣❡✉✈❡♥. ❣-♥-1❡1 ✉♥❡ ❛♥✐#♦.1♦♣✐❡ ♠❡#✉1❛❜❧❡✱ ❝♦✲
❤-1❡♥.❡ ❛✈❡❝ ❧❡# ♦❜#❡1✈❛.✐♦♥# ❞✬✉♥❡ ❛♥✐#♦.1♦♣✐❡ ♣♦❧❛✐1❡ ❡. -✈❡♥.✉❡❧❧❡♠❡♥. ❞✬✉♥❡
#♦✉#✲❣1❛✐♥❡ ❬❘♦♠❛♥♦✇✐❝③ ❛♥❞ ❉✉1❡❦✱ ✷✵✵✵✱ ■#❤✐✐ ❛♥❞ ❉③✐❡✇♦➠#❦✐✱ ✷✵✵✷✱ ■#❤✐✐ ❡. ❛❧✳✱
✷✵✵✷✱ ❇❡❣❤❡✐♥ ❛♥❞ ❚1❛♠♣❡1.✱ ✷✵✵✸❪✳ ◆-❛♥♠♦✐♥# ❧✬❛♥✐#♦.1♦♣✐❡ ♠♦♥♦❝1✐#.❛❧❧✐♥❡ ❞♦✐.
E.1❡ ❜✐❡♥ ♣❧✉# ✐♠♣♦1.❛♥.❡ 3✉❡ ❝❡❧❧❡ ❞❡# ♠♦❞=❧❡# -❧❛#.✐3✉❡# 1-❝❡♥.# ♣✉❜❧✐-# ❱♦↔❛❞❧♦
❡. ❛❧✳ ❬✷✵✵✾❪✱ ❙❤❛ ❛♥❞ ❈♦❤❡♥ ❬✷✵✶✵❪✱ 3✉❡❧❧❡ 3✉❡ #♦✐. ❧❛ ♣❤❛#❡ ❝1✐#.❛❧❧✐♥❡ ❞✉ ❢❡1✳
❆ ❝❡ #.❛❞❡✱ ♦♥ ♥❡ ♣❡✉. ♣❛# ❝♦♥❝❧✉1❡ #✉1 ❧✬♦1✐❣✐♥❡ ❡①❛❝.❡ ❞❡ ❧✬❛♥✐#♦.1♦♣✐❡ #✐#♠✐3✉❡
❞❡ ❧❛ ❣1❛✐♥❡✳ ❉✬✉♥ ♣♦✐♥. ❞❡ ✈✉❡ ♠✐♥-1❛❧♦❣✐3✉❡✱ ♥♦✉# ❛✈♦♥# ♣✉ ♠♦♥.1❡1 3✉❡ ❧❛ ♣❤❛#❡
❤❝ -.❛✐. ❧❛ ♣❧✉# ❝♦♠♣❛.✐❜❧❡ ❛✈❡❝ ❧❡# ♦❜#❡1✈❛.✐♦♥# ♠❛✐# ✐❧ ♥♦✉# ❢❛✉. ❡♥❝♦1❡ .1♦✉✈❡1
❧❡# ♣1♦❝❡##✉# ❞②♥❛♠✐3✉❡# 3✉✐ ♣♦✉11❛✐❡♥. ❣-♥-1❡1 ❧✬❛♥✐#♦.1♦♣✐❡ #✐#♠✐3✉❡ ♦❜#❡1✈-❡✳
❉❡ ♥♦♠❜1❡✉① ♣1♦❝❡##✉# 1❡#.❡♥. 4 E.1❡ -.✉❞✐-#✱ .❡❧# 3✉❡ ❧❛ .1❛♥#❧❛.✐♦♥ ❬❆❧❜♦✉##✐=1❡
❡. ❛❧✳✱ ✷✵✶✵✱ ▼♦♥♥❡1❡❛✉ ❡. ❛❧✳✱ ✷✵✶✵❪ ❡. ❧❡# ❢♦1❝❡# ❞❡ ▲♦1❡♥.③ ❬❑❛1❛.♦✱ ✶✾✾✾❪✳ ❆✈❡❝
❞❡# ♠♦❞=❧❡# ♥♦♥✲❛①✐#②♠-.1✐3✉❡#✱ ✐❧ #❡1❛✐. -❣❛❧❡♠❡♥. ♣♦##✐❜❧❡ ❞❡ 1❡♣1♦❞✉✐1❡ ❧❛ ❝♦♠✲
♣♦#❛♥.❡ ❤-♠✐#♣❤-1✐3✉❡ 3✉❡ ♥♦✉# ❝♦♠♠❡♥\♦♥# #❡✉❧❡♠❡♥. 4 ♣1❡♥❞1❡ ❡♥ ❝♦♠♣.❡ ❞❛♥#
♥♦.1❡ ♠♦❞=❧❡ ❞❡ ♣1♦♣❛❣❛.✐♦♥✳ ❊♥✜♥✱ ✐❧ ❢❛✉❞1❛✐. ✉.✐❧✐#❡1 ✉♥ ❝❛.❛❧♦❣✉❡ #✐#♠♦❧♦❣✐3✉❡
❞❡ 1❛✐# ♣♦✉1 ♣♦✉✈♦✐1 ♣❧❡✐♥❡♠❡♥. ❝♦♠♣❛1❡1 ❧❡# 1-#✐❞✉# #✐#♠✐3✉❡# #②♥.❤-.✐3✉❡# ❡.
1-❡❧#✱ ❛✈❡❝ ❧❡ ♠E♠❡ -❝❤❛♥.✐❧❧♦♥♥❛❣❡ ❣-♦❣1❛♣❤✐3✉❡✳
❚'❛♥-✐)✐♦♥ ❞❡ ♣❤❛-❡ α✲ε ❞❛♥- ❧❡ ❢❡' ♣✉'
❉❛♥# ❧❡ ❜✉. ❞❡ #✐♠✉❧❡1 ❧❛ .1❛♥#✐.✐♦♥ ❞❡ ♣❤❛#❡ α✲ε ❞❛♥# ❧❡ ❢❡1✱ ♥♦✉# ❛✈♦♥# ♣1♦❝-❞-
4 ✉♥❡ ❛♥❛❧②#❡ .❡①.✉1❛❧❡ ❞-.❛✐❧❧-❡ #✉1 ♥♦# ❞♦♥♥-❡# ❞❡ ❞✐✛1❛❝.✐♦♥ 4 ❤❛✉.❡ ♣1❡##✐♦♥✳
❊❚❯❉❊ ❊❳%➱❘■▼❊◆❚❆▲❊ ❉✬❯◆ %❘❖❚❖❚❨%❊ ❉❊ ❈❊▲▲❯▲❊ ❊◆
❈■❙❆■▲▲❊▼❊◆❚
◆♦✉4 4❛✈♦♥4 ♠❛✐♥:❡♥❛♥: 4✐♠✉❧❡= ❧❛ :=❛♥4✐:✐♦♥ ❡♥ ✉:✐❧✐4❛♥: ❧❡4 =❡❧❛:✐♦♥4 ❞✬♦=✐❡♥:❛:✐♦♥
❞✉ ♠?❝❛♥✐4♠❡ ❞❡ ❇✉=❣❡=4 ❬✶✾✸✹❪✳ ◆♦✉4 ❛✈♦♥4 ♠✐4 ❡♥ ?✈✐❞❡♥❝❡ ✉♥❡ ❞✐✛?=❡♥❝❡ ❞❡
4❡♥4✐❜✐❧✐:? L ❧❛ ❝♦♥:=❛✐♥:❡ ♥♦♥✲❤②❞=♦4:❛:✐P✉❡4 ❡♥ ❢♦♥❝:✐♦♥ ❞✉ 4❡♥4 ❞❡ ❧❛ :=❛♥4✐:✐♦♥✱
✐♠♣♦4❛♥: ✉♥❡ ❢♦=:❡ 4?❧❡❝:✐♦♥ ❞❡ ✈❛=✐❛♥: ❞❛♥4 ❧❡ 4❡♥4 ❞✐=❡❝:✳ ❖♥ ❛ ♣✉ ❝♦♥✜=♠❡=
❧✬❡①✐4:❡♥❝❡ ❞✬✉♥❡ ♠?♠♦✐=❡ ❞❡ :❡①:✉=❡ ♣❛=:✐❡❧❧❡ ❛44♦❝✐?❡ L ✉♥❡ ♣❡=:❡ ❞❡ ♠?♠♦✐=❡
♣=♦❣=❡44✐✈❡ ❛✉ ❝♦✉=4 ❞❡4 ❝②❝❧❡4 ❡♥ ♣=❡44✐♦♥✳ ◆♦✉4 ❛✈♦♥4 ?❣❛❧❡♠❡♥: ❡✛❡❝:✉? ❞❡4
❡①♣?=✐❡♥❝❡4 4✉= ❧✬❡✛❡: ❞✉ ❝✐4❛✐❧❧❡♠❡♥: ❞❛♥4 ❧❡ ❢❡= ♣✉=✳ ▲❡4 =?4✉❧:❛:4 ♦♥: ♠♦♥:=?
✉♥ ❛❜❛✐44❡♠❡♥: ❞❡4 ♣=❡44✐♦♥4 ❞❡ ❞?❜✉: ❡: ❞❡ ✜♥ ❞❡ ❧❛ :=❛♥4✐:✐♦♥ ❞✐=❡❝:❡ α → ε✱
✐♥❞✉✐4❛♥: ✉♥❡ 4:❛❜✐❧✐4❛:✐♦♥ ❞❡ ❧❛ ♣❤❛4❡ ❞❡ ❤❛✉:❡ ♣=❡44✐♦♥✱ ❧❡ ❢❡= ❤❝✳ ◆♦✉4 ❛✈♦♥4 ♣✉
♠❡::=❡ ❡♥ ?✈✐❞❡♥❝❡ ✉♥ ?:❛: ❞❡ ❝♦♥:=❛✐♥:❡4 ❝♦♠♣❧❡①❡ ❞❛♥4 ❧❛ ❝❡❧❧✉❧❡✱ ❡♥ ♦♣♣♦4✐:✐♦♥
❛✈❡❝ ❧❡4 4✐♠✉❧❛:✐♦♥4 ❞❡ ▲❡✈✐:❛4 ❛♥❞ ❩❛=❡❝❤♥②② ❬✷✵✶✵❛❪✳
❈❡4 ❡①♣?=✐❡♥❝❡4 ♥♦✉4 ♦♥: ♣❡=♠✐4 ❞✬♦❜:❡♥✐= ✉♥❡ ♠❡✐❧❧❡✉=❡ ❝♦♠♣=?❤❡♥4✐♦♥ ❞✉
♠?❝❛♥✐4♠❡ ❞❡ :=❛♥4✐:✐♦♥ α✲ε ❞❛♥4 ❧❡ ❢❡=✳ ▲❛ ♠?:❤♦❞❡ P✉❡ ♥♦✉4 ❛✈♦♥4 ❛♣♣❧✐P✉?❡
♣♦✉= 4✐♠✉❧❡= ❧✬❡✛❡: ❞❡ ❧❛ :=❛♥4✐:✐♦♥ 4✉= ❧❛ :❡①:✉=❡ ♣❡✉: Y:=❡ ✉:✐❧✐4?❡ ❡♥ ❝❤❛♥❣❡❛♥:
❧❡4 =❡❧❛:✐♦♥4 ❞✬♦=✐❡♥:❛:✐♦♥4 ♣♦✉= ❞✬❛✉:=❡4 ♠❛:?=✐❛✉①✳ ▲❛ ❝❡❧❧✉❧❡ =♦:❛:✐✈❡ P✉❡ ♥♦✉4
❛✈♦♥4 :❡4:?❡ ❡4: ✉♥ ❛♣♣❛=❡✐❧ ❡♥ ❞?✈❡❧♦♣♣❡♠❡♥: ❞♦♥: ❧❡4 ♣❡=4♣❡❝:✐✈❡4 ❞✬❛♣♣❧✐❝❛:✐♦♥
4♦♥: ♥♦♠❜=❡✉4❡4✱ ♥♦:❛♠♠❡♥: ❡♥ :❡=♠❡4 ❞✬?:✉❞❡ ❞❡ ❧❛ =❤?♦❧♦❣✐❡ ❞✉ ♠❛♥:❡❛✉✳
❯♥ ♠♦❞%❧❡ ❞❡ ()❛♥+✐(✐♦♥ ❞❡ ♣❤❛+❡ ♣♦✉) ❡①♣❧✐1✉❡)
❧✬❛♥✐+()♦♣✐❡ +✐+♠✐1✉❡ ❄
❆✉ ❞?❜✉: ❞❡ ♠❛ :❤Z4❡✱ ✐❧ ?:❛✐: P✉❡4:✐♦♥ ❞❡ ♣=♦❞✉✐=❡ ❛✉ ❝♦✉=4 ❞❡4 :=♦✐4 ❛♥4
✉♥ ♠♦❞Z❧❡ ♠✐♥?=❛❧♦❣✐P✉❡ ❡: ❣?♦♣❤②4✐P✉❡ ❞❡ :=❛♥4✐:✐♦♥4 ❞❡ ♣❤❛4❡ ❞❛♥4 ❧❛ ❣=❛✐♥❡
:❡==❡4:=❡✳ ❙❛ ♠✐4❡ ❡♥ ♣❧❛❝❡ ❞❡✈❛✐: Y:=❡ ❧✬♦❝❝❛4✐♦♥ ❞❡ ❥♦✐♥❞=❡ ❧❡4 ❞❡✉① ❣=❛♥❞❡4 ♣❛=:✐❡4
❞❡ ♠❛ :❤Z4❡✱ ❡♥ ❛❧❧✐❛♥: L ❧❛ ❢♦✐4 ❧✬❡①♣?=✐❡♥❝❡ L ❤❛✉:❡ ♣=❡44✐♦♥ ❡: ❧❛ ❣?♦❞②♥❛♠✐P✉❡
❞❛♥4 ❧❡ ♣=♦❝❡44✉4 ❞❡ ❝♦♥4:=✉❝:✐♦♥ ❞✉ ❝♦❞❡ ♥✉♠?=✐P✉❡✳ ❈❡::❡ ✐❞?❡ 4✬✐♥4❝=✐✈❛✐: :♦✉:✲
L✲❢❛✐: ❞❛♥4 ♥♦:=❡ ❞?♠❛=❝❤❡ ❞✬?:✉❞✐❡= ❧❡4 ♦=✐❣✐♥❡4 ♠✐♥?=❛❧♦❣✐P✉❡4 ❡: ❞②♥❛♠✐P✉❡4
❞❡ ❧✬❛♥✐4:=♦♣✐❡ ❞❡ ❧❛ ❣=❛✐♥❡✳ ▲❡4 :=❛♥4✐:✐♦♥4 ❞❡ ♣❤❛4❡ ❝♦♥4:✐:✉❛✐❡♥: ❛❧♦=4 ❞❡ ❜♦♥4
❝❛♥❞✐❞❛:4✳
❈❡♣❡♥❞❛♥:✱ ❧❡4 ❡①♣?=✐❡♥❝❡4 P✉❡ ♥♦✉4 ❛✈♦♥4 =?❛❧✐4?❡4 ♦♥: ♠♦♥:=? P✉❡✱ ❞❛♥4 ❧✬❤②✲
♣♦:❤Z4❡ ♦\ ❧❡4 ♠?❝❛♥✐4♠❡4 ❞❡ :=❛♥4✐:✐♦♥4 4♦♥: ❧❡4 ♠Y♠❡4 ❛✉① ❝♦♥❞✐:✐♦♥4 ❞❡ ❧❛
❣=❛✐♥❡✱ ❧❡4 :=❛♥4✐:✐♦♥4 ❞❡ ♣❤❛4❡ :❡♥❞=❛✐❡♥: L ❡✛❛❝❡= ❧❡4 :❡①:✉=❡4 ♣=?❡①✐4:❛♥:❡4✳ ❆✐♥4✐✱
❧❡4 ♣=♦❝❡44✉4 ❞❡ :=❛♥4❢♦=♠❛:✐♦♥ 4❡=❛✐❡♥: ♣❧✉:]: ❞❡4:=✉❝:❡✉=4 ❞❡ :❡①:✉=❡✱ ❡: ❡♥:=✲
❡=❛✐❡♥: ❡♥ ❝♦♠♣?:✐:✐♦♥ ❛✈❡❝ ❧❡4 ♠♦✉✈❡♠❡♥:4 ❞❡ ❞?❢♦=♠❛:✐♦♥ ❞❛♥4 ❧❛ ❣=❛✐♥❡✱ ❝=?❛✲
:❡✉=4 ❞❡ :❡①:✉=❡✳ ❊♥ :♦✉: ?:❛: ❞❡ ❝❛✉4❡✱ ❧❡4 :=❛♥4✐:✐♦♥4 ❞❡ ♣❤❛4❡ ♥❡ ♣❡✉✈❡♥: ♣❛4 Y:=❡
❝♦♥4✐❞?=?❡4 ❝♦♠♠❡ ❞❡4 ♣=♦❝❡44✉4 ♣♦✉✈❛♥: ❡①♣❧✐P✉❡= ❧✬❛♠♣❧✐:✉❞❡ ❞❡ ❧✬❛♥✐4♦:=♦♣✐❡
4✐4♠✐P✉❡✳ ◆?❛♥♠♦✐♥4✱ ✐❧ =❡4:❡ ❝❡♣❡♥❞❛♥: ✉♥ ✐♥:?=Y: ❣?♦♣❤②4✐P✉❡ L ✐♥:?❣=❡= ❧❡4 :=❛♥✲
4✐:✐♦♥4 ❞❡ ♣❤❛4❡ ❞❛♥4 ❞❡4 ♠♦❞Z❧❡4 ❞❡ ❣=❛✐♥❡ :❡①:✉=?❡✳
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Forward Model of Seismic Anisotropy in the Earth’s Inner Core
A. Lincot,1,2, R. Deguen3, S. Merkel,2, P. Cardin,1
Seismological studies reveal a 3 to 3.8% cylindrical
anisotropy in the Earth’s inner core resulting from processes
affecting properties of its constituent polycrystals. We use
a numerically grown inner core composed of ǫ-Fe to study
the development of texture and elastic anisotropy at the
microscopic level and simulate the measurement of seismic
anisotropy through the model. In models with flow gener-
ated from an excess of crystallization in the equatorial belt,
the global inner core anisotropy is 7 to 10 times smaller than
that of the single crystal. Compositional stratification am-
plifies the global anisotropy by 40% while the addition of
solidification textures reduces it by a factor of 3. Growth
models involving stratification produce a complex, depth-
dependent anisotropy that is more consistent with observa-
tions. The depth dependence of the seismic anisotropy and
its variance hold important information that is a key for
revealing the dynamics and history of the inner core.
1. Introduction
PKPdf−bc and PKPdf−ab differential traveltime resid-
uals and free oscillations reveal a large scale cylindrical
anisotropy in the Earth’s inner core: seismic waves travel
faster along the north-south axis than within the equato-
rial plane [Poupinet et al., 1983; Morelli et al., 1986; Wood-
house et al., 1986]. Evidences for additional complexities
have accumulated over the years and a much more com-
plex picture of the inner core has emerged. There is strong
evidence for both hemispherical [Tanaka and Hamaguchi ,
1997; Deuss et al., 2010; Irving and Deuss, 2011] and ra-
dial variations of the anisotropy level and geometry, with an
almost isotropic layer at the top of the inner core surround-
ing a more anisotropic region [Song and Helmberger , 1995;
Souriau, 2003] and possibly an innermost inner core with
yet different properties [Ishii and Dziewoński , 2003].
These observations motivated models with a layered
structure, with homogeneous elastic properties in each layer
[Stixrude and Cohen, 1995; Calvet et al., 2006], but the
main cylindrical symmetry of seismic anisotropy is difficult
to reconcile with a spherical inner core growth. Indeed,
models producing a cylindrical component of anisotropy in-
volve solidification [Bergman, 1997] and stress-induced re-
crystallization or plastic deformation resulting from either
convection [Jeanloz and Wenk , 1988], heterogeneous growth
of the inner core [Yoshida et al., 1996], or magnetic forcings
[Karato, 1999; Buffett and Wenk , 2001; Takehiro, 2010].
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Models often produce a complex, depth and orientation
dependent pattern of anisotropy, inherently connected to
the elastic and plastic properties of its main crystalline
phase, that is difficult to compare with observations of global
north-south anisotropy. In this paper, we address the is-
sue of scaling microscopic properties such as single-crystal
elasticity to the macroscopic observations of seismic travel
times. According to the procedure described in Deguen
et al. [2011], we couple a dynamical model of inner core
formation with a numerical model of texture development
in ǫ-Fe and compute the time evolution of lattice preferred
orientations (LPO) in different samples in the inner core.
We then simulate the measurement of seismic anisotropy
through each model, using the actual procedure used in seis-
mological studies.
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Figure 1. Schematic view of the geodynamical models.
Yos-Ptex and Yos-Ran are deduced form the quadripo-
lar Yoshida et al. [1996] model. In Yos-PTex, hcp cristals
solidify at the ICB with their c-axes lying preferentially
in the horizontal plane (blue) while in Yos-Ran, the ori-
entations of the hcp crystals are random (red). Yos-Strat
takes into account the stable density stratification with
no initial texture (random).
For each investigated geodynamical model, we then eval-
uate the most relevant single-crystal elastic anisotropy pa-
rameter and investigate how the dynamics of inner core for-
mation affects the scaling between anisotropy at the single-
crystal scale and that measured using seismic waves. This
analysis leads us to propose two simple dimensionless pa-
rameters that can be used to evaluate the effect of single-
elastic moduli on global inner core anisotropy. Our results
also demonstrate that the depth dependence of the seismic
anisotropy and its variance hold important information that
is a key for revealing the dynamics and history of the inner
core and that it should be used for a better characterization
of processes of inner core formation.
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Table 1. Single crystal elastic moduli (in GPa) and dimen-
sionless single crystal anisotropy parameters (Eqs. 2, 3) of
reference models for ε-Fe at inner core conditions. Labels are
the same than those of Fig. 2. Note SC, ST, MA, VO are
presented for reference and are not used in our analysis that
relies solely on the 3000 random models.
Model C11 C12 C13 C33 C44
∆V
V
∣
∣
c−a
P
∆V
V
∣
∣
45
◦
P
SC 1438 1035 950 1470 211 0.011 -0.014
ST 2130 2010 925 1470 140 -0.191 -0.076
MA 1533 846 835 1544 583 -0.015 0.064
VO 1646 1253 995 1559 153 -0.028 -0.048
A 2338 1891 866 1332 64 -0.299 -0.100
B 1944 1907 676 1961 335 0.005 -0.090
C 1437 1119 1194 1407 276 -0.010 0.054
D 2358 1632 1581 1330 274 -0.303 0.061
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Figure 2. P -wave velocity profiles for ε-Fe single crystal
at inner core conditions. Black lines are from Ab initio
calculations and experiments: SC, back dashed-dotted
line [Sha and Cohen, 2010], ST, thick black dashed line
[Steinle-Neumann et al., 2001, 6000 K], VO, thin black
dashed line [Vočadlo et al., 2009, 5500 K], MA, thick
black dotted line [Mao et al., 1998]. Thick coloured lines
display four end-members elastic models A, B, C and D,
selected from the 3000 random draws, and listed in Table
1.
2. Methods
Although other phases have been proposed [Vočadlo
et al., 2003; Dubrovinsky et al., 2007; Kuwayama et al., 2008;
Belonoshko et al., 2008], we consider a pure hcp- or ε-Fe, in
agreement with recent experimental studies [Tateno et al.,
2010] and assume dominant basal slip, with contributions
of prismatic and pyramidal slip [Merkel et al., 2012]. Three
different geodynamical models, derived from that of Yoshida
et al. [1996], are considered: Yos-Ran, Yos-Strat and Yos-
PTex.
All three models are based on the assumption that
geostrophic convection in the outer core results in faster
crystallization in the equatorial belt of the inner core,
the resulting topography being continuously relaxed by a
quadrupolar viscous flow within the inner core [Yoshida
et al., 1996]. In models Yos-Ran and Yos-PTex, the density
profile in the inner core is assumed to be neutrally strat-
ified, as assumed by Yoshida et al. [1996], and the topog-
raphy relaxation generates a large scale, pure shear, defor-
mation gradient increasing with depth. This does not pro-
duce more than 100% of cumulated plastic deformation and,
hence, produces relatively weak textures. Models Yos-Ran
and Yos-PTex differ in the initial conditions of the iron agre-
gates at the ICB, with no initial texture (random orientation
of the hcp crystals) in model Yos-Ran and a solidification
induced pre-texturation in model Yos-PTex, with the c-axes
lying preferentially in the horizontal plane [Bergman et al.,
2002; Deguen et al., 2011] (see Fig. 1) . Finally, model Yos-
Strat considers the effect of a stable density stratification
induced by the gradual evolution of the chemical compo-
sition of the outer core during crystallization [Deguen and
Cardin, 2009]. Stratification inhibits radial motions but en-
hances deformation in the uppermost layers, resulting in a
larger cumulated strain of up to a few 100%. Model Yos-
Strat assumes an initially random orientation of the iron
grains (see Fig. 1).
Elastic properties of ε-Fe at inner core conditions from
ab initio calculations and experiments are still debated (see
models of Mao et al. [1998]; Steinle-Neumann et al. [2001];
Vočadlo et al. [2009]; Sha and Cohen [2010] in Table 1 and
Fig. 2) . We therefore generate a large number (> 3000)
of random sets of single crystal elastic moduli. During this
process, we impose an Hill average of the bulk and shear
moduli of the single crystal matching that of the inner core
within 15% [Dziewoński and Anderson, 1981]. We also im-
pose conditions for mechanical stability defined as [Wallace,
1972]
C11 − C12 > 0;
Figure 3. Travel times residuals (i.e. seismic
anisotropy) as a function of angle between the ray and
the Earth rotation axis. Individual travel time residuals
for all simulated rays are indicated by small dots. Full
coloured lines are fits of the data assuming a uniform in-
ner core anisotropy (Eq. 1). The black line is the seismic
results of Irving and Deuss [2011]. (a) Model Yos-Ran
and elastic models A (blue) and B (green). (b) Model
Yos-Ran and elastic models C (red) and D (purple). (c)
Model Yos-Strat and elastic models A, B, C and D. (d)
Model Yos-PTex and elastic models A, B, C and D.
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C11 + C12 + C33 > 0;
(C11 + C12)C33 − 2 C
2
13) > 0;
C44 > 0.
These conditions impose severe restrictions on the shape
of the single crystal anisotropy (see Fig 1 of Supplementary
Information).
Along with results from the literature, four end-members
sets (A-D, Table 1, Fig. 2) are selected from the random
draw to ease the discussion.
For each geodynamical model and each elastic model, and
according to the procedure described previously [Deguen
et al., 2011], meridional maps of anisotropy are generated
for a present day inner core, with a spherical grid resolution
of 120 km in depth and 10◦ in latitude. At each point of the
grid, the full elastic tensor of the corresponding polycrystal
is stored for later use.
More than 300000 synthetic seismic rays are then gen-
erated to probe the whole inner core and simulate seismic
measurements. According to the procedure used in seismic
studies, the rays are classified using 3 scalars: the depth
of its turning point, α, (the deepest point of the ray) [0-
1220 km], the latitude of its turning point, β [0-180◦], and
the angle between the ray at its turning point and the merid-
ional plane containing the turning point, γ [0-360◦]. The
length of the ray is divided into straight [Stixrude and Co-
hen, 1995] segments on a 20x72x72 regular grid in α, β, and
γ.
For each segment, we evaluate the slowness of the mate-
rial by solving the Christoffel equation with a local elastic
tensor estimated from a bilinear interpolation of the merid-
ional maps of anisotropy generated above. Finally, for each
ray, we estimate the normalized seismic travel times residual
δt/t = (s − s0)/s0 where s is the simulated slowness of the
seismic ray, and s0 is the slowness of that same ray for an
homogeneous and fully isotropic inner core.
Our model allows for a detailed analysis of anisotropy, in-
cluding the depth and orientation dependence of the travel
time residuals. However, seismological studies usually do
not have the resolution to investigate such details and use
averaging procedures with travel times residuals fitted to
[Irving and Deuss, 2011]
δt/t = a+ b cos2 ζ + c cos4 ζ, (1)
where a, b and c are adjustable parameters and ζ is the angle
between the ray and the Earth rotation axis. The quantity
b+ c is the difference between polar (ζ = 0◦) and equatorial
(ζ = 90◦) residuals, and is a measure of the global inner core
anisotropy often reported in the literature.
In hexagonal single-crystals, anisotropy can be described
by the difference in P-waves velocities along the a- and c-
axes, V aP and V
c
P , and the amplitude of the ”bell-like” shape
of P-waves velocities 45◦ away from the c−axis (Fig. 2).
We therefore introduce the two following dimensionless
anisotropic parameters:
∆V
V
∣
∣
∣
c−a
P
=
V cP − V
a
P
V mP
, (2)
∆V
V
∣
∣
∣
45
◦
P
=
V 45
◦
P − (V
c
P + V
a
P ) /2
V mP
, (3)
where V mP is the average P -wave velocity and V
45
◦
P is the
P -wave velocity 45◦ away from c.
3. Results
Fig. 3 compares our simulated travel time residuals to a
fit to actual PKP seismic measurements [Irving and Deuss,
2011]. In Fig 3a, for geodynamical model Yos-Ran and elas-
tic model B (with ∆V/V |c−a
P
≈ 0), the scatter of the travel
time residuals is small with a non-measurable anisotropy.
The same geodynamical model with elastic model A induces
a large scatter of travel time residuals, indicating a high de-
gree of depth and geographical dependence of the anisotropy.
Fit of model A residuals by Eq. 1 results in a 3.3% global
anisotropy, in line with seismic measurements. Similar con-
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Figure 4. Evolution of the fitted global inner
core anisotropy with single crystal elastic parameters
∆V/V |c−a
P
and ∆V/V |45
◦
P
for geodynamical models Yos-
Ran (a), Yos-Strat (b) and Yos-PTex (c). Contour lines
(and the associated gray scale) indicate the percentage
of global seismic anisotropy, interpolated from the global
anisotropy fitted to the 3000 models. Each model is indi-
cated by an open circle which size indicates the standard
deviations of the fit. The figure has been reduced around
the 4 published sets SC, ST, MA, VO of elastic moduli
for ε-Fe , shown for reference. Full version is available in
the Supplementary Information
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Figure 5. Travel times residuals (i. e. seismic anisotropy) in different shell layers in the inner core (60 km below ICB,
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clusions could be drawn from Fig. 3b and elastic models
C and D, showing that the resulting global anisotropy is
mainly controlled by ∆V/V |c−a
P
.
Fig. 4 presents the fitted global seismic anisotropy (b+c)
as a function of the single crystal anisotropic parameters
∆V/V |c−a
P
and ∆V/V |45
◦
P
for all models we generated. The
general trend of the global anisotropy variations is shown by
the contour lines resulting from the interpolation between
each random models. Model Yos-Ran, with fast crystal-
lization in the equatorial plane and random crystallization
textures, produces global anisotropies 7 to 10 times smaller
than that of the single crystal. The interpolation of the
global anisotropy data reveals parallel isocontour mainly
controlled by ∆V/V |c−a
P
. The bell like shape anisotropy of
the single crystal acts as a secondary but non negligible fac-
tor. As observed in Fig. 3a and 3b, the scatter of the data
residuals away from the seismic fit of Eq. 1 can be large.
The amplitude of the standard deviation of the fit is shown
in Fig. 4 by the size of the symbols. The quality of the
fit decreases rapidly as the global anisotropy increases, with
standard deviation around 2% for a 3% global anisotropy,
indicating a strong depth and latitudinal dependence of the
residuals.
This general behaviour is fairly independent of the geo-
dynamical model. For all, elastic models with ∆V/V |c−a
P
≈
0 produce negligible global anisotropy. Large negative
∆V/V |c−a
P
elastic models are necessary to produce a mea-
surable global anisotropy, but this also results in a large
scatter of the travel time residuals. The addition of stratifi-
cation in Yos-Strat (Fig. 4b) amplifies the global anisotropy
by about 40%. Consequently, A type elastic models pro-
duce a global anisotropy around 5%. Stratification focuses
the deformation in superficial layers where a strong LPO is
generated. The scatter of the residual times is very large
(up to 6% of standard deviation), especially for equatorial
paths (ζ = 90◦, Fig. 3c).
The addition of a solidification texture in Yos-PTex
(Fig. 4c) reduces the global anisotropy by a factor of ≈ 3.
Even if the anisotropy is locally strong, the spherical sym-
metry of the crystallizing boundary prohibits the emergence
of a significant global cylindrical anisotropy for quadrupo-
lar flows. The scatter of the residuals is even larger than
for model Yos-Strat (up to 6% of standard deviation for 1%
of global anisotropy) and is distributed for every angle ζ
(Fig. 3d).
4. Discussion and Conclusion
The large reduction of the anisotropy from the single crys-
tal to the inner core is due to the averaging along the seismic
rays. A strong local anisotropy, acquired by deformation or
crystallization processes, is reduced at the global scale by
other regions where the anisotropy has a different orienta-
tion. Models with random and fast crystallization at the
equator provide a simple deformation geometry with less
reduction of anisotropy between the local and the global
scale. Stratification produces a complex and localized defor-
mation and anisotropy, stronger than in Yos-Ran. In spite of
the averaging effect, stratification does strengthen a global
anisotropy with an apparent symmetry around the Earth
rotation axis.
Few of the published sets of elastic moduli for ε-Fe provide
enough elastic anisotropy to match that of the inner core
[Steinle-Neumann et al., 2001] and the most recent calcula-
tions all converge towards fairly isotropic moduli [Vočadlo
et al., 2009; Sha and Cohen, 2010]. It is doubtful that ε-
Fe alone is sufficiently anisotropic to match the inner core
anisotropy in such models. In the future, anisotropy in elas-
tic models could be increased by including the effects of light
elements (or Ni) coupled with pressure and temperature on
iron phases stability [Vočadlo et al., 2003; Dubrovinsky et al.,
2007; Kuwayama et al., 2008; Belonoshko et al., 2008]. In
the framework of our study, the difference in P-waves veloc-
ity along the c− ans a− axis is the key factor while the the
”bell like” shape is secondary.
Fig. 5 shows the averages of travel time residuals (elas-
tic model A) for different shell layers in the inner core. We
observe a strong depth dependence of the PKP wave travel
time residuals in average (solid lines) but also in scatter-
ing (errors bars). A fit of Eq. 1 through those datasets
oversimplifies the data as it tends to smooth out the depth
dependence and the scatter of the time residuals. Here, the
scatter and depth-dependence of the time residuals do not
arise from errors in the fitting procedures, but are deeply
related to the tectonics of the inner core. Model Yos-
PTex (Fig 5c), for instance, produces weak and inconsistent
anisotropy at all depths. Model Yos-Ran (Fig 5a) anisotropy
gradually increases with depth, in agreement with observa-
tions [Souriau, 2003], but is not consistent with observa-
tions of fast transitions of anisotropy [Ishii and Dziewoński ,
2003]. Stratification (Fig 5b), on the other hand, not only
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increases global anisotropy, but also implies an heteroge-
neous radial dependence and variance of anisotropy from a
superficial isotropic layer to a fossilized anisotropic central
region, as suggested by seismic measurements. We there-
fore suggest that the analysis and parametrization of seis-
mic data progress towards this direction to allow a better
characterization of processes of inner core formation.
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Vočadlo, L., D. P. Dobson, and I. G. Wood, Ab initio calcula-
tions of the elasticity of hcp-Fe as a function of temperature
at inner-core pressure, Earth Planet. Sci. Lett., 288, 534–538,
doi:10.1016/j.epsl.2009.10.015, 2009.
Wallace, D. C., Thermodynamics of Crystals, Wiley, New York,
1972.
Woodhouse, J. H., D. Giardini, and X.-D. Li, Evidence for inner
core anisotropy from free oscillations., Geophys. Res. Lett., 13,
1549–1552, 1986.
Yoshida, S., I. Sumita, and M. Kumazawa, Growth model of the
inner core coupled with the outer core dynamics and the result-
ing elastic anisotropy, J. Geophys. Res., 101, 28,085–28,104,
doi:10.1029/96JB02700, 1996.
Ainhoa Lincot, ISTerre, Université de Grenoble 1, BP 53,
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The orientation distribution function weighted elastic properties of the textured polycrys-
tals are calculated using Hill average [Matthies and Humbert , 1995; Matthies et al., 2001].
Later, we evaluate the slowness of the material by solving the Christoffel equation for wave
propagation [Mainprice, 1990]. However, this resolution is inherently linked to a Voigt-type
approximation, where uniform deformation is imposed by the wave displacement, and this can
lead to numerical instabilities within our model.
Fig. 2 presents the average P -wave velocity in the inner core vs. that of the single crystal,
calculated using the Hill average, for all elastic models that were generated. For each elastic
model, each geodynamical model, and each point of the inner core grid, we average P -wave
velocities obtained by solving the Christoffel equation in all orientations and obtain a local
average P -wave velocity. The average P -wave velocity for the corresponding elastic and geo-
dynamical model is calculated by averaging all these results. Overall, there is a fair agreement
between average P -wave velocities obtained using this procedure and those obtained using the
Hill average of single crystal elastic moduli.
Difficulty arises when investigating the dispersion of average P -wave velocity among grid
points for a single elastic and geodynamical model. Fig. 3 presents the difference between
the maximum and minimum average P -wave velocity among grid points vs. ∆V/V |c−a
P
and
∆V/V |45
◦
P
for our three geodynamical models. For some malformed sets of single elastic moduli,
those can reach up to 4 km/s. This later generates an instability in the calculation of travel
time residuals that can not be solved.
Fig. 3 also shows that, for more than 89 %, of our models, this difference remains below
1 km/s, a level that is acceptable for the rest of the analysis. We therefore decided to eliminate
the remaining 11 % sets of elastic models from the model. The location of the points that
were removed are shown as red dots in Fig. 1. It should be noted that, for all sets of elastic
moduli we removed, the value of at least one individual elastic modulus is extremely far from
any published set of elastic moduli for ǫ-Fe. Those are, hence, very unlikely to be relevant for
inner core studies.
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Figure 1: Evolution of the global inner core anisotropy with ∆V/V |c−a
P
and ∆V/V |45
◦
P
for
geodynamical models Yos-Ran (a), Yos-Strat (b) and Yos-PTex (c). White regions were
forbidden by our conditions for mechanical stability and average properties matching those of
the inner core. Contour lines indicate the degree of global inner core anisotropy, in percent.
Large circles indicate the location of elastic models defined in Table 1 of the main manuscript.
Blue dots indicate indicate the location of all random sets of elastic models used in the paper.
Red dots indicate indicate the location of random sets of elastic models that were removed
because of a numerical instability (see text).
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Figure 3: (a,d,g) Difference between the maximum and minimum average P -wave velocity
within the inner core grid vs. ∆V/V |c−a
P
. (b,e,h) Difference between the maximum and
minimum average P -wave velocity within the inner core grid vs. ∆V/V |45
◦
P
. (c,f,i) Distribution
of differences between the maximum and minimum average P -wave velocity within our inner
core grid. Results are presented for geodynamical models Yos-Ran (a,b,c), Yos-Strat (d,e,f)
and Yos-PTex (g,h,i).
5
▲❊❚❚❘❊ ❙❯❘ ▲❆ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊ ▲✬❆◆■❙❖❚❘❖.■❊ ❉❊ ▲❆ ●❘❆■◆❊
✷✺✽
Phase Transition mechanisms in α-ǫ transformation of pure iron
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The characterization of iron phase transition mechanisms is key in understanding deep Earth
dynamics as well as in physical and industrial applications. We made three consecutive pressure
cycles between 1 and 25GPa at room temperature and crossed repetitively the phase transition
range of pure iron. We perfomed a textural study on x-ray diffraction measurements and simulated
the phase transition considering Burgers mechanism [1]. Our results confirm Burgers mechanism
as the active mechanism during α ↔ ǫ phase transition of Fe. Helium is found to be a slightly
non-hydrostatic and induces a strong variant selection during the α → ǫ transformation. The three
cycles are found to be limit cycles. Complete transformation textures are expected to be achieved
after three cycles, describing from that moment a fully reversible phase transition path.
Iron is one of the most abundant metals on Earth and
it is considered as a dominant component of the terres-
trial planetary cores. It is also a widely used techno-
logical material and the principal element within steels
where all kinds of phase transformations are used to im-
prove the physical properties of the material by either
creating new orientations or randomizing the crystallo-
graphic texture. More generally, understanding texture
evolution during transition is critically relevant to many
applications of iron and steels as well as in geodynamical
processes in the Earth’s inner core [2]. There are cur-
rently intensive efforts to understand the phase diagram
of iron [3–6] and the transition mechanisms inherent to it.
Out of all polymorphic transformations in iron, the α-ǫ
transition presents both a physical and a geophysical im-
portance. This transformation was first observed under
shock-waves rather than static compression by Bancroft
et al. in 1956 [7]. At ambient conditions, the ground
state crystal structure of Fe is its α-phase, ferromag-
netic body-centered cubic (bcc). Upon pressure, it un-
dergoes a pressure-induced phase transformation to the ǫ
form, switching to an hexagonal-closed-packed (hcp) lat-
tice at about 13 GPa under quasi-hydrostatic conditions
and room temperature [4, 8, 9], with a hysteresis [10–12]
that is characteristic of a martensitic phase transition
[13, 14]. A good characterization of this pressure-driven
phase transformation is important for understanding the
mechanical response of iron and its alloys upon compres-
sion. Finally, the possible stability of bcc-Fe under ex-
treme conditions of the inner core [15–17] as well as the
higher degree of single crystal anisotropy of bcc compared
to hcp-Fe [18] may aggree well with observations of a seis-
mic anisotropy. For all these reasons, texture changes
in iron and alloys during the α-ǫ phase transformation
are of longstanding interest [19–21]. Since these pioneer-
ing experiments, the transformation has been extensively
studied. Many attempts have been made to characterize
this transition and accurately simulate the transforma-
tion textures. Several mechanisms have been suggested
for the α-ǫ transition in iron, as described by Wang and
Ingalls [22, 23]. The first atomic path corresponds to
the compression-shuffle mechanism presented by Burgers
[1]. Wang and Ingalls described two other atomic path-
ways achieving the close-packed structure both through
the activation of a shear-shuffle mechanism, one of them
involving an additional third step with a transformation
to a metastable face-centered-cubic (fcc) structure. Al-
though the exact mechanism of the α-ǫ transition remains
controversial [22, 24, 25], there is a large body of evidence
both experimental [20, 23, 26–29] and theoretical [28, 30–
34] that the transformation follows Burgers relationships
in aggreement with observations in other metals like Zr
[35, 36] and Ti [37–39]. To ascertain what is the exact
transformation path has proven to be quite the challenge.
It is our ambition to perform a detailed texture analy-
sis of the α-ǫ transition as it has, to our knowledge, not
yet been done for iron. Thus we may remove the current
indeterminacy since transformation textures depend on
the activated mechanism.
In this Letter we report results of complete texture
analysis on x-ray diffraction data of Fe at room temper-
ature under hydrostatic conditions for three consecutive
pressure cycles from 5 to 20 GPa, i.e., over the entire
range of the onset-to-completion of the α-ǫ phase tran-
sition. We compare these data with our simulations of
the transformation considering Burgers mechanism (see
Tab. I for crystallographic orientation relationships be-
tween the two phases) from which conclusions can be
drawn on the transition path. Observations can then be
applied with some caution to the macroscopic Earth and
bring new insights for the properties of the Earths core.
The experiments were performed on high-pressure
beam line ID27 at the European Synchrotron Radiation
Facility (ESRF) (Grenoble, France). In the principal run,
a sample 30x30µm of 25µm-thick iron foil (99.5% purity)
was embedded into a rhenium gasket along with ruby
spheres (3-4µm diameter) and loaded in a membrane di-
amond anvil cell [40, 41]. A second run following the
✷✺✾
2
TABLE I. Cristallographic orientation relationships between
the crystalline phases for the bcc-hcp (α-ǫ) transformation
following Burgers mechanism. The 12 variants of the forward
bcc→hcp transition (right column) are numbered from V1.1
to V6.2, the first digit corresponding to the orientation re-
lationship between the crystallographic planes (2nd column)
and the second digit to the relationships between directions
(3rd column). The 6 variants of the reverse hcp→bcc (left
column) are numbered from V1 to V6.
hcp→bcc Planes Directions bcc→hcp
V1 (110)bcc ‖ (0001)hcp
[11̄1]bcc ‖ [21̄1̄0]hcp V1.1
[1̄11]bcc ‖ [21̄1̄0]hcp V1.2
V2 (101)bcc ‖ (0001)hcp
[111̄]bcc ‖ [21̄1̄0]hcp V2.1
[11̄1̄]bcc ‖ [21̄1̄0]hcp V2.2
V3 (011)bcc ‖ (0001)hcp
[111̄]bcc ‖ [21̄1̄0]hcp V3.1
[11̄1]bcc ‖ [21̄1̄0]hcp V3.2
V4 (1̄10)bcc ‖ (0001)hcp
[111]bcc ‖ [21̄1̄0]hcp V4.1
[111̄]bcc ‖ [21̄1̄0]hcp V4.2
V5 (1̄01)bcc ‖ (0001)hcp
[11̄1]bcc ‖ [21̄1̄0]hcp V5.1
[111]bcc ‖ [21̄1̄0]hcp V5.2
V6 (01̄1)bcc ‖ (0001)hcp
[111]bcc ‖ [21̄1̄0]hcp V6.1
[1̄11]bcc ‖ [21̄1̄0]hcp V6.2
same experimental setup was performed this time with a
5µm-thick iron foil to avoid bridging the diamond anvils.
Helium was chosen as a pressure transmitting medium for
it provides the best quasihydrostatic pressurizing condi-
tions in the experimental conditions [9, 42]. The pressure
was measured in-situ from the luminescence of a ruby
gauge. We performed three consecutive complete pres-
sure cycles from 1 up to 25 GPa at room temperature.
Diffraction data were collected with fine incident x-ray
beam (8x9µm2) of 0.3738Åwavelength on a Fast Scan
CCD detector. The collected images were unrolled in or-
der to obtain the two-dimensional diffraction spectra of
the α and ǫ pure phase, respectively. The image data
were entered into the program MAUD (Materials Anal-
ysis Using Diffraction) and refined using the Rietveld
method [43–48] to extract the bcc and hcp orientation
distribution functions (ODF) (Fig.1) which were finally
filtrated in order to reduce the number of crystallographic
orientations to 3000 grains.
As the refinement on diffraction data of the 5µm-thick
sample strictly confirms the principal run observations,
we will focus only on presenting the results of the tex-
ture analysis for the static compression performed on the
25µm-thick iron foil. The proportion of the ǫ phase dur-
ing increasing and decreasing pressure is shown in Fig.
2. The large hysteresis and phase coexistence range are
stable through pressure cycling. The onset pressure of
the forward α → ǫ transition is 14 GPa and the mixed
phase is all converted to ǫ-Fe by ≈18 GPa. The re-
verse transformation onset-to-completion is 10 to 5 GPa.
This is consistent with literature [8–11]. However we ob-
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FIG. 1. Refined and experimental unrolled two-dimensional
diffraction spectra for the 25µm-thick iron foil using MAUD
Rietveld method for refinement.
serve that a few grains of hcp-Fe and bcc-Fe persist until
over 20 GPa and below 4.5 GPa, respectively, particu-
larly for the last two pressure cycles. This is in aggree-
ment with observations of small remnants of both phases
persisting well outside the mixed phase pressure range
in iron by Taylor et al., 1991 [11]. This was also re-
ported for other metals [38, 49–51]. In Fig. 3 we report
FIG. 2. Evolution of phase proportion of ǫ-Fe during pressure
cycling. Pressure cycles are numbered in chronological order,
C1 to C3. Black stars are for C1, orange squares are for C2
and green diamonds for C3. Empty markers corresponds to a
loading step, grey full markers stand for unloading.
the results for texture analysis performed on the pure
phases in the 25µm-thick iron sample. For each cycle,
experimental textures of the pure phases of bcc and hcp
derivating from diffractions collected outside the onset-
to-completion range of the transition are presented in the
central columns. From the orientation distribution, pole
figures (0001) and (101̄0) for the ǫ phase and (110) and
(100) for the α phase were calculated and are shown in
the direction of compression. The starting sample of bcc
α ε
3
shows a typical rolled Fe texture [45, 52]. Preliminary
examination reveals strong preferred orientations for the
ǫ-Fe pure phase transformation textures. The c-axes are
preferentially aligned perpendicular to the compression
direction similar to texture documented in case of uni-
axial compression [52, 53] with a strong maximum of ≈8
m.r.d., more than three times stronger than the higher
orientation intensity for the initial bcc texture. The high
texture strength of ǫ-Fe clearly indicates a variant selec-
tion during the forward α → ǫ transition. This indicates
that there is an active variant selection during both the
forward α → ǫ transformation. For the α phase though,
the transformation ǫ → α produces weaker textures than
the initial rolling texture and far weaker than the hcp tex-
ture. The ODF maximum is about 1.5 indicating that a
substantial number of crystallites are randomly oriented.
Thus there is no clear evidence that a variant selection
occurs during the reverse transition. This is consistent
with previous works for other transition metals like Ti
[51] and Zr [36, 38] where a dependency of the variant
selection on the transformation was already pointed out.
For both crystalline phases, we note a remarkable evolu-
tion of the transformations textures throughout the end
of the experiment. While the first simulated bcc tex-
ture shows all features of the last simulation, we observe
remnant orientations that were clearly inherited from the
starting rolling texture. Through pressure cycling, other
orientations inherited from the ǫ-α increase in intensity,
gradually smoothing out the remnant orientations. After
the last cyle, they prevail clearly and we reach a sort of
stable state of the transformation texture of bcc produced
by the reverse transition. The same observation can be
raised from examination of the experimental hcp textures
as their strength increases cycle after cycle as the cen-
tral orientations of (0001) disappear in favour of higher
angles. In order to understand the observed texture pat-
terns, we simulated the α-ǫ transformation using Burgers
mechanism. Simulated textures for bcc-Fe and hcp-Fe are
presented on the left and right columns, respectively. For
the reverse ǫ → α transformation, no particular variant
selection was needed in order to match experimental bcc
transformation textures. Simulations reproduce all im-
portant features particularly for the last cycle such as an
almost random orientation of (110) planes and the prin-
cipal preferred orientations of (100) planes. Despite the
fairly good aggreement with observations, the simulation
produces weaker textures which could be due to the ini-
tial filtration applied to experimental ODFs before simu-
lation. However simulations with no variant selection of
the forward transition α → ǫ (case a.) could not by any
means match experimental results as the simulated hcp
textures are random thus no way close to reproducing the
high intensity of the experimental textures. We applied a
variant selection favoring variants perpendicular within
10◦ to the compression direction (b.). The simulated
patterns show a striking resemblance with those that are
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FIG. 3. Experimental and simulated pole figures of the α ↔ ǫ
phase transition. Left color scale for intensity is for bcc only,
right is for hcp (unit is m.r.d. as in multiplicates of random
texture). Notation for pressure cycles is the same as in Fig. 2:
C1 to C3. Loading step is marked “.1”, unloading step is “.2”.
1 simulation run for ǫ → α: no variant selection. 3 simulations
run for α → ǫ: no variant selection (a.), strict variant selection
(b.) and same strict variant selection dampered statistically
(bias in %) (c.).
actually observed, including the (0001) maximum in the
transverse direction other albeit too intense. In (c.), we
apply a variable statistical bias forcing a certain percent-
age of bcc grains with favorably oriented hcp variants to
undergo no variant selection during the transition. In
this case, simulation patterns are coherent with obser-
vations. Another interesting observation to point out is
that the empirical value of the bias decreases gradually
through cycling. A simple linear interpolation predicts
no statistical bias starting C4, thus (b.) should repro-
duce adequately both the texture patterns and strength
indicating that the variant selection is always favored.
Both the forward and reverse transitions can be simu-
lated using Burgers crystallographic orientation relation-
ships. We confirm here the Burgers atomic path as the
mechanism activated during the α-ǫ transformation in
✷✻✶
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iron. Conversely, the shear-shuffle mechanisms [22, 23]
may not reproduce our experimental textures as they
double the number of variants and thus the simulated
textures are bound to differ from Burgers transforma-
tion textures. Also no intermediate fcc phase was de-
tected for the duration of the experiment. This is coher-
ent with most previous works [20, 23, 26–28, 30–34, 53].
We find direct evidence of variant selection during the
forward transformation to the high pressure phase con-
trolled by non-hydrostatic stresses in the cell as the seem-
ingly compression transformation textures of hcp suggest
[52, 53]. A possible bridge between the sample and a
diamond face may cause systematic errors in our exper-
iments and bias the x-ray diffraction measurements by
creating deviatoric stresses in the sample [54]. Neverthe-
less, since the same variant selection is also found in the
second experiment with a much thinner sample, it seems
highly improbable that this variant selection is in fact
an artefact due to bridging. On the basis of the present
data, we can safely assume that the variant selection we
found is robust. While it has been shown that using
helium as a pressure transmitting medium along with
tiny samples provides the best quasihydrostatic pressur-
izing conditions [9, 42], it appears that even the slight-
est non-hydrostaticity within the sample will affect the
forward transition, more sensitive to deviatoric stresses
than the reverse transformation. It has been suggested
that the variant selection is a direct consequence of an
orientation-selective α → ǫ transformation, favoring new
orientations produced during nucleation and preferential
grain growth as evidenced in other metals [49, 50]. A gen-
eral confirmation is given by Wenk et al. [45], supported
by Lonardelli et al. [38], who found that stress fields
arising from interactions among neighboring grains are
responsible for variant selection favoring common vari-
ants between adjacent bcc grains, probably to minimize
the grain boundary energy. A close examination of our
mixed phase experimental textures brought to light that
the ǫ grains persisting long after the transition domain
is achieved present the same orientation pattern as the
transformation textures of ǫ pure phase but much sharper
and stronger. It is thus highly probable that those grains
provide nuclei for preferential growth [49] that will ulti-
mately dominate the fabric and make it impossible to re-
store the original α orientation patterns. This explained
the increasing strength of ǫ texture through pressure cy-
cling as the grains are slowly reoriented. This reorganiza-
tion affects the reverse transition as well. By C4, stable
transformation textures are achieved for both crystalline
phases. The three initial cycles can be interpreted in a
way as limit cycles for they still preserve remnant some
orientations of the initial bcc rolling texture. Transfor-
mations thus resulted in a partial texture memory in spite
of dramatic morphological changes and irreversibility in
the microstructure [51, 55]. Thus our present work pro-
vides evidence for a texture memory effect which while
being profusely documented for other transition metals
[38] remained, to our knowledge, to be isolated in iron
and was deemed unlikely [56].
To sum up, the α-ǫ transformation in iron can be
modelized by the generally accepted compression-shuffle
mechanism. However, a strict application of Burgers
crystallographic orientation relationships may not repro-
duce all features of the transformation patterns and may
not account for nucleation and preferred grain growth
induced by the non-hydrostatic stresses in the sample
during the forward transition α → ǫ. As a consequence,
even the slightest non-hydrostaticity within the sample
will induce strong variant selection. A limited texture
memory effect was brought into light and can be erased
through pressure cycling. Helium being the best pres-
sure hydrostatic medium, our results can be applied with
some caution to the Earth’s inner core dynamics. We
can only recommend that future geodynamical growth
models predicting phase transitions include both nucle-
ation and texture memory effects. As a matter of fact,
while the forward α → ǫ may produce supplementary
texture, the opposite will occur with the reverse transi-
tion where an almost complete randomization is to be
expected. As a conclusion, the yet surprisingly strong
seismic anisotropy in the inner core may not be explained
by the occurence of a phase transition from hcp to bcc
iron.
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